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SHOCK  AND  VMJ&ON  ANALYSIS 

BMDWDIB-T2ME  COR&DHMTIGBS  II 
AUTOMATIC  BglAUZAXXC* 


Charles  T.  Morrow 
Advanced  Tec  he  '.ogy  Center,  In;. 
Dallas,  Texas 


(U)  It  has  sort  lac i  been  claimed  that  close  control  of  output  level  In  an  auto- 
aatlc  equaliser  Is  possible  only  when  3 aspic  tine  la  long  enough  to  provide  close 
estimate*  of  power  spectral  density.  The  actual  behaviour  of  an  automatic  equal¬ 
iser,  If  it  does  not  encounter  instability  problens,  tends  to  be  exactly  opposite. 
However,  stability  and  preservation  of  a  Gaussian  narrow  band  distribution  ordi¬ 
narily  require  a  large  tine-bandwidth  product.  For  this  reason ,  it  is  unlikely 
that  any  pseudo-rands*  signals,  however  ingeniously  devised,  will  pereit  a  sig¬ 
nificant  speeding  up  of  the  equalising  operation. 


ISTRODUCnO* 

(U)  In  recent  years,  many  papers  have  ap¬ 
peared  on  automatic  equalisation  of  random  shaker 
systems,  with  particular  emphasis  on  possible 
methods  of  speeding  up  the  equalization.  A  num¬ 
ber  of  these  papers  have  been  based  on  an  assump¬ 
tion  that  for  precise  control  of  the  level  of 
excitation  in  a  narrow  band  it  is  necessary  to 
average  over  a  time  sample  long  enough  to  provide 
a  close  estimate  of  the  mean  square  of  the  narrow 
band  random  signal  as  it  time  bandwidth  product 
considerations  vere  being  applied  to  ordinary 
data  reduction.  This  assumption  would  be  correct 
if  the  equalizer  functioned  by  analyzing  only 
one  time  sample  in  each  frequency  band  and  set¬ 
ting  the  attenuators  for  the  remainder  of  the 
test.  Most  equalizers  actually  function  by  re¬ 
peated  or  even  continuous  correction.  Accord¬ 
ingly,  the  statistical  quantity  to  be  estimated 
from  any  one  sample  13  not  an  average  over  in¬ 
finite  time  but  the  average  over  the  duration  of 
the  next  sample. 

(U)  Some  of  the  papers  also  involve  an 
assumption  that  although  the  excitation  should 
be  Gaussian  on  a  broad  band  basis,  the  narrow 
hand  distribution  does  not  matter.  When  a 
test  item  is  subject  to  random  excitation,  the 
actual  objective  is  to  make  the  vibration 
Gaussian  at  each  failure  point,  except  insofar 
as  nonlinearities  in  the  vicinity  of  a  failure 
point  and  possibly  associated  with  the  failure 
mechanism  alter  a  distribution.  Fail¬ 
ures  are  usually  associated  with  mechanical 
resonance  and  therefore  with  narrow  band  random 
vibration.  Ordinarily,  vibration  that  is  not 
Gaussian  on  a  wide  band  basis  rapidly  becomes 
Gaussian  as  the  band  is  narrowed.  However, 


when  equalization  la  very  rapid  or  some  pseudo¬ 
random  signals  are  used  as  the  input  to  a 
shaker,  the  opposite  is  more  likely  to  be  true. 

(U)  In  addition,  each  narrow  band  channel 
in  a  automatic  equalizer  is  subject  to  the  in¬ 
stability  problems  of  a  control  system. 

(U)  The  objective  of  this  paper  is  to 
show  as  simply  and  vividly  as  possible  how 
these  considerations  can  affect  the  design  of 
an  automatic  equalizer. 

AN  EQUALIZER  WITHOUT  FEEDBACK 

(U)  To  visualize  some  of  the  effects  of 
sampling  and  estimating,  consider  the  hypo¬ 
thetical  equalizer  shown  in  Fig.  1.  It  is  not 
a  practical  system,  but  it  will  help  us  to  under¬ 
stand  what  might  happen  if  equalization  could 
be  accomplished  without  any  likelihood  of  in¬ 
stability.  Two  identical  test  items  and  shaker 
systems  are  required.  All  mechanical  elements 
are  assumed  to  be  linear.  There  are  two  iden¬ 
tical  comb  filters.  One  is  used  in  er forming 
n  spectral  analysis  of  the  vibration  <.*  shaker 
A.  The  operation  is  performed  in  real  time 
with  no  delay  except  .n  the  filter  and  averager. 
The  oth< r  13  used  in  conjunction  with  an  at¬ 
tenuator  bank  to  equalize  the  random  input  to 
shaker  E.  An  accurate  c  ~-puter,  responding  to 
the  spectral  analysis,  adjusts  the  attenuators  • 
so  that  the  excitation  applied  to  test  item 
B  is  according  to  specification.  As  there  is 
no  feedback,  there  can  be  no  control  system  In¬ 
stability  in  the  usual  sense. 
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(U)  For  one  special  case,  the  precision 
of  control  Is  limited  only  by  the  performance  of 
the  computer.  Let  the  narrcv  hand  estimates  be 
on  the  basis  of  a  true  average  over  a  sample  of 
finite  duration.  This  can  be  with  a  sample 
sliding  along  with  time  so  that  continuous  cor¬ 
rection  of  shaker  B  can  be  effected,  or  with  a 
discrete  sample  in  a  series  with  the  attenuator 
adjustment  performed  only  at  the  end  cf  each 
sample.  How  let  us  introduce  a  time  delay  in 
system  B  equal  to  the  sample  duration.  Equal¬ 
ization  of  system  B  no  longer  involves  a  pre¬ 
diction.  The  sample  subjected  to  spectral  anal¬ 
ysis  is  the  sample  for  which  the  attenuators  are 
adjusted.  The  adjustment  can  in  principle  be 
made  completely  precise  regardless  of  the  sample 
duration. 

(U)  However,  as  the  sample  duration  is 
shortened,  the  distribution  for  each  narrow 
band  becomes  distorted.  As  an  extreme  case, 
imagine  a  narrow  band  channel  of  the  spectral 
analyzer  synchronizer  to  operate  on  each  half 
sine  wave.  In  the  excitation  of  the  test  item 
on  shaker  B,  for  the  same  narrow  band,  all  am¬ 
plitudes  become  identical.  The  result  is  a  sine 
wave  of  constant  amplitude  but  varying  phase. 

The  distribution  is  not  Gaussian  but  approx¬ 
imately  that  of  an  ordinary  sine  wave. 

(U)  With  all  channels  of  the  analyzer 
operating  this  way,  the  distribution  at  a  fail¬ 
ure  point  within  a  test  item  becomes  critically 
dependent  on  the  bandwidth  of  the  mechanical 
resonance  with  which  the  failure  is  associated. 
If  the  bandwidth  is  close  to  that  of  the  ana¬ 
lyze-,  the  distribution  will  be  close  to  that 
for  e  single  narrow  band.  If  the  bandwidth  is 


smaller,  the  amplitude  will  fluctuate  somewhat 
with  time.  If  the  bandwidth  Is  much  greater, 
the  mechanical  resonator  will  respond  to  many 
of  the  phase-modulated  sinusoids  simultaneously, 
and  the  distribution  will  be  more  nearly  Gaussian. 
This  is  not  to  say  that  such  a  system  would 
never  provide  a  useful  test  if  it  could  be 
achieved  in  practice.  But  there  la  no  reason 
to  expect  its  effects  to  be  simply  related  to 
those  of  a  Gaussian  vibration  test. 

(U)  How  let  us  eliminate  the  time  delay  and 
thereby  admit  some  uncertainty.  As  an  indication 
of  the  precision  of  control,  we  require  the  con¬ 
ditional  probability  that  the  rms  value  of  a 
narrow  band  sample  be  within  dx  of  x^f  where 
Xj  is  the  rms  value  for  the  previous  sample. 

(U)  Suppose  that  in  a  large  number  of  trials 
an  event  A  is  observed  m  times,  and  of  these  n 
are  followed  by  an  event  B.  Then  the  probability 
that  the  event  B  follows  the  event  A  is 


where  P(A,B)  is  the  Joint  probability  of  events 
A  and  B  occurring,  and  P(A)  is  the  probability 
that  A  occurs. 

(U)  By  such  reasoning,  the  probability 
density  that  an  rms  value  is  within  dx  of  Xj, 
after  a  value  xj  has  been  measured  is  given  by 
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p(«|xj) 


which  is  the  ratio  of  a  Joint  or  two-dimensional 
Gassi.ia  distribution  to  an  ordinary  one-dimen¬ 
sional  Gaussian  distribution.  However,  for  the 
case  at  hand,  we  can  assume  equal  standard  de¬ 
viations. 


(U)  Bow,  p  is  the  autocorrelation  function 
of  the  ras  value,  for  a  tine  delay  equal  tc  the 
sample  duration.  To  obtain  a  feeling  for  the 
way  in  which  p(*2 1*1 )  depends  on  sample  duration, 
we  will  merely  assume  that  p  approaches  zero  for 
long  durations,  and  that  it  would  approach  unity 
for  short  jurat ions  if  we  ignore  any  complica¬ 
tions  from  having  half  cycles  of  non-zero  dura¬ 
tion. 


(U)  When  p  approaches  zero,  p(x2|*i)  ap¬ 
proaches  the  distribution  of  xi,  namely  an  ordi¬ 
nary  one-dimensional  distribution.  If  X2\*i, 
it  is  readily  shown  by  shifting  the  exponential 
to  the  denominator,  expanding  it  as  a  Taylor's 
series,  and  multiplying  each  term  by  (l-pz)  1'2, 
chat  p(x2|xi)  approaches  zero  as  p  approaches 
unity,  or,  in  other  words,  as  the  sample  dur¬ 
ation  approaches  zero.  On  the  other  hand,  if 
*2  =  Xj ,  we  have 

(»•) 


P(*2l*l) 


_ 1 _ 

o j (2n ) 1 ( 1 — p 2 ) */2 


which  increases  beyond  limit  as  the  sample  dura¬ 
tion  approaches  zero  and  p  approaches  unity.  Ir. 
other  words,  the  shorter  the  sample,  the  more 
precise  the  control  of  rms  value.  This  is  Just 
the  opposite  of  what  one  obtains  by  assuming 
that  the  sample  rms  -alue  must  be  used  as  an 
estimate  of  the  rms  value  for  infinite  duration. 

(U)  However,  if  stability  considerations 
did  not  limit  the  shortness  of  sample  that  can 
be  used  In  a  practical  automatic  equalizer,  it 
still  might  be  inadvisable  to  use  very  short 
durations  because  of  the  distortion  that  can  re¬ 
sult  in  the  probability  distribution  of  the  in¬ 
stantaneous  values. 


FEEDBACK  AID  IHSTABILITT 

(U)  We  now  proceed  to  the  practical  auto¬ 
matic  equalizer  of  Figure  2.  There  is  only  one 
shaker  and  only  one  test  item.  Barrow  band 
levels  are  set  by  an  attenuator  bank  preceded  by 
a  comb  filter  and  followed  by  a  mixer.  A  second 
comb  filter  operating  on  the  measured  excitation 
of  the  test  item  makes  possible  the  computation 
of  narrow  band  rms  valuer,  which  are  used  to  ad¬ 
just  the  corresponding  attenuators.  We  now  have 
a  feedback  system.  As  ve  shall  see,  it  lu  pos¬ 
sible  to  have  an  instability  such  that  attenuator 
gain  fluctuates  widely  or  even  diverges  from  its 
proper  setting. 


FIGURE  2 

AUTOMATIC  EQUALIZER  SYSTEM  WITH  FEEDBACK 
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(u)  la  this  paper,  n  will  not  attaapt  to 
calculate  this  phenomenon  for  a  pore  modem  nig-  ~ 
nel.  Bather,  w  will  naive  as  aaaler  subntltste 
problem,  fine  which  the  approximate  behariour 
with  random  or  pneudo-madam  signals  can  toe  In¬ 
ferred.  He  will  consider  one  narrow  hand  system 
Isolated  from  the  others-,  as  In  Figure  3,  sad 
used  to  control  the  magnitude  of  a  sinusoid.  He 
will  further  esswe  that  any  nechaalcal  reso¬ 
nance  in  the  narrow  hand  is  centered,  that  the 
combined  effect  of  filter  and  resonance  is  sym- 
netrical  about  the  center  frequency-,  that  the 
only  additional  delay  or  phase  lag  affecting  the 
stability  is  in  the  averager,  and  the  detector 
aiwplj  generates  a  signal  proportional  to  the 
envelope. 


FIGURE  3 

SINGLE  NARROW  BAND  CHANNEL  USED  TO 
CONTROL  THE  LEVEL  OF  A  SINUSOID 


(U)  As  the  sinusoid  is  a  steady  signal, 
and  our  ultimate  objective  is  to  understand  the 
effect  of  the  feedback  loop  on  fluctuations,  we 
must  insert  a  perturbing  signal  as  well.  A 
small  perturbing  low  frequency  cyclical  voltage 
is  inserted  at  a  point  where  the  envelope  Berves 
as  the  signal.  The  mixer  added  to  the  circuit 
for  this  purpose  is  assumed  net  to  load  the  av¬ 
erager  or  in  any  way  effect  the  loop  again.  Our 


strategy  is  to  calculate  loop  gale  as  n  function 
of  frequency,  express  this  ss  s  Byqoist  plot, 
amt;  determine  whether  the  response  to  pertur¬ 
bations  o 7er  the  frequency  range  of  interest  is 
stable  or  msy  tend  to  increase  booed  linit  at 
_  one  or  nor*  frequencies. 

(0)  When  the  perturbing  voltage  reaches 
the  attenuator  adjustor,  its  effect  is  to  node- 
into  the  sinusoid,  thereby  producing  sideband 
signals  whose  phases  and  nagnitudes  are  depen¬ 
dent  at.  the  selectivity  curve. 


(U)  lot  the  sinusoid  from  the  oscillator 
v  *  ¥  cos  2* ft  (5) 

be  r-rdaiated  by  the  low-frequency  perturbing 

*-gi«tl 

v  »  ¥  cot  2af  t  (6) 

c  n  n 

to  produce  an  amplitude  modulated  signal 
v  *  V[l*t  cos  2»  f  tjcoe  2»ft 

OS  * 

*  vjeca  2ift  ♦  |  cos  2r(f»fB) 

t  ♦  f  CCS  2vCf-fR)^  (?) 

where  s  is  a  modulation  coefficient  normal  by 
between  zero  and  unity.  The  final  fora  above, 
obtained  by  ayplyiag  trigonometric  Identities, 
expresses  the  modulated  sinusoid  as  the  sum  of 
three  constant  amplitude  signals  of  different 
frequency — a  carrier,  a  lower  sideband  signal, 
and  an  upper  sideband  signal. 


(U )  We  now  pass  this  through  any  mechan¬ 
ical  resonance  associated  with  the  shaker  and 
armature,  and  the  r.arrow-band  filter  within  the 
feedback  loop  and  determine  what  ha*  happened 
to  the  envelope.  We  assume  each  sideband  signal 
becomes  multiplied  by  a  factor  o,  less  than 
!inity,  relative  to  the  amplitude  of  the  carrier, 
that  the  lower  sideband  signal  Is  shifted  by  a 
total  lead  angle  0,  and  that  the  upper  sideband 
is  shifted  by  a  total  lag  angle  also  of  magni¬ 
tude  0.  This  yields  a  signal  of  form 
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.  OSS  f  -  . 
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V[l  ♦  am  cos(2sf  t-0)]ccs  2~ft  (8; 


(U)  We  see  that  the  envelope  io  diminished 
by  a  factor  a,  the  same  as  the  sidebands,  and 
delayed  by  a  lag  angle  equal  to  the  shift  angle 
of  the  sidebands,  but  equivalent  to  u  much 
longer  tine  interval.  In  fact,  if  the  upper 
half  of  the  selectivity  curve  of  the  coobined 
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filters  yks 


lion  •  11— r  fWT—tar  neale  to  tbs  origin, 
it  wool*  is come  tic  rsspcsic  eons  of  tbs  sues - 
lays. 


(D)  Is  sMltlai,  tbs  nsntlat  attwA 
will  Mulilifc  tic  envelope  after  detection,  In 
seroedmre  with  as  additional  factor  l,  less 
tbaa  salty,  sad  delay  It  tv  mi  additions l  angle 
I.  Finally,  v*  throw  Jn  an  additional  factor 
B  to  account  fer  any  additional  aayJifier  gala 
at  clttocr  tbs  envelope  frequency  or  tie  carrier 
froq aency. 

(U)  Before  stteaqstlng  a  Eiyquisi  plot,  we 
aost  npen  the  foregoing  lit  complex  o—tc 
tial  or  rotating  east or  fora  ss  opposed  to , 
dealing  only  with  tie  projection  on  tt-i  axis  of 
7eal*.  Batter  than  by  Equating*  16),  tie  per¬ 
turbing  volt*g—  is  expressed  by 


J2»f  t 

•  ft  " 
x 


(9) 


(U)  The  loop  gain  is  Measured  with  the 
averager  disconnected  free  the  sixer,  hut  it  is 
assisted  that  the  nlxer,  which  is  inserted  in 
the  circuit  sorely  to  facilitate  the  analysis, 
has  no  loading  effect  on  the  averager.  Thu  out¬ 
put  voltage  to  this  duany  load  is 

Td  a  .ns  BVe  *  (1C) 

and  consequently,  the  loop  gain  is 

A  »  ~  “  emB(V/Vm)e“'1**+e)  (11) 


(U)  let  us  complete  the  feedback  loop. 
The  signal  delivered  now  to  the  sixer  is 
given  by 


v.  ■  A(v  *v,  ) 
a  Da 


(12) 


fro*  which  the  gain  with  feedback  becomes 


My]  a  ars  given  la  Fly—  h.  The  phase  angle 
W  larrassss  aoifocnly  with  envelop*  frequency 
and  the  protect  an  was itnally  ds  crosses  with 
frsqasacy.  1h*  typical  tebavi  oar  la  a  spiral 
shout  tbs  origin,  lb*  cane  for  shied-  the  plot 
pas—  through  tbs  1,  0  point  (Ply—  kb)  Is  tbs 
theoretical  lead— t  hat— n  the  stable  and  the 
turntable.  At  the  frequency  MrwMosdhq  to 
this  point,  0  is  Infinite,  sod  a  sinaaoldal 
variation  in  envelope  can  sustain  Itself  with¬ 
out  mgr  dependence  on  the  perturbing  input.  If 
the  curve  encircles  the  1,0  point  as  in  Figure 
he  it  follows  tea  the  theory  of  residues  la 
the  cosplex  plane  that  there  is  at  least  one 
pole  (l.s.  C  is  Infinite)  for  a  caeplex  frequen¬ 
cy  corresponding  to  n  sinusoid  increasing  ex¬ 
ponentially  with  tine.  This  sill  increase  be¬ 
yond  Unit  dr  until  the  systea  la  overloaded. 

The  systea  is  unstable.  Finally,  if  the  curve 
neither  passes  through  the  1,0  point  nor  en¬ 
circles  it  (Figure  h*J,  any  pole  corresponds  to 
a  sinusoid  decaying  exponentially  with  tine, 
and  the  system  is  stable.  -  • 


axts(V/V 

G  -  II  -  -L-  -  _ 

“  1  “  A  l-omB(V/V  )e~Jf,,+e) 

D 

(13) 

where,  for  automatic  control,  the  circuit  is 
connected  that  for  low  frequencies  A  is  negative. 
Then,  at  these  frequencies,  if  A  is  large,  0 
has  unity  magnitude,  maintaining  v,  equal  in 
magnitude  to  v  ,  so  that  the  signal  delivered 
to  the  shaker  Ts  free  of  the  corresponding 
fluctuations  in  envelope. 

(U)  The  Jlyquist  plot  is  a  plot  of  the 
complex  quantity  A  versus  frequency.  Three  ex- 
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(0)  Tar  net  practiced  purposes,  the  spa¬ 
tes  «iU  te  stable  if  the  loop  sain  versus  fre¬ 
quency  dscrsases  below  unity  before  tbs  phase 
shift  reaches  ISO  degrees,  Referring  back  to 
our  analysis  of  Modulation,  filtering  sad  de¬ 
tection,  ve  can  readily  shoe  that  a  narrow  band 
filter  consisting  of  a  high-Q  staple  resonant 
circuit,  acting  oo  the  nodulated  carrier,  is 
equivalent' to  a  single  B-C  low-pass  filter  be- 
yood  the  detector  and  produces  s  90  degree  shift 
of  the  highest  frequencies  in  the  envelope. 

Such  s  filter  plus  s  Mechanical,  resonance  of 
comparable  bandwidth  are  equivalent  to  two  cas¬ 
caded  B-C  low-pess  filters.  With  a  total  phase 
shift  of  l80  degrees.  If,  now,  the  averaging 
network  is  an  actual  R-C  lew-pass  filter  with  a 
3dB  loss  frequency  in  the  sane  range  as  the 
others,  the  total  is  270  degrees,  and  the  phase 
shift  as  a  function  of  frequency  will  reach  180 
degrees  before  the  loop  gain  decreases  very  Much. 
With  -uy  practical  loop  gain,  the  systen  is  un¬ 
stable. 


,  ,  eJ2*n  (K) 


The  average  over  a  duration  T  is  related  to  the 
input,  by 

*0  K  e-J2»r(tT)  ttr  ^asft^ 


-  s 


1-  eJ2*” 

2sf 


(17) 


(U)  This  tends  to  follow  the  saae  trend, 
but  there  is  a  cyclic  variation  in  Magnitude  and 
phase  according  to  whether  f  is  such  as  to  Make 
T  an  integral  nuaber  of  periods.  This  13  clear¬ 
ly  the  more  canplicated  behaviour. 


(U)  In  typical  situations,  the  phese  shift 
May  be  even  nore  rapid.  A  narrow  bend  filter 
nay  involve  More  than  one  tuned  circuit  and 
hence  produce  no re  phase  shift  in  the  pass  band. 
(However,  this  may  result  in  holes  ih  the  re¬ 
sponse  in  the  crossover  frequency  regions  when 
the  various  narrow  bands  are  sunned  to  recon¬ 
struct  a  broad  band  signal. )  Any  additional  de¬ 
lay  c.-  phase  lag  in  the  practical  feedback  loop 
compounds  the  problem.  To  stabilize  the  feed¬ 
back  loop,  it  becomes  necessary  to  lower  the  3 
db  frequency  of  the  averaging  circuit  until  the 
loop  gain  decreases  below  unity  before  the  fil¬ 
ter,  any  mechanical  resonance  and  any  addition*! 
delft}  produce  as  much  as  90  degrees  shift.  This 
in  effect  usually  requires  that  l/2nfC  must  be 
less  than  R  in  the  P.-C  averaging  circuit  for  f 
much  less  than  half  the  bandwidth  B  of  the 
narrow  band  filter. 

1/2* fC  <  R  for  f  «  B/2  or  .iBCR  »>  1.  (lU) 

This  is  ro-ighly  equivalent  to  saying  that  the 
time-bandwidth  product  Must  be  much  less  than 
unity,  but  the  reasons  at  this  point  are  sta¬ 
bility  and  stability  margin  rather  than  stat¬ 
istical  significance. 

(U)  There  will  be  minor  difference  ac¬ 
cording  to  whether  the  averager  is  an  R-C  low 
pass  filter  or  utilizes  a  true  integrator.  It 
is  readily  shown  that  the  complex  ratio  of  the 
output  voltage  of  a  single  R-C  low  pass  filter 
to  the  input  voltage  is 


(U)  There  will  also  be  minor  differences 
according  to  whether  there  is  a  linear  or  square 
law  detector,  whether  the  source  of  signal  in 
=practiee  is  «Bsdoc;,cap-:psSHttorBndatt,i  aniTwHetfielr 
a  mechanical  resonance  is  centered  in  the  narrow 
band. 

STABILITY  WITH  A  RANDOM  OR  PSEUDO-RANDOM  SOURCE 

(U)  The  conclusions  in  the  previous  section 
about  loop  gain  and  stabilitj-  would  be  unaltered 
if  there  were  two  or  more  perturbing  frequencies 
or  if  the  source  supplied  a  modulated  sinusoid 
with  a  complex  wave  envelope.  Consequently,  if 
a  very  slow  single-frequency  sweep  were  super¬ 
posed  on  u  random  excitation,  the  stability 
criteria  would  apply  accurately— at  least  when 
the  signal  frequency  coincides  with  the  center 
of  a  symmetrical  narrow  band. 

(U)  With  a  pure  random  signal,  the  envelope 
fluctuations  result,  not  from  interactions  of 
sideband  signals  with  the  carrier,  but  from 
beating  of  one  sideband  signal  with  another.  As 
the  widest  separation  of  such  signals  in  fre¬ 
quency  is  twice  the  maximum  separation  from  the 
carrier  when  present,  the  envelope  fluctuations 
may  be  expected  to  extend  higher  in  frequency. 
However,  there  is  no  reason  to  expect  the  sta¬ 
bility  criteria  to  be  affected  by  more  than  a 
factor  of  two. 

(U)  Actually,  a  narrow  band  random  voltage 
can  be  expressed  as 


.  v  =  Vcos(2wft-0)  (IS) 

vq  l/J2itfC 

_  -  -  ,  (.15)  where  both  V  and  0  are  random  functions  of  time. 

1  R  +  l/J2sfC  1  +  J 2* f CR  While  this  can  not  be  expressed  in  terms  of  a 

modulated  carrier  as  ir.  Equation  (7),  there  is 
which  approaches  an  inverse  proportionality  to  a  similarity  of  form, 

frequency  with  a  90  degree  phase  lag.  For  the 
averager  involving  a  true  integrator,  let  the 
applied  voltage  be 
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(u)  A  rigorous  treatment  of  the  pure  ran¬ 
dom  case  in  statistical  terms  would  involve  more 
sophisticated  concepts  than  we  have  used  in  this 


paper  t  and  the  existence  of  a  nonstatiouary  sig¬ 
nal  when  the  averaging  tl«  is  short  and  level 
corrections  are  large.  However,  we  can  obtain 
a  qualitative  feeling  for  the  stability  probleu 
by  noting  that  the  autocorrelation  function  of 
tba  output  of  a  narrow  hand  filter  is  an  expo¬ 
nentially  decaying  oscillatory  function  of  tl») 
delay.  So  also  is  the  autocorrelation  function 
of  the  envelope,  hut  transposed  to  lower  fre¬ 
quencies.  Accordingly,  if  the  averaging  tine  is 
so  shore  that  the  delay  of  the  feedback  signal 
corresponds  to  a  large  value  of  the  autocorre¬ 
lation  function,  the  phasing  nay  he  such  as  to 
cause  instability.  There  is  no  reason  to  ex¬ 
pect  markedly  different  behaviour  with  a  pseudo 
randca  excitation. 


DI8TBIBUTI0H  DISTORTIOB  - 

(U)  But  nere  stability  nay  not  be  enough. 
The  effect  of  negative  feedback  in  the  frequency 
range  in  which  it  is  effective  is  to  eradicate 
any  fluctuations  in  the  envelope,  whatever  the 
origin.  If  A  in  Equation  (13)  is  negative  and 
large  this  implies  that  the  narrow  band  peaks 
resulting  from  a  random  input  will  all  be  con¬ 
trolled  to  almost  the  same  level.  The  distribu¬ 
tion  will  tend  to  become  similar  to  that  of  a 


sine  wave,  as  in  the  section  on  equalization 
without  feedback.  If,  however,  the  loop  gain  A 
should  be  positive  in  any  frequency  range,  even 
though  no  instability  results,  this  implies  that 
the  range  of  peak  levels  will  be  spread.  The 
distortion  will  be  of  the  opposite  kind.  Conse¬ 
quently,  for  the  narrow  band  distribution  to  re¬ 
main  accurately  Gaussian,  the  loop  gain  must  be 
kept  close  to  zero  by  the  averaging  circuit  ex¬ 
cept  at  very  low  frequencies  of  the  envelope. 


conclusion 


(U )  The  familiar  criterion  expressing  the 
uncertainty  of  a  power  spectral  density  estimate 
in  terms  of  a  time  bandwidth  product  is  not  di¬ 
rectly  applicable  to  the  typical  automatic  equal¬ 
izer.  It  is  ordinarily  desirable  to  have  the 
product  large,  but  for  reasons  of  stability, 
stability  margin  and  narrow  band  Gaussian  be¬ 
haviour  rather  than  statistical  significance. 


(U )  Pseudo-random  excitation  may  find  use¬ 
ful  applications  in  vibration  testing,  but  there 
is  no  reason  to  believe  that  it  will  lead  to  a 
significant  increase  in  the  rapidity  of  auto¬ 
matic  equalization.  When  test  times  become  so 
snort  that  equalization  time  becomes  a  serious 
matter,  the  test  conditions  may  be  questionable. 
Even  if  it  were  possible  to  equalize  to  perfec¬ 
tion  instantaneously  at  the  beginning  of  test, 
damage  to  the  test  item  is  likely  to  be  far  from 
reproducible.  For  qualification  purposes,  it  is 
generally  desirable  to  have  some  margin  built 
into  the  test  conditions— it  level,  duration  or 
both. 


lated,  this  should  be  done  consciously  for  tbe 

soke  of  attainable  and  worthwhile  advantage. 
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(U)  Finally,  not  all  pseudo-random  signals 
proposed  for  application  to  vibration  testing 
satisfy  the  criterion  of  a  Gaussian  narrow  band 
distribution.  If  the  criterion  is  to  be  vio- 
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Recent  vibration  prediction  techniques  for  flight  vehicles  in  tbelr 
preliminary  design  stages  oftentiaes  consider  dynamic  pressure  as 
an  important  parameter’  related  to  excitation  and  surface  density  a* 
a  significant  parameter  rotated  to  vibration  response.  This  paper 
presents  the  results  of  a  statistical  study  in  which  a  stepwise 
regression  computer  program  was  used  to  determine  vibration  ampli¬ 
tudes  as  a  function  of  dynamic  pressure  and  structural  surface 
density.  It  was  determined  that  vibration  amplitudes  increased  with 
dynamic  pressure,  and  for  the  case  studied,  the  vibration  response 
was  found  to  be  related  to  dynamic  pressure  raised  to  a  power 
ranging  between  one  and  two.  Dynamic  pressure  was  effective  only 
above  80  Hz.  The  effects  produced  by  adding  a  surface  density 
parameter  were  mild.  The  use  cf  surface  density  weighting  in  the 
prediction  equation  Improved  the  results  in  the  frequency  range 
from  SO  to  630  Hz. 


INTRODUCTION 

Vibration  prediction  for  flight  vehicles 
in  their  early  design  stages  is  very  difficult, 
especially  for  the  higher  frequency  regime. 

One  difficulty  is  the  lack  of  design  detail 
vliich  is  necessary  for  analytical  approaches; 
therefore,  one  is  forced  into  using  empirical 
methods  which  are  dependent  upon  past  measure¬ 
ments.  A  review  and  assessment  of  the  various 
vibration  prediction  methods  can  be  found  in 
Ref.  Cl]. 

It  is  the  purpose  of  this  paper  to  develop 
more  confidence  in  the  empirical  approach  In 
the  area  of  higher  frequencies  by  using  flight 
test  data  in  which  dynamic  pressure  and  surface 
density  are  known.  Statistical  confidence 
levels  are  also  presented  to  permit  a  more  con¬ 
servative  vibration  prediction. 

A  well  known  prediction  scheme  is  the 
Mahaf fey-Smith  method,  Ref.  J2J.  This  method 
follows  the  concept  of  first  predicting  the 
sound  pressure  level  distribution  over  the 
vehicle  in  each  octave  band  and  then  determi¬ 
ning  the  corresponding  octave  band  acceleration 
at  a  particular  confidence  level  from  plots. 
This  method  is  convenient  to  use,  but  it  does 
not  include  provisions  for  accounting  for 
structural  differences. 

In  order  to  account  for  some  of  the 
structural  differences,  Franken,  Kef.  (3], 


suggested  classifying  missile  structures  into 
categories  based  on  weight  parameters  and  uaing 
this  in  his  vibration  prediction  method. 
Pleraol,  Ref.  [4],  alao  suggested  classifying 
aircraft  structures  into  categories  based  on 
mass  surface  densities  and  using  this  in  his 
prediction  equation.  Very  little  experience 
has  been  obtained  on  complex  aeronautical 
vehicles  to  determine  the  validity  of  this 
approach,  and  therefore,  the  following  study 
was  conducted  using  flight  test  data  from  a 
relatively  complex  structure  as  basic  input 
data . 

APPROACH 

Data  from  a  previous  flight  test  measure¬ 
ments  program  conducted  by  the  Air  Force  Flight 
Dynamics  Laboratory  was  used.  The  vibration 
data  were  obtained  from  external  wing  and  fuse¬ 
lage  mounted  munitions  stores.  The  selection 
of  this  particular  data  was  based  upon  the  fact 
that  almost  all  of  the  excitation  was  due  to 
boundary  layer  phenomena,  and  the  stores  con¬ 
tained  accelerometers  that  were  mounted  on 
distinctly  different  types  of  structure  within 
the  stores.  The  data  included  flight  con¬ 
ditions  from  Mach  0.65  to  Mach  0.88  ft  3,000 
foot  altitude,  and  it  was  analyzed  1  i  one-third 
octave  bands.  Eight  pickups  were  m' unted  on 
identical  light  structure.  Four  r xckups  were 
mounted  on  medium  structure.  T'iree  pickups 
were  mounted  on  heavy  structu’e.  The  pickups 
were  mounted  in  the  ver'i.al,  lateral,  and 


longitudinal  direction  tilth  respect  to  the 
stove.  For  the  purpose  of  this  paper,  the 
light  structure  will  be  referred  to  as  the 
bulkheads,  the  Bedim  structure  as  tr  jsses, 
and  the  heavy  structure  as  hardbacks.  The 
hardback  is  the  sain  load  carrying  atructure 
of  the  scorer  Fig.  1  i*  a  photograph  of  the 
bulkhead.  The  thickness  of  the  panel  was 
0.060  inches  and  the  thickness  of  a  channel 
behind  the  panel  (not  shown)  was  also  approxi¬ 
mately  0.060  inches.  Fig.  2  is  a  photograph 
of  the  truss  with  a  web  thickness  of  approxi¬ 
mately  0.35  inches.  Fig.  3  is  a  photograph  of 
the  hardback  and  the  thickness  of  the  material 
at  the  accelerometer  location  was  approximately 
0.60  Inches.  Surface  densities  of  1.8,  S,  and 
10  lbs/sq  ft  were  calculated  for  the  bulkhead, 
truss,  and  hardback  respectively. 


Accelerometer  Location  on 
Hardback  (Heavy  Structure) 


Fig.  4  shows  a  three  dimensional  plot  of 
the  average  vibration  amplitudes  as  functions 
of  frequency  and  airspeed  for  all  fifteen 
accelerouetera .  The  envelope  peak  in  the  25  to 
31.5  Hz  range  la  a  normal  mode  of  the  store 
and  its  suspension  system.  Fig.  5  shows  Indi¬ 
vidual  spectrn  for  the  average  amplitudes  of 
each  of  the  three  types  of  structures.  It  nay 
be  noted  from  these  curves  that  the  heavier, 
more  massive  hardback  atructure  responds  less 
than  the  other  structures  in  the  40  to  2500  Hz 
range  This  indicates  that  a  factor  such  as 
surface  density  (SO)  can  be  used  for  increasing 
the  accuracy  of  a  prediction  technique.  How¬ 
ever,  it  is  also  to  be  noted  that  the  use  of 
this  factor  can  result  In  errors  In  certain 
frequency  ranges,  e.g.,  the  630  to  1250  Hz 
range  where  the  truss  response  exceeded  the 
bulkhead  response  for  the  type  of  structure 
being  considered. 


Accelerometer  Location  on 
Bulkhead  (Light  Structure) 


Mean  Acceleration  Amplitudes 
of  Munitions  Stores  for  All 
Accelerometers ,  Frequency  Bands 
and  Airspeeds 


Fig.  2  -  Accelerometer  Location  on 
Truss  (Medium  Structure) 
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Fig.  5  -  Average  Vibration  Amplitudes 

lor  Each  of  the  Three  Structures 

In  order  to  further  examine  the  use  of  SD 
for  vibration  prediction  purposes,  a  stepwise 
regression  computer  program  was  used  In  an 
analysis  with  three  variables;  dynastic 
pressure,  surface  density,  and  vibration  ampli¬ 
tude.  The  regression  technique  is  a  useful 
tool  which  computes  a  sequence  of  multivariate 
linear  regraselon  equations  in  a  step- iso 
manner.  At  each  step,  one  variable  is  added 
to  the  regression  equation.  The  variable 
added  is  the  one  which  results  In  the  greatest 
reduction  In  the  error  sum  of  the  squares. 
Equivalently,  It  is  the  variable  exhibiting 
the  highest  correlation  after  partiallng  on  the 
variables  which  have  already  been  added. 

STEPWISE  REGRESSION  ANALYSIS 

The  basic  equation  was  of  the  fora 

GmB  -  K_af_ 

(SD)" 

where  "K"  la  a  regression  coefficient,  "b" 
and  "a"  are  exponents  to  be  determined,  "G^g" 
Is  the  one-third  octave  band  acceleration,  "q" 
Is  the  dynamic  pressure  in  lbs/sq  ft  and  "SD" 

Is  the  structural  surface  density  in  lbs/sq  ft. 
For  this  study,  because  of  the  complexity  of 
the  structure,  the  thickness  of  the  structure 
to  which  the  accelerometer  was  attached  was 
used  for  calculating  "SD".  The  variables  in 
this  equation  were  transformed  into  logarith¬ 
mic  form  to  obtain  the  following  linear 
regression  equation 

log  Gjctb  *  log  K  +  a  log  q  -  b  log  SD. 
RESULTS 

The  above  program  was  used  to  determine 
the  multiple  correlation  coefficient  "R" 
within  the  frequency  range  of  40  to  630  Hz. 

The  results  are  shown  in  Fig.  6.  The  corre¬ 
lation  trend  curves  were  constructed  from  a 
third  degree  polynomial  curve-fitting  program. 
The  curves  indicate  the  effectiveness  of  using 


MqM  only  or  "SD"  only  or  both.  A  much  bettor 
correlation  is  obtained  by  using  both  in  the 
region  below  630  Ha.  It  is  to  be  realised  that 
these  corves  contain  averaged  results  from  all 
of  the  pickups  at  each  0.0S  Mach  increment. 

It  ie  also  to  be  noted  that  the  correlation 
with  "q"  Increases  toward  the  higher  frequen¬ 
cies,  and  the  correlation  with  "SD”  decreases 
tomrd  the  higher  frequencies. 

The  regression  program  also  calculates 
the  "SD"  exponent  and  Its  associated  standard 
deviation.  Fig.  7  is  a  plot  of  this  exponent , 
and  it  indicates  that  it  Is  quite  small  (less 
than  0.2S). 


Fig.  6  -  Trend  Curves  for  the  Effect  of 
Using  Dynamic  Pressure,  Surface 
Density  or  Both 


ONC'THIHD  OCTAVE  SaND  CENTEX  FKOUENCT-  Hi 

Fig.  7  -  Surface  Density  Exponent  "b" 
as  a  Function  of  Frequency 

In  order  to  investigate  the  correlation 
with  dynamic  pressure  and  to  establish  what 
frequency  regions  the  correlations  were  high 
and  low,  an  analysis  was  accomplished  by  using 
the  output  of  each  pickup  for  each  of  the  six 
airspeeds  in  each  frequency  band  thus  resulting 
in  403  separate  curves.  High  correlations  were 
found  in  all  bands  above  80  Hz.  Fig.  8  shows 
this  characteristic  for  the  average  R  of  the 
fifteen  pickups. 
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Pig.  8  -  Correlation  of  Dynamic  Pressure 
with  Vibration  Response 

The  regresaion  coefficient  (K)  and  the 
exponent  of  dynamic  pressure  were  obtained  from 
the  program  for  each  frequency  band  and  for  all 
fifteen  piclcupo.  The  regression  coefficient 
ranged  from  0.016  x  10“®  to  13.01  x  10"^.  The 
exponent  of  "q“  ranged  from  1.32  to  2 . 04. 

There  was  no  diatinct  trend  in  the  "K"  and  "a” 
valuea  in  adjacent  frequency  bands  over  the 
full  frequency  range. 

Table  1  shows  the  values  of  the  regresaion 
coefficients  and  the  602  and  95Z  confidence 
limits.  Also,  the  values  for  the  exponent  of 
dynamic  pressure  and  the  exponent  for  the 
surface  density  are  shown  in  the  table.  Appli¬ 
cations  of  the  results  of  the  regression 
analysis  are  shown  in  Fig.  9.  This  plot  shows 
the  comparison  of  the  measured  average  '-.’-ra¬ 
tion  amplitude  with  the  results  of  the 
regression  analysis  for  a  "q"  of  1025  lbs/sq  ft 
and  564  lbs/sq  it.  In  general,  there  is  good 
agreement  between  the  average  values  of 
measured  data  and  the  results  of  the  regression 
analysis. 


Fig.  9  -  Comparison  of  Measured  Average 

Vibration  Amplitudes  with  Results 
of  the  Regression  Analysis 

A  plot  wss  prepared  (Fig.  10)  to  show  the 
scatter  in  the  data  and  to  compare  the  regres¬ 
sion  line,  the  60  percent  confidence  line,  and 
the  95  percent  confidence  line  with  all  the 
measured  data  points  at  0.75  Mach  at  3000  feet 


altitude.  Tbs  dynamic  pressure  under  this 
flight  condition  was  751  lbs/sq  ft. 


s 

Fig.  10  -  Regression  Line  and  Confidence 

Limits  when  nelng  the  Regression 
Model  for  s  Dynamic  Pressure  of 
751  lbs/sq  ft  as  Compared  with 
the  Measured  Data 

LIMITATIONS 

The  following  limitations  apply  to  the 
results  of  this  study; 

a.  Extrapolations  below  80  Hz  are  not 
recommended. 

b.  "q”  ranges  are  between  500  and  1000 
lba/sq  ft  only 

c.  The  data  used  In  this  study  was  from 
a  store  configured  without  tail  fins.  In 
general,  application  of  the  results  of  this 
study  should  be  limited  to  stores  without  tall 
fins.  Further  work,  using  data  from  several 
stores,  is  required  for  a  more  general  vibra¬ 
tion  prediction  method.  The  reason  is  that  the 
in-flight  fluctuating  pressure  environment, 
which  is  the  principle  source  of  excitation,  is 
influenced  strongly  by  the  store  suspension 
racks  which  are  standard  equipment  snd  commonly 
used  for  many  types  of  stores.  For  the  store 
in  this  study,  the  fluctuating  pressure 
coefficient  P/q  (root  mean  square  fluctuating 
pressure  divided  by  the  dynamic  pressure)  was 
found  to  range  from  .011  to  .02,  except  in 
areas  near  the  racks  and  sway  braces  [Rei.  5]. 
Measurements  of  flow  turbulence  aft  of  store 
suspension  racks  have  indicated  P/q  »  .03  in 
the  transonic  flight  speed  range.  Stores  with 
tail  fins  whicti  are  subjected  to  this  high 
level  of  turbulence  generally  experience  higher 
amplitudes  of  vibration  than  stores  without 
tail  fins. 

CONCLUSIONS 

This  study  presents  a  detailed  empiricsl 
structuring  of  measured  data  to  formulate  a 
vibration  prediction  equation  which  contains  a 
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TABLE  I 


NUMERICAL  VALUES  FOR  Grmf 

rms 

-  —  " 

Kx 

IQ* 

— — -  ■ — • 

S^EBj 

FREQ. 

K 

K  • 

rconf. 

*  CONF. 

"a" 

80 

0.052 

0.059 

0.126 

1.710 

KUSH 

100 

0.829 

1.010 

2.190 

1.344 

| 

120 

0.088 

0.112 

0.259 

1.692 

rrm 

160 

0.106 

0.148 

0.379 

1.718 

0.187 

200 

0.016 

0.023 

0.057 

2.041 

0.201 

250 

0.135 

0.202 

0.556 

1.761 

■m 

315 

0.284 

0.415 

1.167 

1.6% 

0.216 

400 

0.627 

0.815 

2.361 

1.701 

HESI 

500 

0.136 

0.188 

0.494 

1.8% 

m 

630 

0.313 

0.359 

0.864 

1.832 

0.071 

800 

0.996 

1.121 

2.261 

1.678 

1000 

1.373 

1.603 

3.695 

1.645 

1250 

13.009 

13.541 

22.880 

1.320 

1600 

0.3% 

0.403 

0.676 

1.805 

0 

2000 

4.465 

5.050 

10.160 

1.462 

0 

2500 

2.735 

3.269 

6.483 

1.555 

0 

3150 

5.582 

6.651 

14.336 

1.444 

1  1 

4000 

3.694 

4.302 

7.538 

1.470 

0 

5000 

4.393 

5.737 

14.370 

1.422 

0 

regression  coefficient,  a  dynamic  pressure  ex¬ 
ponent,  and  a  surface  density  exponent.  The 
results  Indicate  that  this  approach  is  reason¬ 
able  for  the  type  of  external  store  under 
consideration.  It  is  shown  that  the  dynamic 
pressure  is  closely  correlated  with  amplitudes 
of  vibration  response  throughout  the  frequency 
tsnge  of  80  to  3000  Hz.  The  effect  of  using 
a  surface  density  parameter  appears  desirable 
only  between  30  and  630  Hz.  It  i3  suggested 
that  further  similar  efforts  be  conducted  on 


other  structures  to  gain  more  statistical 
confidence. 

ACKNOWLEDGEMENTS 

Appreciation  is  expressed  for  the  valu¬ 
able  assistance  provided  by  R.  Merkle  and 
W.  Stromberg  of  the  Air  Force  Flight  Dynamics 
Laboratory. 


13 


BRBEXCES 


3.  P.  A.  Fran ken ,  "Sound  Induced  Vibra¬ 
tion*  of  Cylindrical  Vehicle*,"  J.  Acouat,  Soc. 
X.  H.  Hiaelblau,  M.  Puller,  T.  Scbarton,  An,  34  453-454  (1962) 

"iuemtat  of  Space  Vehicle  Aercacouetic  - 

Vibration  Prediction  Design  and  Testing,"  4.  A.  G.  Piersol,  W.  F.  van  der  Lean, 

RASA  Cl-15%,  Langley  Besearch  Center  (1970)  "Statistical  Analysis  of  Flight  Vibration  and 

—  - -  Acoustic  Data,"  AFFDL-TR-68-92  (1970)  - 

2.  P.  T.  Mahaffey  and  X.  V.  Snitb,  "A 

Method  for  Predicting  Environmental  Vibration  5.  R.  N.  Bingnan,  "Aero-Acouatically 

Level*  in  Jet-Powered  Aircraft,"  Noise  Control  Excited  Vibrations  of  [-sternal  Stores  on 

6,  168  (1960)  Fighter  Aircraft,"  Proceedings  of  the  Aircraft/ 

_  Stores  Compatibility  Symposium,  Volume  VI  (1969) 


DBCUSSK>N 


Mr.  Hughes  (Naval  Weapons  Evaluation 
Facility):  Could  you  define  the  surface  density 
function? 

Mr.  Golueke:  Some  call  it  surface  mass 
density.  We  found  intuitively  that  things  that 
are  extremely  heavy,  especially  in  the  high 
frequercy  region,  do  not  tend  to  respond  as 
much  as  some  real  light  structural  elements, 
hi  this  particular  study  we  took  the  thickness 
of  the  immediate  structure  to  which  the  accel¬ 
erometers  were  attached  and  used  that  as  a 
function.  When  that  mass  density  increased, 
it  was  in  the  denominator,  it  meant  that  the 
vibration  level  was  decreasing.  We  looked  at 
this  in  the  regression  study  to  see  how  much  it 
goes  down,  if  it  is  twice  as  thick  does  it  go  down 
to  half  as  much?  No  it  does  not,  only  to  a 
factor  of  about  0.25.  We  have  been  doing  this 
for  a  long  time  even  in  our  test  specifications. 
All  this  says  is  that  we  do  not  have  to  vibrate 
a  great  big  heavy  object  as  much  at  high  fre¬ 
quencies  because  the  energy  does  not  come 
through. 

Mr.  Curtis  (Hughes  Aircraft  Company): 

I  noticed  that  you  did  not  use  a  Mach  number  in 
the  regression  analysis.  Was  this  for  some 
conscious  reason  or  for  convenience? 

Mr.  Golueke:  No,  fortunately  or  unfortu¬ 
nately,  we  always  flew  at  3,000  ft.  so  the  dy¬ 
namic  pressure  at  a  Mach  number  was  directly 
correlated.  You  could  not  take  a  Mach  number. 
We  stayed  at  this  same  altitude  so  whether  you 
use  a  q  or  a  Mach  number  these  coefficients 
will  be  different.  But  had  we  gone  to  several 
different  altitudes  we  should  have  used  a  q. 

So  I  related  it  to  the  q.  Actually  we  did  go  to 
some  other  altitudes, 

Mr,  Clevenson  (La*  "ley  Research  Center): 
Did  Piersol  do  this  regression  analysis  For 
you? 


Mr.  Gcloeke:  No,  we  did  that  separately. 

1  mentioned  In  the  first  jnrt  of  the  paper  that 
we  noticed  that  Piersol  in  his  formulations  used 
the  surface  density  function,  and  we  checked  it 
out  separately. 

Mr.  Clevenson:  We  enlisted  the  aid  of 
Piersol  in  doing  some  similar  regression 
analyses  for  predicting  the  environment  of 
spacecraft  at  launch  vehicles.  He  used  other 
vehicle  data  to  predict  the  Lunar  Orbiter 
vibration  environment.  In  a  paper  that  I  gave 
a  couple  years  ago  we  showed  that  regression 
analysis  usually  ends  up,  as  it  did  for  the  Lunar 
Orbiter,  very  very  conservative  giving  values 
much  higher  that  would  be  actually  experienced 
in  some  cases.  You  did  not  really  point  out 
where  this  regression  analysis  would  be  useful 
other  than  after  the  fact. 

Mr.  Golueke:  That  is  right.  I  read  that 
paper.  That  regression  analysis  was  only  for 
that  configuration.  I  would  like  to  emphasize 
that  this  is  good  only  for  this  store,  and  as  I 
meni’oned  in  the  beginning,  we  are  looking  for 
trends  and  you  might  be  several  thousand  per 
cent  off  trying  it  some  place  else. 

Mr,  Martin  (Langley  Research  Center): 
From  the  table  where  you  listed  the  different 
A’s  and  B's  and  so  on,  are  you  using  a  differ¬ 
ent  regression  model  for  each  frequency  band 
in  making  these  final  predictions? 

Mr,  Golueke:  No,  the  model  is  the  same. 

Mr.  Martin:  Did  you  use  different  expo¬ 
nents  for  each  frequency  band  ? 

Mr.  Golueke:  We  use  the  model  separately 
for  1/3  octave  bands.  One  might  look  at  a 
particular  1/3  octave  band  and  find  a  high 
constant  and  a  low  exponent.  In  the  next  band 
it  might  be  just  the  opposite.  This  regression 
program  gives  the  best  fit  for  that  particular 
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situation.  Each  frequency  band  is  separate. 

Mr.  Martin;  Have  you  considered,  or  is 
it  beyond  the  realm  of  possibility,  including  a 
frequency  function  in  your  regression  model? 

Mr.  Golueke;  Yes,  are  have  considered 
that  and  we  have  noted  some  kind  of  a  trend 
in  these  exponents,  and  we  took  the  polynomial 
curve  through  the  expenentrtb  see  if  we  coulo 
collapse  a  case  into  a  more  rational  trend,  a 
worked  out  pretty  well,  but  I  am  not  in  a 
position  to  put  that  forth  right  now. 
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FACTOR  AKALTSIS  OF  VUIATIOU  S7ECTIAL  DATA 
FROM  WiLTI -LOCATION  SASUKQA3TS 

Robert  C.  Merfcle 

Air  Fore*  Flight  Dynamics  Laboratory 
Wright-Patteraoo  Air  Fore*  Base,  Ohio 


Factor  analyst*  techniques  are  employed  to  classify  a  amber  of 
struct  oral  vibration  spectra  into  a  smaller  amber  of  groups  in 
such  a  fashion  that  pairs  of  spectra  selected  fro*  the  some  group 
have  siailar  spectral  profiles  while  pairs  selected  from  different 
groups  have  dissimilar  spectral  prof ilea.  These  groups  are 
compared  with  other  classifications  obtained  by  using  various 
observable  structural  characteristics.  To  determine  the  applica¬ 
bility  of  such  grouping  to  the  vibration  prediction  problem, 
statistical  testa  are  employed  to  determine  whether  measured 
vibration  spectral  densities  and  computed  regression  statistics 
relating  vibration  to  dynamic  pressure  were  significantly  more 
uniform  in  value  for  spectra  selected  from  within  groups  than  for 
spectra  selected  from  different  groups. 


INTRODUCTION 

Vibration  surveys  of  aircraft  or  geomet¬ 
rically  complex  extended  structures  of  any  kind 
are  typically  conducted  by  recording  for 
several  seconds  instantaneous  acceleration 
tine  history  data  from  ninerous  vibration 
sensors  installed  at  vatious  locations  and 
directions  throughout  the  structure.  Using 
computers  or  special  analysis  equipment,  these 
random  time  series  data  are  transformed  to 
mean  square  acceleration  per  Hertz  in  each 
frequency  uand  within  the  full  range  of 
interest.  When  plotted  against  frequency, 
these  spectral  values  appear  as  an  uneven 
sequence  of  relative  maxima  and  minima  of 
irregular  amplitudes.  The  number,  position, 
and  rnagn  "le  of  these  spectral  maxima  and 
minima  depend  very  strongly  on  (1)  the  spectral 
distribution  of  the  Input  excitation  forces, 

(2)  the  detailed  local  structural  geometry  in 
the  neighborhood  of  the  measurement  point,  and 

(3)  the  mass  density,  stiffness,  and  energy 
absorption  characteristics  of  the  materials 
from  which  the  structure  is  made.  For  a  given 
structural  system  or  configuration,  one  might 
hypothesize  that  all  of  these  geometric 
characteristics  and  structural  parameters  will 
affect  the  observed  vibration  spectra  in  such 
a  fashion  that  the  measured  spectral  plots  can 
be  classified  into  a  rather  small  number  of 
groups  characterized  by  null,  similar  within- 
group  spectral  profiles  and  by  very  dissimilar 
between-group  profiles.  The  purpose  of  this 
paper  Is  to  show  how  such  a  classification 
system  for  sensor  locations  can  be  obtained 


from  spectral  data  by  using  factor  analysis 
techniques  that  are  commonly  employed  to  de¬ 
fine  a  large  number  of  interrelated  variables 
in  terms  of  a  much  smaller  number  of  more  or 
less  Independent  underlying  factors.  Inter  -  • 
relations  among  several  variables  are  exp reset 
by  coefficients  or  correlation  which  are 
computed  for  the  spectra  of  all  pairs  of 
sensors.  These  coefficients  range  from  +1  to 
-1,  the  +1  Indicating  a  perfect  matching  of 
spectral  peaks  and  valleys  with  proportional 
amplitudes,  and  a  -1  indicating  a  perfect 
mismatching  of  peaks  wltn  valleys,  and  a  zero 
Indicating  no  consistent  peak  and  valley 
relationship.  Graphical  illustrations  of 
correlation  between  two  spectra  are  shown  in 
Figure  1.  Each  of  the  plotted  observation 
points  represent  spectral  values  at  the  same 
frequency  band  for  two  different  measurement 
locations. 
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Then  pairs  of  sensor  locstions  having  row 
column  Intersections  within  any  of  these 
blocks  would  have  highly  correlated  or  alailar 
spectral  shapes  while  sensor  pairs  having  row 
coluan  intersections  outside  these  blocks 
would  have  poorly  correlated  or  dissimilar 
spectra.  Sensor  groupings  obtained  in  this 
fashion  are  then  compared  with  groupings 
obtained  using  various  observable  structural 
characteristics  to  ascertain  their  physical 
origin.  Finally,  the  significance  of  such 
groupings  in  the  vibration  prediction  area  is 
examined. 

SUMMARY  OF  VIBRATION  DATA 

The  engineering  results  obtainable  with 
this  factor  analysis  technique  are  best 
described  by  illustrating  its  application  to 
some  specific  data.  Aircraft  external  store 
data  used  for  this  purpose  consisted  of  twenty- 
seven  third  octave  band  spectral  measurements 
taken  at  fifteen  sensor  locations  at  six 
different  Mach  numbers  on  munitions  stores 
carried  under  the  winga  and  fuselage  of  an 
RF4C  aircraft.  Some  structural  characteristics 
of  the  sensor  locations  are  shown  In  Table  2, 
These  structural  characteristics  which  will  be 
referred  to  later  Include  the  store  location: 
wing  or  fuselage;  the  type  of  structure:  bulk¬ 
head,  truss,  or  keelspar;  the  directional 
orientation;  vertical,  lateral,  or  fore  and 
aft;  the  axial  position:  forward,  midsection, 
or  aft;  and  the  vertical  position:  upperside 
or  1<  werside. 
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Thm  third  octave  Uadi  are  the  conventional 
ones  centered  at  the  following  frequencies: 

12.5,  16,  20,  25,  31.5,  AO,  SO,  63,  80,  100, 

125,  160.  200,  250,  315  ,  400,  500,  630,  800, 
1000,  1250,  1600,  2000,  2500,  3150.  4000. 

5000  8s.  Complete  spectral  data  from  all 
flfteas  sensors  were  taken  at  3000  feet  alti¬ 
tude  at  alx  airspeeds:  Mach  .65,  .70,  .75, 

.00,  .85,  .88,  corresponding  to  dynamic 
pressures  of  564.  654,  752,  856,  965,  1025  psf 
respectively. 

COMPUTATION  OF  CORRELATION  HATRIX 

Spectral  data  at  each  Mach  number  can  be 
arranged  in  a  matrix  of  fifteen  row  variables 
each  representing  a  vibration  sensor  and 
twenty-seven  column  observstlons  each  repre¬ 
senting  a  spectral  value  at  successive  third 
octave  frequency  bands.  The  correlation 
matrix  among  the  fifteen  vibration  sensor 
locations  may  be  computed  directly  from  this 
array  through  the  following  stepwise  sequence 
of  data  processing  operations.  Step  1: 

Compute  the  mean  value  of  each  row  and  sub¬ 
tract  this  value  from  each  element  forming  a 
modified  row  with  zero  mean.  Step  2:  Compute 
the  mean  square  value  of  each  modified  row  and 
divide  its  square  root  into  each  element  forming 
a  new  row  with  a  mean  of  zero  and  a  mean  square 
of  one.  These  row  elements  are  referred  to  as 
the  standardized  spectra]  values.  Step  3:  For 
each  pair  of  rows  compute  all  the  cross- 
products  of  corresponding  observations,  then 
sum  and  average.  The  resulting  value  is  the 
coefficient  of  correlation  between  the  spectra 
of  the  two  sensor  locations  associated  with 
the  selected  rows.  Step  4:  The  computed 
correlation  coefficients  for  each  pair  of  rows 
are  then  arranged  in  a  fifteen  by  fifteen 
symmetric  matrix.  The  off-diagonal  elements 
are  the  correlation  coefficients  relating  the 
row  and  column  sensor  locations  and  the 
diagonal  elements  are  all  ones,  expressing  the 
spectral  correlation  of  each  sensor  location 
with  itself.  The  correlation  matrix  for  the 
spectra  of  the  fifteen  sensors  at  Mach  .88  is 
shown  in  Table  3.  Note  that  high  and  low 
values  of  the  coefficients  of  correlation  are 
more  or  less  randomly  distributed  throughout 
the  array.  If  the  ordering  of  the  matrix  rows 
and  columns  were  changed,  the  values  of  the 
matrix  elements  would  appear  in  rearranged  torn. 
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For  mm  mm  row  coIm  n^mm,  wot  of  Cbo 
klfhor  veined  Matrix  aleaaota  could  ba  Mde  to 
«PF*«  la  blocks  alomg  the  principal  dlsgonal, 
the  Maher  of  such  blocks  sad  the  sensor  lo¬ 
cation*  assigned  to  each  sre  obtainable  by 
factor  analysis  techniques. 

TABLE  3 


the  factor  loading  coefficients  tj?  by 

rvjrk  "  -jl  *kl  +  *J2  *k2  ♦  ajn  aka  (U) 

When  k  -  J  this  expression  defines  the  coaoi- 
ality  hj  of  spectnsi  vj 
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FACTO*  ANALYSIS  SOLUTION 

The  high  degree  of  intercorrelation  among 
the  fifteen  sensor  locations,  shown  In  Table  3, 
Indicates  one  or  nore  coaaon  factors  are 
influencing  the  spectral  shape.  The  oathe- 
aatical  theory  for  determining  both  the  number 
of  such  coaaon  factors  and  the  relative 
influence  of  each  factor  on  each  of  the  sensor 
location  variables  is  given  by  Harry  H.  Hanson 
in  Modern  Factor  Analysis,  Ref.(l].  Basic 
concepts  and  their  mathematical  formulations 
are  summarized  in  the  appendix  to  this  paper. 

In  terms  of  the  factor  analysis  model, 
each  standardized  spectral  value  vj^  tor 
sensor  location  j  and  frequency  i  can  be 
expressed  as  a  linear  combination  of  a  few 
standardized  common  factor  spectral  values 
Fpl  and  a  unique  factor  spectral  value  Ujj: 

m  i  -  1 . 27 

vji"  1  ajpFpi+  djuji  J  ’  1 . 15 

p»l  m'15 

The  computation  of  the  original  correlation 
matrix  and  the  factor  loading  coefficients, 
a,p  and  dj,  was  carried  out  using  program  BMD 
Q3M  from  Bio-medical  Computer  Programs,  W.  J. 
Dixon,  editor,  kef. [ 2 ) .  For  the  correlation 
matrix  of  Table  3,  only  three  significant 
common  factors  were  found.  The  loading 
coefficients,  a,_,  having  maximum  variance 
(yarimax),  are  shown  in  Table  4  as  A,  B,  and  C. 
The  loading  coefficients,  d j ,  associated  with 
the  corresponding  unique  factors  are  also 
shown,  but  an  excellent  approximation  to  the 
original  correlation  matrix  could  be  obtained 
from  the  variables  vj^  defined  in  terms  of  the 
common  factor  loadings  alone.  [n  mathematical 
terms,  the  coefficient  of  correlation  ry^ 

between  spectrum  vj  and  vk  is  given  in  terms  of 


Since  the  sum  of  the  squares  of  the  loadings 
for  each  variable  must  equal  one  (geometrically 
they  are  direction  cosines  of  angles  between 
each  of  the  factor  axes  and  a  line  representing 
the  variable),  any  factor  with  a  leading 
greater  than  -  .707  must  have  a  contribution 
to  that  variable  exceeding  that  of  all  otbtr 
factors  combined.  Applying  the  criteria  to 
Table  4,  one  cau  see  that  factor  A  is  charac¬ 
terized  by  sensors  2,  4,  6,  8,  9,  and  10; 
factor  B  by  sensors  1,  3,  7,  and  13;  and 
factor  C  by  sensors  11,  14,  and  IS.  Sensors  S 
and  12  did  not  have  predominant  loadings  on 
any  one  factor  at  Mach  .88  for  which  these 
data  are  applicable.  When  the  factor  analysis 
of  correlation  matrices  associated  with  the 
remaining  five  airspeeds  were  carried  out,  the 
same  sets  of  sensors  occurred  together  except 
for  number  3  which  dropped  from  large  loadings 
on  factor  B  to  the  last  group  (sensors  5  and 
12)  without  dominant  loadings  on  any  factor. 

In  Table  3,  the  correlation  matrix  was  shown 
with  the  sensors  in  the  sequence  of  arbitrarily 
assigned  identification  numbers.  In  Table  3 
the  same  correlation  matrix  is  shown  with  the 
sensors  associated  with  factor  A  listed  first, 
those  with  Yactor  B  listed  next,  then  with 
factor  C  listed  last,  and  the  remaining  sensors 
omitted.  Note  that  in  this  rearrangement  of 
the  rows  and  columns  of  the  correlation  matrix, 
the  highest  correlations  occur  in  the  blocks 
along  the  diagonal  with  much  lower  correlations 
in  the  off-diagonal  blocks.  The  mean  corre¬ 
lation  in  the  off-diagonal  blocks  is  0.49  and 
in  the  diagonal  blocks  is  0.81  excluding  the 
unit  self  correlations  along  the  principal 
diagonal.  The  high  within-group  spectral 
correlations  occurring  in  the  diagonal  blocks 
of  Table  5  certainly  suggests  the  influence  of 
some  characteristics  which  are  shared  among  the 
sensor  locations  within  each  associated  group. 
What  these  characteristics  are.  must  be  inferred 
by  making  various  comparisons  among  the  senscr 
locations  within  each  of  the  groups  and  by  con¬ 
trasting  locations  from  different  groups. 
Structural  features  and  excitation  conditions 
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Ui'ao  (or  diaalailor  ahepoe )  for  bet— 
graap  or  latar  gtoop  data,  flta  oigftt  aloe 
aappoaa  that  aoy  pair  of  highly  correlated 
apectro,  both  ft—  vikhia  either  aac  of  the— 
grojpa,  aaald  hot  differ  appreciably  ia  aapli- 
tade  le— la.  Chatiag  the—  eoajoctar—  iato 
the  aril  hypothaa^  fata  far  atatiatlcally 
testing  the  data  at  head,  reaolta  ia  the 
folloaiog  six  hypothaaixod  coatraato  ia  which 
the  — nanr  loeatioa  —hero  ia  pareathaa—  — e 
to  be  replaced  by  opcctral  —plitad—  for  chat 
aeaaor  loeatioa  a— her  at  eta  fieqa—cy  bead  *f 
iatereot. 

Thera  are  —  atatiatlcally  algalficae t 
differences  between  the  a— a  wibrati—  le— la 
neaanred  for  group*  ABC,  i.e.: 


Table  6  shows  the  spectral  groups  and 
their  structural  characteristics  taken  fr¬ 
iable  2. 

TABLE  6 


(1)  A-B  -  1/6  (#2  +  #*  +  #6  +  fg  +  #9  4  #10) 
1/3(#1  +  #7  4  #13)  -  0 

(2)  A-C  -  1/6  (#2  +  #4  4  #6  +  #8  4  »  +  #10) 
l/3(#il  +  #14  +  #15)  -  0 
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None  of  these  structural  characteristics  Is 
unique  to  each  group.  Location  la  clearly  not 
a  basis  of  classification  since  both  wing  and 
fuselage  positions  occur  In  all  three  groups, 
likewise  for  axial  position,  since  two  of  the 
three  classifications  occur  in  all  three 
groups.  Of  the  remaining  structural  charac¬ 
teristic  codes.  Croup  A  contains  only  BLL  and 
TVU  combinations.  Croup  B  only  BVL  and  KVU,  and 
Group  C  only  TLU  and  KLU.  It  is  not  Intuitive¬ 
ly  evident  why  these  structural  combinations 
should  result  in  the  kind  of  specrtel  corre¬ 
lations  actually  observed.  Befor"  ••eekir.g  a 
plausible  rationale  for  explaining  these 
observed  spectral  correlations  iti  terms  of 
structural  characteristics  and  other  possible 
parameters,  Inquiry  should  first  be  made  as  to 
whether  the  spectral  correlations  are  related 
In  any  vay  to  spectral  levels  or  to  various 
statistics  relating  vibration  to  airspeed 
variations.  If  this  were  the  case,  spectral 
correlations  would  have  a  strong  bearing  on  the 
structural  vibration  prediction  problem  and 
further  effort  would  be  justified  in  seeking  an 
engineering  Interpretation  of  the  factor 
groupings. 


(3)  B-C  -  1/3  (#1  4  #7  4  #13)-1/3(#11  4  #14  4 
#15)  •  0 

nor  do  significant  differences  exist  In  the 
vibration  le— Is  between  the  two  most  highly 
correlated  spectra  within  each  group,  l.e.: 


(4) 

Croup  A: 
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(5) 

Croup  B: 
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(6) 

Group  C: 

#14  -  #15  •  0 

These  groups  and  spectral  pairs  ootained 
from  correlation  a* »d  factor  analysis  for  all  six 
airspeeds  not  just  the  one  illustrated  above. 

To  be  useful  in  vibration  prediction,  the  first 
three  of  these  hypothesized  zero  contrasts 
should  be  rejected  and  the  latter  three  not 
rejected  since  this  would  imply  similar  spectral 
amplitudes  within  groups  of  highly  correlated 
spectra  but  significantly  different  amplitudes 
for  poorly  correlated  spectra  fr—  different 
groups. 

Since  dynamic  pressure  constitutes  the 
primary  excitation  for  the  measured  data,  the 
statistical  tests  of  these  six  contrasts  should 
account  for  variations  in  this  quantity.  The 
statistical  theory  for  tests  of  this  kind  is 
given  by  Hepry  Scheffe  in  "Analysis  of  Variance," 
Chapters  3  and  6,  Ref.  [3].  The  actual 
computations  were  carried  out  using  the  General 
Linear  Hypothesis,  Program  BHD  06V,  fr— 

Ref.  [2]  cited  earlier.  All  six  of  the  above 
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•AacrlfU,  J  sad  1  w^ictlwly.  gy  —lag  a 
logarithmic  tnmnfofmmtinm  of  tho  laymt  date, 
thn  raoolcU*  aywwlai  is 

io»  *jiW  -  «ji  ♦  kjdog  q  -  log  q) 

or  mqxivslmatly 

v..(q)  -  10*J1(q/Obl  i  -  1 . 21  (3) 

3  J  -  1 . 15 


(lha  lowr  •  third  octavo  baadn  wn  iM,  aa 
axynctsd,  to  han  amrfcmdly  lnvmr  viktidai/ 

4]WBic  pfM0W  cOftdHtlflM  Mi  CMTttftM* 

lagly  yntlg  fflilctlll  fMCtiOM  Ckfi  tiw 

Mghr  ftnqwnmcy  ray.)  Ia  cka  alaylo  llaaar 
iQtraaaiaa  faoaaia  *  *  a  ♦  bq,  tho  aalaaa  of 
Cka  vuriafcls-  a  and  q  aara  replaced  kjr  tkoir 
logariclt  ia  fa^atatlom  Co  fota  cka  following 
aqalaalaat  prediction  faaccloa  which  seamed 
aora  appropriate  foe  tkia  cyya  of  amginoeriag 


v„  -  lift*  q^l*  i  -  1 . 19  (A) 

J  3  -  1 . 15 

ohara  the  ara  tka  vibration  spectral  values 
for  Cka  Jth  aaaaor  and  eke  itb  frequency  q  la 
tka  dyxmalr  pressure,  and  cka  a.^  and  kjj  ara 
tka  regression  components  relating  •  to  q  at 
Cka  jtk  aaaaor  aad  Cka  1th  fraqaency.  Tka 
actual  computations  aero  dona  oalag  tka  otep- 
visa  ratreaaioa  program,  BMD-Q2X  given  la 
bf.  [2).  Fiw  outputs  of  tka  prograa  arc  of 
intareat: 


takara  cka  q  aoat  now  be  Interpreted  aa  the 
gooaatric  aaaa  of  Che  dyaaalc  preaavraa.  This 
aaaaa  to  be  a  aora  reasonable  prediction  nodal 
for  this  kind  of  caglaccriat  data.  Eatlaatca 
of  linear  coabiaationa  of  the  aa  well  aa 
individual  valves  are  easily  obtained.  The 
six  contrasts  of  the  previous  paragraph  are 
clearly  special  linear  combinations  of  partic¬ 
ular  interest.  Applying  appropriate  statis¬ 
tical  teats  at  the  0.995  confidence  level  for 
all  six  contrasts  slaultaneouely  but  for  each 
frequency  separately,  or  about  0.87  for  all 
contrasts  for  all  trcquencies,  one  finds  the 
following  results.  Of  the  27  frequency  bands, 
vibration  levels  differ  significantly  at  19 
for  A-B,  at  17  for  A-C,  and  at  18  for  B-€. 
However,  vibration  levels  also  differ  signifi¬ 
cantly  between  the  two  nost  highly  correlated 
spectra  within  one  of  the  paired  groups  at  13 
of  the  19  frequencies  for  A  and  B,  at  It  of 
the  17  for  A  and  C,  and  at  12  of  the  18  for 
B  and  C.  Thus,  the  first  conjecture  that 
vibration  levels  differ  significantly  between 
two  groups  of  vibration  spectra  which  exhibit 
high  correlations  for  within-group  pairs  and 
low  correlations  for  between-group  pairs  does 
not  hold  consistently  at  all  frequencies  and 
where  it  doea  hold  the  second  conjecture,  chat 
pairs  of  highly  correlated  apectra  f row  within 
a  group  would  not  differ  signlficsntly  in 
aaplltude  levels,  usually  fails. 

REGRESSION  STATISTICS  FOR  CORRELATED  VIBRATION 
SPECTRA 

In  the  course  of  preparing  a  companion 
paper  for  this  symposium,  Carl  Golueke  of  the 


r:  the  coefficient  of  correlation  betwrra 
vibration  amplitude  and  dynamic  pressure 

a:  the  logarithm  of  the  regression  constant 

b:  the  exponent  of  the  dynamic  pressure 

s^:  the  stendard  deviation  of  b 

a:  the  standard  error  of  the  estimate 

Next,  one  night  again  conjecture  that 
these  values  expressing  the  relationship 
between  vlbrstion  and  dynamic  pressure  might 
differ  significantly  between  any  two  groups  of 
vibration  spectra  which  exhibit  very  high 
average  correlations  for  within-group  (intra¬ 
group)  pairs  of  spectra  but  low  average 
correlations  for  between-group  (inter-group) 
pairs.  Likewise,  one  night  further  suppose 
that  the  relationship  between  vibration  and 
dynamic  pressure  does  not  differ  significant ly 
for  the  nost  highly  correlated  pair  of 
vibration  spectra  selected  iron  within  any 
group.  These  hypotheses  represent  the  same 
set  of  contrasts  listed  in  the  previous 
section  except  for  replacement  of  the  spectral 
amplitude  values  by  one  of  the  above  regression 
statistics. 

Again,  the  statistical  tests  were  carried 
out  using  the  same  general  linear  hypotheais 
program,  BMD-06V,  and  the  same  set  of  six 
contrasts  used  previously.  This  time  the 
mathematical  model  is: 

rj(f)  -  cj  +  d  log  (f/T)  j  -  1 . 15  (5) 
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*.  -  iifwiit  variable,  r,  a,  b,  s^,  aad  a 
*  avee— tlvaly 

c,  *  rsqrsssloa  cosfflclsnta  for  each  one  of 
IS  secaors 

d  ■  regression  coefficient  of  tbe  cover late 
log  (f/F) 

f  »  frequency  7  ■  geonetrlc  nean 

The  one  of  log  f  rather  than  f  for  the 
covariate  serves  both  to  reduce  the  extreme 
range  of  the  frequencies  (80  to  5000)  and  to 
mice  the  third  octave  center  frequencies 
equally  spaced.  Applying  appropriate  static' 
tical  tests  at  the  0.99  confidence  level  for 
all  ala  contrasts  simultaneously  but  for  each 
variable  separately,  or  about  0.9S  for  all 
contrasts  for  all  variables,  one  finds  that 
none  of  the  variables  r,  a,  b,  s^,  and  a, 
associated  with  the  vibration-dynanic  pressure 
relationship,  differ  significantly  in  value 
for  any  of  the  three  group  contrasts  as  con¬ 
jectured.  On  the  other  hand,  the  two  aost 
highly  correlated  spectra  in  group  B  differ 
significantly  in  three  of  the  variables  r,  sj,, 
and  s  contrary  to  the  original  hypothesis. 

SUMMARY 

In  susnary,  the  spectral  profiles  from 
twelve  of  fifteen  locations  on  an  aircraft 
external  store  can  be  classified  into  three 
groups  characterized  by  quite  similar  vithln- 
group  spectral  profiles  and  by  rather  dis- 
s  toilet  iiciwen-group  profiles.  These  groups 
of  similarly  shaped  (highly  correlated) 
spectral  profiles  do  not  consistently  match 
up  with  variations  in  structural  type, 
directional  orientation,  attachment  location, 
or  axial  or  vertical  position  of  the  measure¬ 
ment;  nor  are  they  associated  with  consistent 
differences  in  vibration  amplitude  levels 
across  the  frequency  bands  of  interest;  nor 
do  they  imply  any  corresponding  association 
with  the  relationship  between  vibration  and 
dynamic  pressure. 

From  an  engineering  standpoint,  the 
negative  results  obtained  for  vibration  ampli¬ 
tude  tests  are  by  no  means  unexpected.  Intro¬ 
ducing  a  small  amount  of  damping  Into  a 
system,  for  example,  will  greatly  reduce 
vibration  amplitude  values  without  noticeably 
affecting  the  general  shape  of  the  spectral 
profile.  Furthermore,  in  view  of  the  excep¬ 
tionally  high  correlation  between  vibration 
amplitudes  and  dynamic  pressure  for  this  data 
(4],  the  results  for  the  regression  statistics 
tests  should  not  differ  from  those  for  the 
vibration  amplitude  tests.  As  noted  earlier, 
these  tests  were  carried  out  only  to  take 
advantage  of  any  positive  results  in  formu¬ 
lating  empirical  vibration  prediction 
functions. 

None  of  the  five  structural  character¬ 


istic*  was  foaad  to  be  mnlque  to  any  oh  of 
the  thro*  groups  of  similar  spectral  profiles. 
Two  of  them,  store  location  and  axial  position, 
were  found  to  bo  independent  of  the  throe 
correlated  spectral  groupings.  Certain  combi¬ 
nations  of  the  recoining  three  structure! 
characteristics  were  found  to  he  unique  to 
eech  t'roep.  However,  because  the  eighteen 
possible  combinations  of  three  structural 
types,  three  directional  orientations,  and  two 
vortical  positions  exceeded  the  fifteen 
locations  instrumented,  no  really  firm  con¬ 
clusions  can  be  drawn  in  this  area.  Future 
aaalysea  with  larger  numbers  of  censor 
locations  should  yield  the  necessary  clarifi¬ 
cations. 

Tbe  Initial  classification  of  spectral 
data  into  groups  characterized  by  similar 
with in-group  profilea  and  dissimilar  between- 
group  profiles  is  the  moat  notable  result 
obtained  in  this  data  analysis  program.  The 
near  Identical  groupings  of  sensor  locations 
found  at  each  of  the  six  airspeeds  greatly 
reinforces  this  conclusion.  The  existence  of 
several  sensor  locations  not  clearly  Identified 
with  any  of  tbe  Internally  highly  correlated 
groups  is  also  to  be  expected.  If  vibration 
measurements  at  many  locations  are  each 
thought  of  aa  a  different  linear  combination  of 
a  relatively  few  underlying  spectral  profiles, 
then  it  is  only  reasonable  to  suppose  that 
some  of  the  measurement  points  will  represent 
more  or  less  equal  contributions  from  each  of 
these  underlying  profiles. 

An  extremely  wide  diversity  of  vibrational 
amplitudes  and  their  associated  spectral  pro¬ 
file  is  characteristic  of  vibration  surveys  of 
high  speed  aircraft  and  other  complex  struc¬ 
tures  subject  to  high  Intensity  excitation. 

The  correlation  and  factor  analysis  techniques 
employed  herein  provide  a  means  of  quantifying 
the  concept  of  spectral  shapes  and  classifying 
them  into  distinct  groups.  In  vibration  sur¬ 
veys  Involving  a  hundred  or  more  sensor 
locations,  this  can  provide  a  very  helpful 
means  of  organizing  numerous  vibration  spectra 
into  a  much  smaller  number  of  meaningful 
categories  for  more  detailed  statistical  and 
engineering  analyses.  Analyses  which,  when 
applied  to  more  homogeneous  groupings  of 
spectral  profiles,  may  well  yield  more  meaning¬ 
ful  results  than  would  otherwise  be  the  case. 
This  should  permit  much  deeper  insight  into 
the  vibrational  energy  distribution  in  complex 
structures.  Knowledge  of  this  kind  can,  in 
turn,  be  quite  useful  both  in  designing 
reliable  structures  for  operation  In  severe 
dynamic  environments  and  in  providing  a  more 
rational  basis  for  locating  vibration  sensors 
in  measuring  the  structural  response  to  those 
environments. 
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FACTO*  AgALYSIS  MOOD. 

The  object  of  fee  Cor  analysi*  Is  to  Miat 
s  locjto  m  olier  of  latemJstod  wIiUm  Is 
terse  of  a  such  —tiler  a— her  of  sors  or  is— 
lo<!ep— dent  factors.  The  alaplest  aetheaatical 
nodal  for  describing  a  variable  la  tens  of 
several  others  la  the  linear  representation. 

For  such  a  linear  cospoeit*  to  be  valid,  how¬ 
ever,  all  variable  — d  factor  seeear— eeta 
a— t  be  referenced  to  the  ease  origin  end 
scaled  In  the  sene  unite.  TO  do  this,  ate 
first  subtracts  froa  each  observation  x^  its 
scan  value  I  and  then  divides  the  resultant 
quantity  by  its  standard  deviation  sx,  a 
■ensure  of  the  dispersion  or  scatter  la  a  — t 
of  observations.  Thus  transformed,  the  new 
standardised  value  expresses  ''distance"  from 
the  nean  in  standard  deviation  units. 

Expressed  sathenetlcally: 

*Ji  "  <*J1  *  i  -  (1) 

j  *  1.. . .n 

where 

1  “  ,  »  2 
x,  “  —  £  X,,  a  m  —  £  (tj«  -  x,} 

3  *•  i-1  3  *  N  1-1  3 

The  classical  factor  analysis  model  say 
be  written  for  the  standardized  value  of  the 
jth  variable  and  the  ith  observation  as 
follows: 


The  coefficients  of  these  factors  in  aquation 
(1)  say  be  repree— tad  by  the  a  by  c  mi  n  by  n 
—trices  m  folio—  t 


With  the—  definitions ,  equstlnn  (1)  nay  he 
written  in  — trix  form 


2  -  AT  +  00  (3) 

The  —trix  of  observed  correlations  anong  the 
variables  can  be  defined  in  —trix  notstioa  by 

R  -  ZZ'/N  2'  -  Z  transpose  (4) 

This  is  equivalent  tc  the  stepwise  compu¬ 
tational  procedure  given  in  a  previous  section 
entitled  “Computation  of  Correlation  Hatrix". 

If  equation  (3),  the  factor  analysis 
sodel  for  the  —trix  Z,  is  substituted  into 
this  expression,  wc  have 

R  -  (AF  +  DU)  (AF  +  DU)  VN 


*Ji 


pfA  “IP  FP1  +  dj»Ji 


j  -  l...n  (2) 

i  -  1...H 

s<n 


In  this  expression  FP1  Is  the  standardized 
value  of  the  conmon  factor  Fp  for  observation 
i,  eac..  of  the  m  terms  ajp  Fpi  represents  the 
contribution  of  the  corresponding  factor  to 
the  linear  composite,  and  the  djU^  is  the 
residual,  specific,  or  unique  contribution  in 
the  assumed  representation  of  the  observed 
measurement  Zy.  In  the  geometric  represen¬ 
tation  of  this  model,  the  unl-ue  factors  are 
assumed  to  be  mutually  oithogon-l  and  ortho¬ 
gonal  to  the  common  factors  which  -re  not 
necessarily  assumed  mutually  orthogonal.  Note 
that  the  representation  is  not  unique  since 
the  total  number  of  factors  Fp,  Uj  exceeds  .‘he 
number  of  variables,  Zy 


R  -  A(FF'/K)  A*  +  A(FW'/N)D! 

+  D(UF'/N)  A'  +  D(UU'/N)D* 

The  first  and  last  quantities  in  parentheses 
both  having  the  same  form  as  equation  (4)  are 
correlation  matrices.  The  correlation  matrix 
of  the  common  factor-,  is  denoted  by  ♦  -  FF*/N. 
The  correlation  matrix  of  the  unique  factors 
is  an  identity  matrix  since  the  unique  factors 
are  assumed  to  be  uncorrelated,  i.e.,  repre¬ 
sented  by  mutually  orthogonal  axes.  The 
remaining  two  terms  in  parentheses  are  both 
null  matrices  since  the  common  and  unique 
factors  are  assumed  to  be  uncorrelated,  i.e., 
mutually  orthogonal.  Thus,  we  have 

R  -  A(FF'/N)A'  +  D(UU'/N)D  -  A  *  A'  +  DP'  (5) 

If  the  common  factors  are  also  assumed  to  be 
uncorrelated  ci  orthogonal 

R  -  AA'  +  DD'  (6) 


The  complete  set  of  n  values  for  each  of 
the  N  variables  can  be  represented  by  the 
n  x  N  matrix  as  follows: 


Clearly,  the  correlation  matrix  derived  from 
the  conmon  factors  only,  is  given  by 
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Ala  Matrix  (hmMo«  7)  la  tho  aaaa  aa  tka 
former  (squat  torn  i)  la  tka  off-dlapoaal  ala- 
■ata,  k at  tka  dinjoaal  alaaaata,  Mfutd 
nr—  aHrlaa,  ata  aaakara  laaa  tkaa  aaa. -  la 
tar—  of  tka  aatrlx  ala— to,  tfcey  ata  giva* 


lo*ar  bounds  for  traa  alal— 1  raafc  co—aal- 
ltlaa  aal  —  p—cb  tka  lattar  —  tka  ratio  of 
tka  a— bar  of  facto—  —  tka  a— kor  of 
— rlaklaa  approach—  aa— . 

FACTO*  SOLUTION 


k?  -  "  4-  J  -  1 . a  (•) 

J  p.! 

cor-latl-r^  betas—  tka*— — 1  factor  aad 
tka  — rlaklaa  —  aka—  by  tka  felloalag: 


61a 


*J1  *  *JlFli  *  ••••♦  *joFal  *  4JDjl 
*'jl  "  aJlfll  +”"+ 


tkaa  r  * 
‘J  J 


hj/^/oHvjT -  ^ 


a 

I  a 
1-1 


•2 

Ji 


Tka  off-diagonal  el— ta  of  equation  (6)  a—, 
of  coo— a,  tha  ordinary  coaf flclanta  of 
corralatlon  given  In  tana  of  the  aatrlx 
ala— ta  for  the  varlablea  j  and  k  by 


^ 

NUMBER  OF  COMMON  FACTORS 


Proa  — trlx  theory.  It  la  known  that  the 
rank  of  M'  cannot  exceed  the  rank  of  A  which 
in  to—  cannot  exceed  lta  a— Her  dimension, 
in  thla  caae  the  n—ber  of  column  a.  Conse¬ 
quently,  although  the  reproduced  correlation 
aatrlx  I*  «  AA*  haa  order  n  equal  to  the  rnaber 
of  varlablea ,  lta  rank  cannot  exceed  a,  the 
nuaber  of  coaaon  facto—.  Since  the  number  of 
common  facto—  cannot  be  leaa  than  the  rank 
of  the  reproduced  correlation  matrix,  the  ninl- 
aua  n tuber  of  coaaon  facto—  auat  equal  the 
alnlaua  possible  rank  of  the  reproduced  corre¬ 
lation  aatrlx.  Since  the  correlation  aatrlx 
reproduced  froa  the  coaaon  factors  differs  fro* 
that  —produced  froa  all  the  facto—  only  in 
the  diagonal  el— ents,  one  of  the  — jor  prob- 
leas  of  factor  analysla  la  to  detetalne  by  how 
aech  the  rank  of  a  correlation  aatrlx  can  be 
reduced  froa  n  by  a  aultable  choice  of 
cow unalltlea  In  the  diagonal.  The  compu¬ 
tation  of  such  ainiaal  rank  coaaunallties  is 
so  formidable  even  on  modern  computers  that  It 
la  not  normally  attempted.  Instead,  they  are 
approximated  by  the  squared  multiple  corre¬ 
lations  given  by  one  alnus  the  reciprocals  of 
the  corresponding  elements  In  the  diagonal  of 
the  Inverse  of  the  correlation  aatrlx.  The 
squared  multiple  correlations  are  known  to  be 


The  so  inti—  for  the  a  coafficl— ta  or 
lnndlngn  1*  tha  factor  analysis  modal, 
eqaafloa  (1),  la  an  eigenvalue  pro bl— 
aaalogn—  to  tha  aaa  saeoua— d  la  data— 1- 
nlag  normal  nod—  of  vib— tlon  or  principal 
axes  of  — cation  In  dya— lex  pro blame.  Tha 
aatrlx  equation  In  this  com  la 


Hera  tha  i's  a—  correlation  coefficients 
between  the  veriablee,  the  h's  a—  the 
coamunelitica  or  rank  minimizing  —la—  of  tha 
p— vloua  section,  l  la  one  of  the  elgeavaloee, 
and  tha  coluan  of  a' a  la  tha  aaaoclatad  eigen¬ 
vector,  the  elements  of  which  serve  ae  the 
coefficient*  or  loadings  of  the  ptb  factor  for 
the  n  variables  when  the  Ip  •  I  condition 

In  fulfilled.  Some  of  the  eigenvalues  will  be 
xe—  since  selecting  the  diagonals  to  minimize 
rank  is  equivalent  to  — x lairing  the  nuaber  of 
xe—  eigenvalues ,  thus  minimizing  the  mai bar 
of  non -zero  eigenvalues,  or  equivalently  tha 
nuaber  of  cos — m  facto—  aa  desired.  When  the 
squared  multiple  correlation  la  used  to 
approximate  the  true  rank  minimizing  coaaunel- 
ities  in  the  diagonal,  the  exact  positive  seml- 
de finite  character  of  the  aatrlx  la  destroyed 
and  the  zero  eigenvalues  are  replaced  with 
snail  positive  aad  negative  numbers  which  are 
simply  ignored.  In  practice,  only  those 
factors  associated  with  the  few  highest  eigen¬ 
values  are  needed  in  the  factor  analysis  aodel 
(equation  2)  since  the  correlation  matrix 
reproduced  froa  these  alone  often  yield  a  very 
close  approximation  to  the  observed  correlation 
matrix  in  the  off-diagonal  elements  which  are 
the  cleaef.a  of  consequence. 


FACTOR  ROTATION 


The  fora  employed  In  deriving  the  factor 
coefficients  or  loadings  a.p  has  the  property 
that  the  sun  of  the  contributions  of  the 
successive  facto—  makes  the  total  communal  lty 
a  maxlaua  under  the  conditions  relating  these 
coefficients  to  the  off-diagonal  correlations. 

As  noted  p— vlously,  no  factor  solution  is 
unique  and  other  factor  loadings  not  having  this 
property  would  yield  Identical  correlation 
matrices. 


Since  factors  are  hypothetical  constructs, 
their  Interpretation  must  be  in  terms  of  the 
observable  variables.  The  simplest  possible 
Illustration  of  a  clear  cut  factorization 
occurs  when  a  sequence  of  variables  can  be  found 
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(11) 


la  which  the  higher  corral* tloae  occar  la 
Modi  oioig  tha  yri*cl|tl  diagonal  of  tha 
comlatloa  aatrlx  and  tha  laaar  correlations 
occar  la  all  other  positions.  la  tazaa  of  tha 
factor  Mtljrili  nodal  (aquation  2),  this 
eonespeais  to  a  aaabar  of  factors  ajaal  to 
tha  aaabar  of  blocks,  toA  each  varlahla 
having  •  substantially  higher  equated  load  lag 
coefflciaot  oa  oaa  factor  thaa  oa  say  of  those 
taaalalag,  each  variable  thaa  harming  aa 
laperfact  aaaaars  of  one  factor  only.  Xa 
slightly  aora  coaplax  Ulastratioas,  aariaaa 
aqaersd  loadings  will  occar  oa  several  factors 
with  afalaaa  loadings  oa  all  those  reaala log. 
Ideally  thaa,  for  tha  siaplest  physically 
aanaiagfal  Interpretation  of  the  hypothetical 
factors  la  tanas  of  observed  variables ,  tha 
Inutinf  cotlfldwti  typrotch 

their  upper  sod  lower  bounds,  one  and  aero 
respectively.  This  lap lice  the  aevlana 
possible  variance  la  the  squared  loading 
coefficients.  Clearly,  there  aunt  be  none 
orientation  of  the  orthogonal  factor  axes  for 
which  the  squared  loading  coefficients  have 
greater  variance  than  for  any  other.  Kathe- 
aatically,  this  requires  rotations  to  uaxinize 
the  following  wartime*  function,  the  new  factor 
loadings  now  denoted  by  b's. 


a  p-1  J-l  hj 


l  l 


1  °  * 
Pp£ij£i 


Tha  h's  arm  Introduced  so  thst  la  asm  rotations 
sacib  coefficient  is  weighted  equally  rather 
thaa  la  proportion  to  its  coaaaaallty  which 
would  otherwise  he  the  case.  The  actual  ro¬ 
tations  required  to  uarialxe  this  function 
constitute  a  sequential  iteration  process.  The 
resulting  b._  coefficients  are  celled  the 
varlaex  loadings. 
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RESPONSES  Of  A  KDLTI-LATO  FUR  TO  EAMOH  EBCUATION 


General  Electric  Company 
Aircraft  bit1*1*  Croup 
Claclnnati,  Ohio  A5215 


Foranlee  are  presented  that  can  be  employed  to  determine  the  mean  square 
acceleration,  displacement  and  stresses  of  multi- leper  plates  dne  to  an 
externally  applied  random  excitation.  The  derived  expressions  a.*e  generel 
and  can  he  applied  to  moltl-layer  plates  having  different  boundary  conditions. 
The  main  theme  in  this  paper  is  slanted  towards  all  edges  of  the  multi-layer 
plate  being  simply  supported.  Frnflu  of  a  three  layered  plate  and  a  sand¬ 
wich  plate  having  an  external  layer  protecting  the  upper  facing  are  given 
Illustrating  the  method. 


INTRODUCTION 

The  recent  appearance  of  high  powered  jet 
engines  and  rockets  has  brought  forth  a  new 
phase  of  mechanical  vibration.  These  powerful 
propulsion  units  generate  noise  and  vibrational 
energy  which  stem  from  the  sources  of  excitation 
residing  In  the  turbulent  jet  mixing  zones  or 
in  the  attached  and  separated  turbulent  bound¬ 
ary  layers.  The  oscillatory  energy  contrived 
by  these  mechanisms  is  commonly  referred  to  as 
random  vibration  or  random  processes.  This  is 
in  contrast  to  tbe  more  popular  deterministic 
process.  For  the  latter,  the  recorded  data 
indicates  that  an  experiment  conducted  under 
the  same  conditions  are  always  alike  (dis¬ 
counting  experimental  inaccuracies).  On  the 
other  hand  where  the  researcher  maintains  the 
same  identical  condition."  in  his  experiments 
and  there  is  no  resemblance  in  tbe  records,  this 
is  random. 

The  basic  fundamentals  of  this  statistical 
approach  are  well  documented  in  the  literature 
and  reference  should  be  made  to  them  for  more 
intensive  study. [1,2,3, 6] 

In  modern  engineering  practice,  the  plate, 
beam  and  shell  are  the  most  prevalent  elements 
comprising  mechanical  machines,  mechanical 
devices  and  structures.  The  present  problem 
emerged  from  the  need  in  determining  the  rms 
stresses  and  accelerations  in  selected  layers 
of  a  laminated  piate  when  subjected  to  a  random 
vibration  environment.  Stochastic  processes 
are  utilized  and  the  Important  constituents  of 
autocorrelation  and  spectral  density  functions 
for  acceleration,  displacement  and  stresses 
plus  the  associated  cross-correlation  and  cross- 
spectral  density  functions  are  derived.  The 


resulting  equations,  although  general  in  nature, 
are  specifically  applied  to  a  simply  supported 
laminated  plate. 

MATHEMATICAL  ANALYSIS 

Prior  to  beginning  the  response  analysis 
investigation  due  to  a  random  input,  a  number 
of  assinqitions  are  promulgated. 

1.  The  random  leput  is  stationary  and 
ergodlc. 

2.  The  Inherent  damping  residing  in  the 
plates  are  small.  The  peaks  are  pro¬ 
nounced  and  the  response  at  any  near 
frequency  will  be  dominated  by  its 
natural  frequency.  The  associated 
bandwidth  is  narrow. 

3.  The  power  spectral  density  will  be  flat 
within  tl  s  region  of  the  natural  fre¬ 
quency  and  is  commonly  denoted  by  the 
term  "white  noise". 


The  following  analysis  employs  the  general¬ 
ized  Fourier  Analysis  contrived  by  Weiner  to 
the  random  vibration  problem.  Excellent  sources 
of  information  are  expounded  in  Refs.  A,  5  and  6 

A.  A  Mean  Square  Displacement 

Consider  a  simply  supported  laminated  plate 
(Fig.  1)  whose  layers  are  transversly  isotropic 
and  having  different  values  of  E  ,  and  hn> 
Present,  and  soon  to  be  introduced  symbols,  are 
explained  in  the  nomenclature  section  with  their 


Preceding  pege  blank 
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proper  physical  and  (acwtriul  acanings. 
Motor  (7J  ikoM  that  the  twfcuttl  agnation 
of  Oil  typo  of  IrtiHt  plat*  cm  b*  rop- 
rgMItid  W 


r«trt«iiy,  mi  «  deflection  car**  for 
the  plat*  whlcn  coaaiota  of  a  coahlnad  x  and  y 
UapUcowot  faactioo,  l.a. , 


®#V*w(x,y,t)  +  (ph)^  -  f(x,f,t)  (1) 


w(x,y,t)  -  I  I  ♦jta)  *j(y)  tyW  (*) 
i-1  J-l 


«km 

1  Tl 

=  cx  ■  g-ig-  ^  ..r  Jprll 
*  *  1-0  *  2 


■bare 

♦.(x),  p.(y)  ora  functions  of  a  and  y,  respec¬ 
tively  ,  lad  define  the  *x«*  fora,  qy(t)  1*  the 
generalized  coordinate. 

(3)  Substituting  Eq.  (6)  into  tq.  (1),  the 

following  equation  can  then  be  obtained  by  the 
well-known  orthogonality  relationships. 


(4)  **.<*)  +  fj.Ct)  -  lljhliii  (7) 

3  3  3  M(iJ) 


,**<*£-  *n-l) 

D.  -  I - - - - - 

1  n  1-V„2  3 

9 


(5) 


where 

K*.ytt) 


■IX  f(x.y,t)Pi(x)*J(y)dxdy  (8a) 


where  all  sons  range  frow  n  ■  1,2,. ..s. 


and  is  the  generalized 


/■ 


WO  (♦.(s))1».(y))1d*dy 

eq.  l  3 


(8b) 


The  prlaary  advantage  of  this  approach  is 
to  essentially  uncouple  the  plate  equation  which 
has  an  infinite  maker  of  frequencies  and  thus 
operate  upon  staple  equations  containing  the 
important  frequencies.  The  equation  of  notion 
in  the  1J*  node  can  be  written  in  a  no re  aaenable 
fora  by  assimlng  that  the  nodal  coupling  due  to 
daaplng  effects  is  snail.  If  the  introduction 
of  equivalent  viscous  daaplng  c(x,y)  to  the 
laalnated  plate  doesn't  give  rise  to  any  coupl¬ 
ing  between  the  noraal  nodea,  Eq.  (7)  then 
beconea 


M(iJ) 


(9) 


where 


Eaploylng  this  innovation,  the  classical  type 
solution  [8]  deset lblng  the  vibration  of  a 
plate  can  now  be  eaployed.  In  the  treatnent  to 
follow,  special  consideration  is  given  to  the 
application  of  nodal  functions.  These  ortho¬ 
gonal  functions  are  extensively  eaployed  in  the 
analysis  of  frequencies,  dynaalc  responses  and 
frequency  analyais  of  beans  and  plates  with 
various  end  conditions.  [4,9,10] 


C{j  denotes  the  generalized  viscous  daaplng  in 
the  ij»  node  defined  for  the  conposlte  plate  aa 


cfr.yH^W)1  «»  (y))2dxdy 


(10) 


This  further  assuaes  that  Cj,  -  ^CljUlj (ph)eq. 
reduces  the  generalized  danplng,  Eq.  (10)  to  a 
fora  sueh  that  the  orthogonality  property  can 
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be  employed.  Permit  tbe  capital  letters  to 
signify  tbe  Fourier  Transform  (F.T,) ;  the  "F.T." 
of  Eq.  (9)  becomes  [4]. 


%j(-> 


Ht j  (<il) 


M(ij)“fJ 


♦t(x)  ♦j(y)  • 


F(x,y,«)dxdy 


(11) 


where 


HlJ<w) 


1 


(12) 


The  "F.T."  of  the  response  equation  appears  as 


W(x,T.u)  -  l  l  *(x)*  (y)Q  (w) 

1-1  j-1  1  i 


“II  Mx)*,(y) 
1-1  J-1  J 


♦1(x)*j(y)F(x,y,u)dx4y 


(13) 


f(x,y)ffe*,y*)  -  Jil  -jlf  • 

£f(x,y ,  m)F*(x' ,w)Jd* 

mi\  GP<x»y*x’*y,**,>dw  (16a) 

where 

Cr(x,y,x,,y,,»)  -  jSx  • 

P^.y,#!)^^ ,y' ,m)  (16b) 

By  substituting  Eqs.  (9),  (16b)  Into  Eq.  (11) 
and  simplifying 


w(x,y,t)w*(x.y,t)  "  \  I  I  I  I  • 
1-1  J-1  k-1  1-1 


J*i(x>Vy)V*,>*t(y,) 


Hlj(“>H£Z(-»  -*  J  >  > 

t'(lJ)M(kl)uijulkJ  0 '  0 


The  correlation  relating  the  responses  at  points 
(x,y)  and  (x’ty')  can  be  expressed  [4]. 


- - - 11m  l_fT 

w(x,y)w(x',y  )  -  T^.  2TJ  w(x,y,t)  s 


Gf(* .y  ,y  ’  .inXij (x)^  (y )4k (x*  )i('j (y ’ ) • 


dxdydx’dy'dui  I  (17) 


Due  to  the  complexity  of  the  equations,  simpli¬ 
fications  are  made.  One  can  define 


w(x'  ,y'  ,t)dt 


(14) 


where 


w(x,y)w(x' ,y* )  is  the  time  averaged  spatial 
correlation.  Employing  a  form  of  Parseval's 
theorum  for  integrals,[6]  Eq.  (13)  becomes 

w(x,y)w(x*  ,y')  -  2nT  [M<x»y»u)  • 

J  —OO  • 


^GF(x,y,x’ .y’.ojlifjfxJlJijfy)  . 
lt(x,)i^(y,)dxdydx'dy'J 


(18) 


IThe  integrand  in  Eq.  (18)  is  an  even  function  of 
^<4)  (15)  w,  and  the  mean  square  response  at  any  point 

(x,y)  can  be  found  by  allowing  x  *  x',  y  •  y* , 
thus 

In  a  similar  fashion,  the  spatial  correlation 
relating  the  applied  forces  at  (x,y)  and 
(x’,y*)  can  be  defined  as 
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«**<*.y)  *  J  J  J  J,  ♦1(*)<’j(y)*k(*)*t(y)»  e  (*,y,x-,y\»)  -  I  I  I  I  • 

i-l  J-l  k-i  *  i-1,3..  J-l, 3..  k-1,3..  1-1,3.. 


(19) 


For  a  weakly  stationary  and  lightly  daapad 
systea,  tbs  cross  nodal  coupling  contributions 
are  snail  and  can  be  disregarded,  i.e.,  1  f  k, 

J  f  1  coapared  with  the  sam  products  1  -  k, 

J  -  1.  lased  upon  the  above  hypothesis,  the 
mean  square  response  csn  be  designated  in  terns 
of  physically  recognisable  spectra 


»*(x,y)  -J  Ck(x,y,w)dw 


(20a) 


The  spectral  density  for  the  distributed  systea 
then  becomes 


00  00  00  00 


GR(x,y,w)  -  l  l  l  l  $t(x)<M y)  a 
1-1  j-1  k-1  1-1  1 

♦k(x)^(y)P1JkJt(a.)  M*j(<a)HkJt(a))  (20b) 


Eq.  (20a)  Is  the  general  expresalon  for  a  multi- 
laminated  plate  having  general  boundary  condi¬ 
tions.  Since  the  theme  of  this  paper  is  slanted 
towards  simply  supported  conditions  on  all 
sides,  the  following  sections  will  dwell  upon 
the  simply  supported  multi-layer  plate. 

The  deflection  equation  for  a  multi-layered 
simply  supported  plate  can  be  represented  by 


[' 


,in  ili  ,ltl  J21  .  ,in  >5lil  lln  . 

a  b  a  b 


1  %>1 

M  M  m  m  I  IjW  J 

(ij)(kt)ijkl j  J 


(23) 


The  spectral  density  of  the  generalised  force  la 
rarb/arbf 

'ijkl  ' 


loJoJoJoL(Ph)«'-(ph)e,»- 


sin  IS  sin  Si  + 
a  b 


8lp  !2*1  8in  ijttl  Ga(x,y,x,,y',»»)dxdydx’dy,|  (24) 


’dy’] 


where  the  cross  spectral  density  of  the  external 
acceleration  loading  Is  expressed  by 


C0(x,y,x\y\u»  -  ^i?  W(x,y,w)W(x\y\u>)(25) 


Based  upon  our  initial  assumptions,  the  frequen¬ 
cies  are  widely  separated.  For  white  noise,  the 
stimulation  is  uncorrelated  with  spatial  posi¬ 
tion  so  that  "F.T."  are  Independent  of  positions 
(x,y)  and  (x* ,y*).  Since  the  multi-layer  plate 
has  an  equivalent  mass/unit  area,  Eq.  (24)  can 
be  represented  by 


w(x,y)  -  sin  -^5  sin  q^ft)  (21a) 


where 


<t>,  (x)  «  sin  ;  <f>»  (y )  -  sin  iHX 

1  a  J  b 


(21b) 


Substituting  into  Eq.  (8),  the  generalized  mass 
yields 


(ij) 


(ph)ab 


(22) 


G  (F) 
ijkl 


(sin  sin  sin  sin  dxdydxdy]  (26) 

la  b  a  b  J 

The  spectral  density  is  illustrated  in  Fig.  2 
and  can  be  represented  by 


ca(x,y,x,y,o)  ■*  GQ(a; 


After  integration  and  simplification,  Eq.  (26) 
reduces  to 


In  a  similar  fashion,  G  (x,y,x’ , y '  ,ui)  yields 


(27) 
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rig.  2.  Simply-supported  multi-layer  place 
excited  by  a  uniformly  distributed 
white  noise  of  density  (a) . 

Since  the  Pi1k«  expression  only  has  significance 
when  i  «  k,  3  «  £,  this  further  simplifies  to 


Substituting  Eq.  (31)  into  Eq.  (30) .  the 
square  response  at  point  (x,y)  becomes 


64C0(a) 


w*(x.T)  *  u  *,*,*  I  I  • 

ij  1J  3  i-1,3-  j-1,3.. 


B.  Root  Mean  Square  Acceleration 

The  mean  square  acceleration  can  be 
obtained  in  a  simple  manner  by  utilising  the 
baalc  Fourier  Transform  relationship  between  the 
mean  square  acceleration  and  mean  square  dis¬ 
placement,  i.e.. 


v2(x,y)  -  (o-  w2(x,y)  (33) 


16a2b2J  (ph)  ]2C0(a) 

p  (W)  >  - =“ - - -  (28) 

ijij  2..  H  '  ' 

iti  j  M(iJ) 


Thus  after  proper  substitution  and  nlmpllflca- 
tion,  the  mean  square  acceleration  at  point 
(x,y)  can  be  expressed  as 


Substituting  Eq.  (22)  into  Eq.  (28)  and 
after  some  algebraic  manipulation,  the  Pj.j, 
expression  emerges  as  J  J 


I  1 

V  3  i-1,3..  j-1,3.. 


W* 


(16)2GQ(a) 

1,*i2j2<l,ij' 


(29) 


The  mean  square  response  at  the  point  x,y  as 
shown  by  Eq.  (19)  plus  due  consideration  to  the 
aforementioned  simplifications  reduces  to 


w2(x,y)  - 


OD  CD 


i-1,3..  j-1,3.. 


I 


(34) 


C.  Bending  Moments,  Stresses  and  Accelerations 
at  Point  (x,y) 

To  calculate  the  rms  stresses,  the  rms 
bending  moment  must  first  be  determined.  The 
rms  bending  for  the  multi-layer  plates  at 
position  (x,y)  is  given  by 

^rms (x,y>  ■  \A2(x,y)  (33) 


j(«Kx))2(i|>(y))2jo 


ijij 


I  «±J (w) | 


ZdOJ 


(30) 


The  Integrand  of  Eq.  (30)  can  be  evaluated  by 
McCalley's  method  (12)  or  method  of  residues, 
i.e.  , 


(16)2Gn(a) 


U0V 
TT1*!2  j  2 


(<*>) | 2du  • 


64Gq (a) 
rn — 77 — s  2  7 

”  cijwij  i  j 


(31) 


The  moments  M(x,y)  are  expressed 


M*(x,y)  - 


My(x,v) 


+  v  i!*) 

e  3y  j 


+  v 

e  Jx^J 


M 

xy 


(x,y) 


De(l-Ve) 


(36a) 


(36b) 


(36c) 
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alaplifytag 


M.  <•)  tat*  If.  Ota)  and 


Substituting  tta  futtitlft  of  If.  (42)  into 
If.  (41),  tta  result*  vhc*  stapllfiau  Imcom 


fdH.u; 

^bj)  -  ^g~  »jW 

Vi«  -Jr-j  Ve> 


*  vJ*(3  • 


rrscradlag  la  *  aaaaer  corresponding  to  tta 
a*alf*ta  described  ta  tta  pravlaus  section*  with 
tta  croa*  spectral  tatltU*  being  negligible. 


•£  %<*• 


y. «)4« 


,  •  -  fd^ta) 

V*-"’ 


d^Mri  V 


^1J1J  (u)  (39) 


Tta  ayrmion  for  Hy(x,y)  and  H^tx.y)  con  bo 
stallarlly  derived.  Tta  no  itrut  at  any 
location  ta  tta  multi-layered  plat*  is 

_  \(*,y)E ■ 

°x(**>  '  (1-v  *to 


0.  toot  Moan  Sw 
Used  Fora  of 


Acceleration  la  Co— only 

bill  1 


la  an  analogous  aaaaer,  the  root  man  equate 
acceleration  can  ta  represented  In  the  normally 
used  (g*/cpa)  fora  by  substituting  If.  (42)  Into 
Sq*  03) 


The  expression  in  th*  integrand  was  previously 
evaluated  and  the  scan  square  bending  nonent 
reduces  to 


l  l  ,i„  il*  ,iu  iSL  (43a) 

1-1,3..  J-1,3..  a  D 


_  64C  (o)  f.j-,1 

*  *’Vi]w  *•  fI  * 

<M> 


f  co(o)  VV 

-  sin  12*  sin  III 

l*tijwij  J  a  b 


The  power  spectral  denelty  is  commonly  represent¬ 
ed  by  G(f)  which  is  in  units  of  g2/cps. 


ct"  -y  .  'iSSjll 
G(*.F)  *  336 


EXAMPLES 


A.  Consider  a  simply  supported  (a  •  12", 
b  -  8")  plate  having  three  laalnated 
sections  (Fig.  3)  with  the  following 
physical  and  geometrical  properties. 
Determine  the  res  acceleration  and  the  rns 
stress  at  the  center  (x  »  a/2,  y  -  b/a)  of 
the  outeraost  portion  of  layer  #1  when  the 
plate  is  vibrated  in  the  range  of  50- 
1000  cps  with  a  randon  vibration  input 
level  [0(f)]  «  2.0  g2/cps;  C  •  0.02 

The  Important  physical  parameters  for  the 
composite  plate  are: 


D  -  3.45  x  10' 

e 


C(f)(386)2 
••  °0(,)  “  2x 


;  f  .til 
*  1J  2ii 


z  -  0.241 
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Vlg.  3.  Hum  layer  flat*. 


Layer 

V 

b(lx) 

#1 

5  x  10s 

0.3 

0.008 

0.2 

#2 

10  X  10* 

0.3 

0.101 

0.05 

#3 

30  x  10® 

0.3 

0.283 

0.03 

The  predominant  natural  frequecwisa  are 


fjl  “  332  cps  ;  f13  ■  2068  epa 


The  ran  moment  H_(x,y)  at  i  «  a/2  ,  y  -  b/2 

la 


VlC.  *•  ■omeycoeb  amd  cm  ter  thereal 
protection  layer. 

Table  la 

Thyslcal  Cha  met  aria  t  lea 


Layer 

EH 

B 

h(ln) 

D! 

(1) 

5  x  10* 

m 

m 

0.02 

(2) 

16  x  106 

0.163 

0.008 

0.02 

(3) 

— 

0.0075 

0.02 

(*) 

16  x  106 

0.163 

0.008 

03! 

*  As  aunt  viscous  dating  of  0.02  for  entire 
composite  plate. 

The  calculated  frequencies  derived  using 
Table  lb  are: 


_  f  -  1061  cps 

H,<§.  ’  9-203  -7"  (nei)  _ 

/.  |)  -  22.4465  iS_»»(ms) 

The  rms  stress  at  point  x  “  a/2,  y  ■  b/2 
In  Layer  (1)  is 

The  stress  at  hot ton  facing  (#4) 


0T<*  |j  -  353  IL-  (ms) 
x  2  2  1bs 

and 

C(f,  |)  -  262  g  (ms) 


ox(f,  |)  -  267 7  (ms) 

The  acceleration  response  of  the  panel  Is 


Since  f..  is  out  of  range  of  vibration 
inputs  to  the  composite  plate,  it  is  not 
considered  any  further. 


C(f,  |)  -  468  g  (ms) 


B.  Consider  for  the  preliainary  design  pur¬ 
poses  a  siuply  supported  honwcomb  plate 
(a  ■  12",  b  »  18")  containing  a  thernal 
protection  insulating  outer  layer  (Fig.  4) 
having  the  following  physical  and  geoaet- 
rlcal  characteristics.  Detemlne  the  ras 
acceleration  and  ms  stress  of  the  center 
(x  •  a/2,  y  •  b/2)  of  the  outermost  section 
of  the  bottom  facing  (#4)  when  the  plate  is 
vibrated  in  the  range  of  50-1500  cps  with  a 
random  vibration  input  [G(f)J  »  2.0  g*/cps. 


CONCLUSION 

A  procedure  has  been  presented  to  determine 
the  fochastlc  properties  of  dlsplaceaent , 
acceleration  and  stress  in  a  simply  supported 
aultl-layer  plate  when  subjected  to  a  random 
excitation.  The  auto-correlation  and  cross- 
correlation  functions  with  corresponding 
spectral  densities  have  been  presented. 

Further  extension  to  aultl-layer  plates  with 
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Tafcl«  1 b 


Section  Trope rt lea 


E 

h 

Area  -  Eh 

s 

Bis 

mm 

Yh 

(1) 

5  x  10* 

ESI 

3xl04 

j  1 

0.9xl04 

5 

6x10"  3 

(2) 

na 

0.604 

0.163 

Q  ~ 

(3) 

* 

BP 

— 

— 

0.0075 

3.75xlO*3 

(4) 

mm 

0.008 

1.112 

E ' ;  pii  | :  jj 

EES 

F 

24.6xl04 

19.4426x10* 

12.358xl0“3 

•Honeycomb  core  contributes  eery  little  to  the  overall  bending  of  the  composite 
plate  but  serves  the  extreaely  useful  functions  of  transmitting  shear  between 
then. 

7  -  0.79  *- 

Bj  -  31.42857  x  104 

Cj  -  25.1648  x  104 

0  -  23.018  x  104 
1 

0e  -  2.8692  x  104 


ether  boundary  conditions  can  be  formulated  by 
following  the  procedures  detailed  in  the  paper. 
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NOMENCLATURE 


Bp  Cj ,  Expressions  employed  in  determin¬ 

ing  the  natural  frequency  of  the 
multi-layered  plt.ces;  Eqs.  (3-5) 

C(x)  Viscous  damping  coefficient 

assumed  to  vary  as  a  function  of 
x,y. 


D 


e 


f  (x.y.t) 


Equivalent  Plate  Rigidity  Eq.  (2) 

Modulus  of  elasticity  in  n  layer 

Excitation  or  forcing  function 
acting  upon  the  plate 


f  (x,y,t)f(x',y'  ,t)  Time  averaged  spatial  cor¬ 
relation  of  external  forces 


F(x,y,t) 

C(x,y) 


Generalized  force  in  ij  mode 

Acceleration  (rms)  of  multi-layer 
plate  at  point  (x,y) 


Go(o> 


Magnitude  of  uniform  spectral 
density 


H(v)  General  notation  denoting  a  fre¬ 

quency  response  function 


Spectral  density  of  the  external 
loading  weighed  by  generalized 
masses  and  modal  frequencies 


i,j  Double  subscript  notation;  i 

applies  to  x  direction  and  y  to  j 
direction 


w(x,y>t)  Lateral  displacement  of  the  plate 
from  its  static  equilibrium 
position. 


w(x,y ,t)w(x' ,y' ,t)  Time  averaged  spatial  cor¬ 
relation  between  the  response  at 
(x,y)  and  x' ,y’) 


T  Time  duration  of  sampled  record 

t  Real  time 
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ilry  of  Ujwt 


Thlchau m  of  •  lmyur 

Hitace  from  oriels  Co  umd  of  i# 
layer  (ooo  Pig.  1) 

Ifdnlat  mmm/mit  im  of  ■olci- 
lajrtr  plat* 

Bf  log  factor 

Do^lag  foe  tor  for  the  IJ*  mod* 
defined  oo  <-ij/cCT  whore  c1j  Is  the 
viscous  Iflig  cooffidcot  for  the 
lj*  Mode  of  the  multi-laysr  plats 
mi  ccr  -  2(pt)^  Mj,  ie  the 
critical  daapieg  coefficient. 

Frequency  of  the  forcing  function  In 
rad/ssc 

«*, .  natural  frequency  aoooclatcd  with  ij* 

'  node  of  the  eye tea  (rad /sec) 
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Am y  NMriili  aud  Nadumics  IwiSi  Center 
ILitftM,  Hmidwrtti 


Tkt  twyww  of  «  flexible  helicopter  rotor  blade  to  mta  loading  is 
investigated,  the  tamtam  input  being  the  vertical  velocity  component.  Ihe 
i«4el  takes  iato  accooet  blade  flexibility  ia  beading  as  well  as  torsioa, 
and  also  •eaoral  ntor>ead  fixity.  Ihe  spectral  density  aad  the  aeaa 
apart  value  of  the  traasverse  displacement  are  compote*  for  both  himge- 
less  aad  Mated  rotor  blades  aad  the  results  are  evaluated. 


unooucnw 

Nest  of  the  investigations  of  helicopter 
rotor  blades  have  been  related  to  the  flutter 
phenomenon,  see  for  ezaaple  Ref.  1 .  aad  as  such 
fora  part  of  the  classical  stability  (eigen¬ 
value)  problea.  Here  oae  is  not  interested  in 
the  entire  response  history  hid  only  in  its 
deviation  free  a  non  (Infinitesimal  or  other¬ 
wise)  at  a  critical  value  of  the  influencing 
parameter,  say  the  angle  of  mack.  Mhile  such 
investigations  are  useful  for  design  purposes 
if  the  paraaeter  is  nonrandoa,  the  entire  re¬ 
sponse  spectra  becomes  inport ant  when  it  is  a 
random  ftatction,  as  the  failure  of  the  struc¬ 
ture  aay  be  dependent  on  the  peak  values  of  the 
response  even  though  the  critical  value  of  the 
paraaeter  is  not  reached. 

Considering  the  often-turbulent  en/iron- 
nent  in  which  a  helicopter  rotor  blade  operates, 
and  also  the  various  flight  conditions  wider 
which  randon  loads  prevail  on  the  blades,  it  is 
evident  that  the  response  of  rotor  blades  to 
randoa  Inputs  is  of  great  design  iaportance. 

Research  in  this  direction  has  barely 
begun:  the  only  pertinent  studies  to  the  au¬ 
thors’  knowledge**3  are  based  on  the  very  sim¬ 
plified  aodel  of  a  rotor  blade  as  a  rigid  bean 
with  a  hinge  at  the  rotor-end  excluding  all 
coupling  effects;  and  hence  are  not  too  satis¬ 
factory  frou  the  standpoint  of  a  structural 
designer. 

Consequently,  a  fairly  conprehensive  pro¬ 
gram  has  been  initiated  at  the  Army  Materials 
and  Mechanics  Research  Center  to  study  the 
response  of  rotor  blades  to  randoa  inputs  in¬ 
cluding  factors  of  blade  flexibility,  rotor- 
end  fixity,  coupling  of  bending  and  torsional 
effects  and  also  to  exanine  the  possible 
nonlinearities. 


This  paper  reports  on  the  first  phase  of 
the  program.  Here  a  consistent  first-order 
smell-motions  theory  is  utilized  to  obtain  the 
governing  equations  of  notion  as  a  linear  systcu. 
Also  the  forward  speed  of  the  vehicle  is  consid¬ 
ered  negligible  in  comparison  with  the  tip  speed 
of  the  blade  and  thus  the  linear  system  has  con¬ 
stant,  i.e..  time-invariant  coefficients.  Finite 
forward  speeds,  introducing  variable  coeffi¬ 
cients,  will  be  dealt  with  in  a  sequel. 

EQUATIONS  OF  NOTION 

Generalized  Force  Balance  Equations 

The  equations  of  notion  of  n  rotating  blade 
in  an  airflow  have  been  derived  in  several 
places,  see  for  example  Refs.  1  and  4.  However, 
most  of  these  are  explicitly  written  for  a 
hinged  or  an  articulated  blade  in  terms  of  the 
rigid  flapping  angle.1  Since  we  are  interested 
in  both  hinged  and  hingeless  blades,  a  general 
derivation  is  presented  below. 

Figure  1  shows  a  typical  blade  bent  along 
its  elastic  axis  in  the  X-Z  plane  rotating  about 
the  Z  axis  with  a  speed  0.  Figure  2  shows  the 
blade  section  under  a  twist  6,  as  well  as  the 
respective  locations  of  the  aerodynamic  and  Bass 
centers  frou  the  elastic  axis. 

It  is  convenient  to  nondiaensionalize  all 
lengths  by  choosing  R,  the  blade  length,  as  the 
unit.  Thus  all  lengths,  such  as  the  chord,  and 
displacement  are  ratios  with  respect  to  R.  Then 
all  the  pertinent  quantities  for  the  dynamics  of 
the  problem  have  the  units  of  mass  and/or  tine 
only. 

In  order  to  obtain  a  consistent  first-order 
systeu  of  equations,  small  angles  and  small  mo¬ 
tions  are  assimed  allowing  the  principle  of 
superposition  to  hold.  Hence  in  deriving  the 
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NOTATION 


blade  suction  lift-curve  slope 
dtnanilanless  blade  section  chord 
blade  aodulus  of  elasticity  . 
traas verse  displaceaent  of  k01  bending 


blade  ares  aonent 

section  moments  of  inertia  about  the 
center  of  nass  and  elastic  axis, 
respectively 
lifting  force 
generalized  nesses 
velocity  component  in  the  z  and 
tangential  directions,  respectively 
dimensionless  coordinate  along  blade 
dinensionless  offset  of  aerodynamic 
center  free  the  elastic  axis 
dinensionless  offset  of  center  of  aas 
from  the  elastic  axis 


dinensionless  transverse  displaceaent 
of  blade 

inverse  of  relaxation  tine 

generalized  Lodi  number 

kth  orthogonal  node  shape 

blade  section  twist 

ratio  of  k*"  bending  frequency  to  the 

rotational  speed 

air  density 

variance 

generalized  tine  (arbitrary  tine 
interval) 

blade  rotational  speed 
frequency  parameter  for  spectral 
density  representation 
aonrotational  torsional  frequency  of 
the  blade 


equations  of  notion,  it  is  convenient  to  consider 
first  the  bending  of  the  (untwisted)  bean.  Fig. 

1,  and  add  the  torsional  effects  on  the  bending 
separately. 

-Thus  the  bending  aonent  M(x)  at  a  current 
point  x  (Fig.  1)  is  given  in  terns  of  an  arbi¬ 
trary  point  s  as: 

M(x)  •  /[£<•>  -  z(n)  m(s)J  (b-x)  da  - 


sft  m(s)[ z(s)-z(x))ds 


where  z  is  the  nondiaensional  displacement  and 
L,  the  thrust  of  the  vehicle,  acting  along  the 
Z  direction.  Xl  is  the  rotational  speed  and  & 
the  distributed  mass  of  the  blade. 

Equation  (1)  takes  into  account  only  the 
centrifugal  force  produced  by  the  rotation,  as 
the  Coriolis  force  for  small  motions  is  neg¬ 
ligible1  in  comparison  with  the  centrifugal 
force. 

Differentiating  Eq.  (1)  twice  with  respect 
to  x  and  introducing  the  linear  beam  flexural 
formula  M(s)  ■  EIz",  we  have: 


(EIz")"  -  z' 


sn  m(s)ds  + 


zl(x)m(xjn2  +  m(x)z(x)  =  ^  (2) 


In  Eq.  (2)  thi  prime  denote  differentiation 
with  respect  to  x  and  the  dots,  the  time  deriv¬ 
atives.  We  set 


*  *  \M  gk(t) 


where  (x)  are  the  orthogonal  node  shapes  of 
free  (natural)  vibration  of  the  rotating  bean. 
Assuming  a  simple  harmonic  notion  we  let 

ivknt 

gy  ■  gk  o  W 

where  ^  is  the  ratio  of  kth  bending  natural 
frequency  of  the  rotating  beam  to  the  speed  of 
rotation  0. 

Substituting  cqs.  (3)  and  (4)  into  Eq.  (2) 
and  recalling  that  no  external  forces  are  pres¬ 
ent  during  a  free  vibration,  we  find 


e")"  -z"  j 


8ft*m(s)d8  + 


z’(x)  m(x)n2  =■  £  rm/2ft2rj.g,  (5) 

k*l  K  K  K 

Hence  Eq.  (2),  the  vertical  (shear)  force 
balance  equation  due  to  twistless  bending  of 
the  elastic  axis,  becomes 

k?,  m,Jk[«k+n2‘'k«k]=i1  (6> 

In  order  to  take  into  account  the  contribu¬ 
tion  of  the  twist  to  the  vertical  force  balance, 
we  assume  that  the  torsional  flexibility  is  all 
concentrated  at  the  root.  If  9  is  the  twist 
angle,  positive  downward,  Fig.  2,  and  yj  the 
location  of  the  mass  center  from  the  elastic 
axis,  then  Eq.  (6)  becomes  modified  as: 


23  rn 

k=l 


[v’k  * 


W  h- 


yj  <«+ n2e>]  =  (7) 


bladt 


Multiply!*  Eq.  (7)  by  n.  Md  iafogntisg 
owr  the  ntin  blad*  ln|tk/w  flat,  after 
recall lug  tha  ortbogM alltr  of  bj  that  tfco  fol- 
lovimg  holds:  - 

*k  f  m  4^  +  4  °**k  ^  “4  ’ 

(5  +  Qlfi)  J m  da  » 


k«l,  2,  S.....O 


Difiaiac  generalized  aasses 


i 


**k”  />\d* 


Myk 


m  yt  nk  da 


we  find: _ — 


Mk(ifk  +  n2vjgk>  -  Myk  (fl  +  n2e)  - 

J  *»kdL 

•b  *  k-1.  2....- 

If  we  restrict  our  attention  to  the  first 
two  significant  bending  nodes  of  vibration  of  the 
rotating  bean,  as  these  usually  carry  nost  of 
the  energy  of  vibration,  thereby  inlying  that 
z  is  now  given  Dy 


z  a 


”lgl  +  ”2*2 


(9) 


we  can  write  two  equations  of  motion  from  Eq.  (8) 
by  setting  k=l  and  2  respectively. 


Next  we  consider  the  torsional  motion  of  the 
blade.  Figure  2  shows  the  blade  section  under 
the  action  of  an  aerodynamic  moment  dM^  about 
the  elastic  axis.  If  IQ  and  Ig  are  the  section 
moment?  of  inertia  about  the  center  of  mass  and 
the  elastic  axis  respectively,  and  u0  is  the 
nonrotating  natural  frequency  of  the  blade  in 
torsional  motion  we  can  wrice  the  following 
moment  balance  equation4  for  the  section 


I  (0  +  1120)  +  I„  w2  0  - 
o  0  o 

r  ..  O  T  dMA 

m  [(z  -  yjG)  +  n2  (z  -  y^)]  Vj  = 


or 


If)  (0+  n20)  +  I g  w2  9  -  m  (z  +  fl2z  }  yj 


fc  cm  agata  iitagnta  Kg.  (If)  ever  the 
l««th  Md.  mtiliriag  Eq.  (f),  ahttii 


i*  ♦  un*  *•%)*-  *yi  dt  ♦  o*g,» 

ai) 

Atrc 

The*  fro*  Eqs.  (•)  Md  (11)  w  cm  writ*  the 
foil  owing  icplidt  equations  of  matica  for  the 
combined  heading  Md  tmional  vibration  of  the 
rotating  boM: 

M1®1  +  n2*,lfl)  ‘ 


M2(*2+n2«'2*i» 


m  (o  +  n20)  - 

J2 


(12) 


My,^l  +  n2*i>  +  My^h  +  °2g2>  " 

I  [0  +  (n2  +  U2)flj  *  -  £  dMA 

Aerodynamic  terms  for  the  Random  Problem 

Since  the  forward  speed  of  the  vehicle  is 
assumed  to  be  negligible,  the  only  velocity 
components  that  produce  the  lift  and  noment  on 
a  typical  blade  are:  Uz,  the  velocity  coaponent 
in  the  1  direction  and  Uy  the  tangential  veloc¬ 
ity  due  to  rotation  of  the  blade.  For  the 
random  problem  it  is  convenient  to  assume  that 
l iz  is  the  only  component  that  has  random 
characteristics.  This  is  in  agreement  with  the 
usual  aeronautical  practice  of  considering  only 
vertical  turbulence.  Furthermore,  we  assume 
that  the  random  part  of  U-  is  a  stationary, 
ergodic  random  function  of  time,  then  we  can 
write 


Uz  “  Uz  +  l‘z  *  +  ^ 

z  zd  zr  03 

Where  UZd,  UZr  are,  respectively,  the  nonrandom 
(deterministic)  and  the  random  parts  of  Uz. 


i 


t 
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. . .■^.•^•wvwHrtwwnvV  rW-  ifvwrMil’Mrti 


when 


«r  lift  rn.  mi  the  ent 
tte  fiw  Reft.  s  Mi  * 

I  tm  the  ilrrlul  tm^Mia  ef 
MdllithR  elrMls  is  im^nnikS*  On. 

Per  «qr  sectlM  located  «t  x  (he  net,  thegr  an 

«i«Mhr 

*  &  ♦  v  -  <*»  -  «">l 

-  JMC  Uy  C*(k)  ♦  Y  ♦  (c/2  -  yA)^  }dx 

m  m  {i  an*  [tjrA  -  c/4  l  -  ujlc/2  -  yA)  - 

-1  CM) 

c*/32  i  -  (yA-c/4)*aj 

♦jp*erA  OjC'tk)  ♦ 


k||  ■  0.*  Qy  nj  dx 

ku  >0.5  Qy  1 

kia  •"jQ*  -  O.S?Q  ^  **!»!  ds 

kjj  •  0. 5  (Mj/Mj)  O?  y  aaijOj  dx 

kjj  -  0.3  (Mj/Mj)  Or  /  dx 


Cc/2.yA)i]  }  dx 

•here  c  is  the  chord  length  title,  a  the  slope 
of  the  lift  curve,  y.  the  distance  of  the  aero- 
dynanic  center  fron  The  elastic  axis.  C*(k) 
is  caapsrable  to  the  classical  Iheodorsen 
fraction  and  is  related  to  the  rotor  wake 
effects.  Since  c«l,  Eqs.  (14)  aqr  be  consider¬ 
ably  siqilifM  by  retaining  only  terns  of  the 
order  c.  Ca(k)  is  taken  as  1.  iaplyiag  that  the 
rotor  wake  effects  are  ignored. 

Recalling  that  iL*h  for  any  point  on  the 
blade,  and  using  the  Watioo  of  Eq.  (13)  we 
finally  have 


dL  >  -0.S  pacQx(z  *  0x4)  -  O.S  pacQxU  dx  0$) 


kji-»-5*7  ayj[  "i* 
y*  Mi-  J 

k32m0-5^Ii;*njr  XnZdX 


^'°2+»2o-t 


Cj  “  -  0.  5  tty  X1\^  dx 


dX  *  O.S  pac  yAB*(z  ♦  0*8)  ♦  O.S  P oc  yA0xU  dx. 
Equations  of  Motion 


M1 


Qy 


dx 


Utilizing  Eqs.  (IS)  in  the  experssions  of 
Eq.  (12)  we  are  in  a  position  to  write  down  the 
systen  of  equations  with  constant  coefficients 
with  the  right-hand  side  showing  the  randon  in¬ 
put  functions  as  follows: 

®i  +  kn  +  v\  °2  «i»  +  ki2  h  "  a®) 


yA~ 

c_  *  -  0. 25  H  y 
3 


•I"1  y,,M  y,/Mi 


(<jjO  +  kj3®)  *  CjU 
k21  2  +  k22  ®2  +  v2  ^  g2*  * 

(ar2®  k230)  =c25 

(gj  +  k31  gj  +  n2gj)  +  n  (g2  +  k32  g2  +  n2g2)  - 

Dl(fl  +  k33»)  «c3U 


and  y 


VM2 


0,  -  l/M^ 

»  ■  M  /M 
y2  yt 


*  1^--  ,  the  generalized  Lock  number. 
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srecnut  saunoa  of  tie  pqamoNS  of  notion 


ggaattaas  (lb)  are  the  agaatlsas  at  matlam 
at  a  retattag  kn  idtli  eo^M  h— Hag  ami  tcr- 
stas,  wiag  m  NaAni  Eta;  tbs 
sita  betag  tba  tapat  Itactisa.  Isfag  a  liasar 
system,  if  tba  tapat  is  a  stattaaacy  rrgodic 
nadoa  itactisa  of  tin  thsa  each  at  tbs  iwtpati 
fi»  g»*  •  i*  a  similar  stattaaaty,  ergodlc  natal 
itactisa7.  tacos  war,  tbs  stability  at  tbs 
stattaaaty  aqsiic  nata  ftactioa  g ,,  g2,  • 
taplies  that  tba  (rascal  solatin  of  tbe  tamo- 
(sasoas  sat  cwmaailag  to  Eq.  (lb)  is  tbs 
tcaasiaat  solatin'  sad  bsacc  as  avs  oaky 
iaterested  ta  tbs  pacticalar  saluttaa  at  Eq. 

(lb).  Far  tbs  case  of  a  liasar  systn  with 
coastast  coefficients  sack  as  Eq.  (lb),  tbs 
pacticalar  salat ioa  is  easily  sbtaiasd  ta  tans 
of  tbs  spectral  rapraseatatioa  of  tbs  tapat 
ftactioa. 

Followiag  Scribal lov7  tbe  spectral  deasities 
of  gj,  g2  sad  •  together  with  tbe  perttaeat 
cross-spectral  densities  caa  bo  obtained  as 
linear  ftactioas  of  the  tapat  spectral  density 
ta  tens  of  tbe  co factors  of  the  followiag  3x3 
aetrix: 


/V  +  ifcjjE+bjO 

1  *12* 

\--2+ik3i«+n2 

ik  m 

12 

tfl“  *k13 

-«#2  +  ik22«+,,2  °2 

tf2**2"k23 

Ufa,**  • 

♦2Be{c1cJ(riia22)  + 

+  c2c/*iSa»)  +  «3C1<*32*12)}]SUW 


»i(-az  +  ik3a«+n<) 

If  S|j  are  the  cofactors  of  the  eleaents 
An  of  the  matrix,  Eq.  (17).  and  A.  the  determin¬ 
ant  of  (Aj[ j ) .  then  the  spectral  densities  of  the 
output  are  given  by: 


N2S«jM  *  [c?Kll2  +  C2*a21*2  +  C3*a312 

(18) 

+  2Re  {c1c2(ana21)  + 

+  31J  +  c3cl<a31all  }  ]  SU(W) 


lApSgjgjta)  -  [*?i31*12,+  C2,r21*22) 

+  c5,*jft2)  +  clV*ll*22+S21*12>  + 
+  C2CS<*21*32  +  *31a22)  t«> 

+  c3cl(*31*12+iril*32,]SUM 


U|2Sfl(«)  -  [c2iai3*2  +  c2'a23^+C3'a332 

(19) 

+  2Re{clc2(a13a23,  +  C2C3(a23a33) 
+  C3Cl(a33al3)(]SU(w) 


In  Eqs.  (18)  and  (19)  bars  denote  complex 
conjugates  and  Re  stands  for  real  part  of  the 
quantity  following. 

From  the  assumed  fora  of  z  *  mg;  ♦  H2g2 
and  the  transform  duality  relationship  between 
the  correlation  function  of  a  ranrloa  variable 
and  its  spectral  density7’8  in  the  case  of  a 
stationary  random  process,  we  can  show  that 


^  Z2  y  »  f  Sz(u»)  dw 


Sz(«)  =  Hj  Sgj(w)  +  n2Sg2(w)  +  2njn2Re  Sgig2(u) 
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tAm  <  z2  >  is  the  mi  squmzw  value  of  i,  the 
trass verse  iisplaceaeat. 

Asstuw  for  the  laput  fectiom  the  follow- 
i*g  euto-correletioa  fiactiom 

<“> 

where  a2  is  the  variamce,  1/a  the  relaxetiou 
tine  and  t  the  interval  between  any  specified 
tines. 

he  can  obtain  from  Eq.  (22),  using  the 
transfom  relationships  of  Kef.  7,  the  following 
expression  for  the  spectral  density  of  the  input: 

-  a2o 

m(*z  -*2)  (23) 

The  correlation  function  defined  in  Eq.  (22), 
being  the  standard  fora  of  a  weakly  stationary 
Markoff  Gauss  process,  occurs  in  aany  physical 
processes  ard  hence  is  a  reasonable  choice  for 
an  input  function.  In  fact  in  Ref.  2  a  s  Ini  Ur 
for  Sqj  is  derived  on  the  basis  of  Karaan's  theory 
of  isotropic  turbulence. 

Kith  Eq.  (23)  defining  the  input  spectral 
density,  we  can  readily  coapute  the  nean  square 
and  the  spectral  density  of  the  response  z  for 
given  choice  of  the  aodel  shapes  m  and  >12. 

Special  solutions  of  interest  are  easily 
obtained  by  aodifying  Eq.  (16)  suitably.  Thus 
for  exaaple  the  case  of  zero  torsion  (of  inter¬ 
est  for  coaparison)  is  obtained  froa  the  follow¬ 
ing  2x2  systea: 

(gl  +  k,g,  +  ^R28|>  +  ki2«2'C^ 

(24) 

k21  gl  +  (g2  +  k22  g2  +  */2”2g2)  *  C20 
ORTHOGONAL  MODE  SHAPES 


Hinged  Blades 


For  the  hinged  or  articulated  blade,  the 
normal  modes  of  bending,  n. ,  and  the  ratios  of 
bending  frequencies  to  the^ rotational  speed, 

Vj  (j  »  1 ,  2) ,  are  taken  as : 

2 

r,j  =  x  rjjj  ■  3x  -  4x 

(25) 


For  thn  hiagnlnss  blade,  which  ten  ant 
received  as  wide  attention  as  the  hinged  blades, 
though  uost  rotor  desips  art  closed  to  a 
hinge  less  configuration,  no  single  expressions 
comparable  to  Eqs.  (25)  ere  available.  The 
first  nontrivial  node  for  this  case  is  treated 
usually  as  rigid  flapping  with  an  off-set 
hinge1®.  However,  the  aodel  stupes  used  in 
this  paper  were  computed  froa  the  aunerical 
values  preseated  in  Ref.  11  where  the  natural 
vibration  problen  of  rotating  beans  with  various 
end  conditions  is  treated  la  great  detail. 

Since  the  nodal  shapes  enter  into  the  evaluation 
of  integrals  k|j  following  Eq.  (16),  aunerical 
integration  was  directly  performed  for  Eh  with 
the  values  of  nj  from  Ref.  11.  The  vj  values 
were  also  determined  from  Ref.  11  and  were 
found  to  be 


vj  *  1.2  v*  *  2.7. 


N'UNERICAL  CONSTANTS 
General  Constants 

The  following  numerical  values  were  for 
the  general  constants  occurring  in  the  problen: 

y  *  4  3  •  2  o2  *  1  G*1 

y,  the  generalized  Lock  number,  is  a 
measure  of  the  loading  on  the  blade  and  in  the 
current  usage  has  a  range  from  2  to  16  .  The 
reaaining  constants  are  all  arbitrary  as  far  as 
the  response  is  concerned  and  hence  have  been 
chosen  conveniently. 

Blade  Constants 

Since  most  of  the  inertia  terms  occur  as 
ratios,  the  simplest  choice  of  the  constants 
was  obtained  by  treating  the  running  mass  of 
blade  as  a  constant.  The  aerodynamic  center 
and  mass  center  eccentricity  ratios  y  and  y 
respectively  were  taken  as  -  1/640  and  1/400; 

1,  the  integrated  blade  moment  of  inertia  about 
the  elastic  axis,  was  obtained  from 

M,  1  ,. 

-r-i  =  3000  f  q,  cix  . 

*'0 

Then  the  ratios  aj,  a2,  u  and  Mj/Mg  are 
obtained  from  the  following  simple  relationships: 


The  orthogonal  modes  n j  of  Eq.  (25)  are  used 
extensively  in  the  literature  on  rotor  blades  - 
see  for  example  Ref.  4.  The  first  represents  a 
simple  rigid  flapping  about  the  hinge  and  the 
second  is  a  polynomial  approximation  to  the 
actual  mode  shape  of  the  rotating  beam  in 
bending. 


y  -  1.2 


42 


A 


A 

•'O 


u.  A 

X- 


•  lUt*  on  a  actual  rotor  with 
intamndiat*  typo  of  and  fixity. 


’  / 


<7j  dx 


NUMERIC#.  RESULTS  AND  CONCLUDING  REMARKS 


Figures  3a  and  3b  show  a  plot  of  the  spec¬ 
tral  density,  S,,  of  the  trat'ver.-e  response, 
evaluated  at  the  blade  tip  (x  . i  for  the  hinged 
and  hinge less  cases,  with  and  without  torsiinal 
covpliag;  Fig.  4,  similarly  shows  the  spectral 
density  S«,  of  the  torsional  response.  Only  the 
right  half  of  each  curve  is  shown  as  they  are 
all  even  functions  of  a.  Figure  5  gives  the 
nean  square  of  the  response  z  for  the  various 
cases. 

Though  these  plots  are  only  valid  for  the 
specific  values  chosen,  yet  soue  general  obser¬ 
vations  are  possible.  Firstly,  the  response 
in  the  hinged  case  is,  predictably,  higher  than 
that  in  the  hingeless  case.  Secondly,  the  dip 
in  Fig.  4  of  the  torsional  response,  oc curing  at 
the  corresponding  peak  of  the  bending  response 
(Figs.  3a  end  3b)  shows  that  at  those  frequen¬ 
cies  the  energy  is  entirely  taken  up  by  the 
bending  nodes. 

Next  in  order  of  importance  is  the  absence 
of  a  second  peak  in  the  torsionless  case  of 
Figs.  3a  and  3b  and  its  presence  in  the  coupled 
torsional  case.  Even  with  torsion,  however,  the 
second  peak  is  proninent  only  because  of  the 
present  plotting  on  a  logarithmic  scale.  The 
second  peak  is  at  least  two  cycles  in  magnitude 
lower  than  the  first,  indicating  that  there  is, 
perhaps,  only  one  main  energy-carrying  mechanism, 
namely  the  fundamental  bending  mode. 

Finally,  we  note  from  Fig.  5  that  the  tip 
deflection  is  a  relatively  high  fraction  of  the 
blade  length.  This  would  indicate  that  the 
present  linear  model  based  on  small  displacement 
theory  is  only  i  first  approximation:  future 
analysis  will  have  to  consider  large  displace¬ 
ments. 

We  could  carry  the  results  one  step  further 
and  compute  the  mean  number  of  threshold  cross¬ 
ings  per  unit  time  using  the  output  spectral 
density7.  Such  calculations  are  useful,  for 
example,  in  predicting  the  ialiguc  life  of  the 
rotor  blade.  However,  this  will  be  presented 
in  a  sequel  where  the  forward  speed  of  the 
vehicle  is  dealt  with. 

The  principal  aim  of  this  paper  has  been 
to  present  a  consistent  first  order  set  of 
equations  for  the  problem  of  a  rotating  blade 
under  random  loading,  with  features  including 
blade  flexibility,  root-end  fixity  and  modal 
couplings.  The  results  from  this  problem,  thus. 
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ikt  n adorn  input  choice  has 
of  necessity,  arbitrary,  yet  since  it  is  not 
natively  ^representative  of  the  isotropic 
tuxbwlemce  patten  chosen  ccoKWly***  it  is 
pees lb la  to  conclude  from  the  results  of  Figs. 

3a  amd  3b  that  the  higher  modes  tad  modal 
camp  lings  an  perhaps  not  very  significant  at 
least  for  the  linear  system  considered.  It 
remains  to  be  ssea  if  this  will  be  borne  out  in 
nonlinear  systems  due  to  large -displacement 
effects. 
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INSTRUMENTATION  TECHNIQUES  AND  THE  APPLICATION 
OF  SPECTRAL  ANALYSIS  AND  LABORATORY 
SIMULATION  TO  GUN  SHOCK  PROBL04S 

D.  W.  Culbertson 
Naval  Weapons  Laboratory 
Dahlgren,  Virginia 

and 

V.  F.  DeVost  — r 

Naval  Ordnance  Laboratory 
White  Oak,  Silver  Spring,  Maryland 


Described  are  instrumentation  techniques  used  in,  and  major 
results  of,  measuring  the  in-bore  environment  in  5"  navy  guns, 
performing  spectral  analysis  of  gun  shock,  and  conducting 
laboratory  simulation  and  correlation  studies. 


BACKGROUND  AND  INTRODUCTION 

During  19 69»  a  series  of  in-bore 
ammunition  premature  malfunctions  was 
experienced  during  5"  naval  gun  firings. 
An  extensive  investigation  identified 
the  most  probable  cause  of  these  mal¬ 
functions  as  reaction  of  defects  in  the 
projectiles'  explosive  filler  to  the 
gun  ballistic  environment.  Accordingly, 
actions  were  taken  to  e.  iblish  ammuni¬ 
tion  production  improvements  as  well  as 
inspection  methods  to  detect  and  remove 
faulty  ammunition  from  service  use. 

Subsequently,  during  1970,  addi¬ 
tional  in-bore  prematures  were  experi¬ 
enced  with  inspected  ammunition.  At 
this  time,  examination  of  the  accumu¬ 
lated  in-bore  premature  history  indi¬ 
cated  a  strong  correlation  between  the 
observed  events  and  the  very  early  time 
gun  ballistic  environment  produced  by  a 
particular  propelling  charge  assembly, 
see  Table  1.  Renewed  investigative 
efforts  were  directed  toward  definition 
of  the  early-time  5"  gun  environment 
and  its  effect  on  ammunition  perform¬ 
ance.  The  rather  uniiue  techniques 
involved  in  this  investigation  and  the 
general  findings  are  discussed  herein. 

The  reported  work  was  performed 
during  the  period  November  1970  through 
May  1971.  It  was  a  major  portion  of  a 
NavaL  Ordnance  Systems  Command  sponsored 
program  designed  to  determine  causes  of, 
and  remedial  measures  for,  in-service 
gun  ammunition  malfunctions.  Actions 
of  the  overall  program  are  currently 
being  published  [l"1,  and  will  be 


TABLE  1 

Explosive-Propelling  Charge  Correlation 
for  5"/38  Ammunition  In-Bore  Prematures 


Selected  Parameters  of  1970 
In-Bore  Prematures _ 


Event 

No. 

Type 

Explosive 

Load 

Type 

Propelling 

Charge 

Bore  Travel 
to  Reaction 
(in.) 

1 

2 

3 

4 

A-3 

A-3 

A-3 

A-3 

Type  A 
Type  A 
Type  A 
Type  A 

1.8 

11.0 

10.0 

6.0 

Accumulated 

In -Bo re  Premature 

_ 

Rates  for 

Six-Year  Period 

A -3  Expl/Type  A 

Prop  Chg. . 

1/1.5  X 10^ 

A-3  Expl/Type  B  Prop  Chg.. 

0/1.4  x 10° 

available  to  qualified  requesters  from 
the  Defense  Documentation  Center  by 
about  early  December  1971. 


PROCEDURES  AND  EQUIPMENT 

Ballistic  Performance  Studies.  Two 
principal  experimental  methods  were 
used  to  measure  the  5"/38  gun  ballistic 
environment  and  its  interaction  with 
ammunition  assembly  components:  a  5"/3$ 
MARK  12  MOD  1  gun  barrel  was  instru¬ 
mented  as  shown  in  Fig.  1;  and  special 
test  projectile  assemblies  were 
instrumented  with  either  peak-reading 


Preceding  page  Plank 
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TEST  mOJECTUE 


©••or*  iosiur  mmum 

v  TMMBIICCII 

©•RNL  TYFC.  360  ASTRA*  MINES 

Fig.  1  -  Instrumented 


mechanical  transducers  or  continuous - 
recording  pressure  and  acceleration 
transducers  as  shown  In  Fig.  2.  The 
locations  of  these  transducers  were 
selected  to  provide  Information  on  the 
pressure- time  history  at  the  base  and 
mouth  of  the  propelling  charge  and  the 
resulting  pres'»'.e  and  shock  loading  on 
the  project!'  structure  and  components. 
Instrumentation  cha-acterlstics  were  as 
follows : 

a.  The  continuous-recording  pres¬ 
sure  transducers  were  exclusively  the 
Kistler  Model  607A,  having  a  75-ksi 
range  and  a  24o-kHz  resonant  frequency. 
The  continuous-recording  accelerometers 
were  either  Endevco  Models  2291  or  2292, 
having  respective  range  and  resonant 
frequency  characteristics  of  *100  kg, 
250  kHz  and  *20  kg,  125  kHz.  Low  noise 
coaxial  cabxe  was  used  throughout. 

Data  recording  was  on  a  Honeywell  Test 
Instruments  Model  7620  wide-band  mag¬ 
netic  tape  system,  double-extended  mode, 
432  kHz  center  frequency,  D.C.  to  80 
kHz  response  at  120  inches  per  second 
recording  speed.  End-to-end  system 
response  was  30  kHz.  For  the  Instru¬ 
mented  projectile  experiments,  the 
transducers  were  "hard-wired"  through 
the  gun  bore  to  the  signal-conditioning 
and  recording  equipment;  tnis  technique 
provided  from  0.5  to  1.5  milliseconds 
of  recording  time  before  adverse  cable 
mot  5  on/d est ruction  effects  were 
experienced. 


P. 


5V38  gun  test  vehicle 


b.  Mechanical  gauges  consisted  of 
oeak-reading,  self-recording  acceler¬ 
ometers  and  oressure  transducers.  The 
accelerometers  were  the  Mindlin  gauge 
copper-ball,  used  to  measure  set-back 
shock  spectrally  at  four  frequencies, 
and  the  N0L  W0X-5A,  used  to  measure 
transverse  ar.d  spin  ac'*  lerations  [2], 
The  peak-reading  pressure  gauge  con¬ 
sisted  of  a  base-detonating  fuze  body 
modified  to  incorporate  four  peak- 
pressure-reading  diaphragms;  the  dia¬ 
phragms  were  located  circumferentially 
on  the  fuze  body  Just  forward  of  the 
threaded  portion.  These  gauges  were 
calibrated  In  the  N0L  21-1nch  Air  Oun 
Facility,  using  a  set-back  simulator 
developed  specifically  for  gun  inertial 
loading  studies  of  projectile  fillers. 

Shock  Spectra  Analysis.  Shock  data 
analysis  consisted  of  determining  the 
component  frequencies  of  the  projectile 
assemblies  used  in  the  investigations 
and  performing  analog  computer  analysis 
of  the  components'  response  to  the 
early-time  pressure  and  acceleration 
pulses  measured  in  the  ballistic 
performance  studies. 

a.  For  component  frequency  analy¬ 
ses,  the  projectile  assemblies  were 
simplified  to  a  three-component  struc¬ 
ture:  base,  shell,  and  filler.  The 
fundamental  frequencies  of  individual 
c  mponents  were  computed  using  the 
longitudinal  sound  velocity  in 
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Fig.  2  -  Projectile  Instrumentation 


materials  theory  [3],  ana  were  expert-  costs  of  ful’-scale  experiments.  These 

mentally  measured  by  monitoring  the  efforts  were  primarily  concerned  with 

free-body  ringing  response.  A  schematic  examination  of  the  5"  Propelling  charge 

of  the  projectile  and  representative  ignition-ammunition  interaction  phe- 

data  obtained  during  the  experiments  nomena;  Initial  ballistic  performance 

are  shown  in  Fig.  3-  Tabulated  results  experiments  suggested  the  presence  of 

for  empty  and  for  inert  and  explosively  Ignition  compression  waves  possibly 

loaded  5"  projectiles  are  given  in  producing  considerable  grain  and  car- 

Table  2.  tridge  case  closure  plug  motion  in  the 

Type  A  propelling  charge.  Flash  X-ray 

b.  Single-degree-of-f reedom  (sdof)  experiments,  using  an  unconstrained 

system  responses  to  the  experimentally  fiberglas  cartridge  case  with  standard 

determined  gun-projectile  pressure  and  primer,  propellant,  and  closure  plug 

acceleration  pulses  were  computed  using  components,  were  performed  to  obtain 

the  NOL  Analog  Shock-Spectrum  Analyzer.  a  more  quantitative  understanding  of 

The  analog  analyzer  was  used  in  lieu  of  the  phenomena.  Concurrently,  air  gun 

digital  computer  techniques  because  experiments  were  performed;  the  appa- 

primary  interest  was  only  in  the  early-  ratus  is  shown  schematically  in  Fig.  4. 

time,  *1.0  millisecond,  portion  of  the  The  experiments  were  designed  to  estab- 

gun  ballistic  environment;  additionally,  lish  an  economical  laboratory  technique 

many  of  the  continuous  shock  recordings  for  Simula* ' ng  the  observed  early- time 

contained  large  signal  errors  at  cable  gun  ballistic  environment  on  the  base 

destruct  times,  which  would  have  been  of  projectiles.  The  resulting  tech- 

difficult  to  correct  on  she  digital  nioue  was  subsequently  used  to  study 

system.  Response  accelerations  were  the  response  of  specific  ammunition 

obtained  for  sdof  system  frequencies  components,  especially  mechanical  fuze 

of  from  430  Hz  to  45  kHz;  system  damp-  components,  to  the  simulated  early-time 

lng  was  2.0  percent  of  critical.  gun  environments. 

Simulation  and  Correlation  Studies. 

Laboratory  simulations  and  analytical  MAJOR  RESULTS  AND  DISCUSSION 

modeling  were  performed  during  the 

investigations  in  order  to  obtain  Ballistic  Performance  Measurements, 

better  understanding  of  observed  Data  obtained  from  the  high-response 

experimental  results  and  to  minimize  pressure-time  instrumentation  In  the 
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!-*- Filler  (I  -  1 .16  ft)  •»- 
Fig.  3  -  Component  frequency  measurements 


kited  from 
vailable  copy. 


TABLE  2 

Projectile  Component  Frequencies 


Computed 

Freouency 

(kHz) 


65.5 


Projectile 

Configuration 

Component 

Measured 

Frequency 

(kHz) 

Empty 

Base 

61.0 

Shell 

s.e 

Inert 

Loaded 
(Filler  "s") 

Base 

46.0 

Shell 

5.8 

Filler 

2.9 

Live 

Loaded 
(COMP  A-3) 

Base 

50.0 

Shell 

5o 

Filler 

2.7 

Damping 
;  Critical) 


*Not  Measurable 


Fig.  5  -  Comparison  of  initial  case  mouth  pressure  profiles 
for  Type  A  and  Type  B  oropelling  charge 


—J3  ebntwr  walls  quickly  identified 
9  significant  difference  between  Type  A 
end  Type  B  propelling  charge  ballistic 
performance;  at  the  cartridge  case 
couth,  the  type  A  charge  consistently 
produced  a  characteristic  step  rise  as 
compand  to  the  core  gradual  rise  char¬ 
acteristic  of  the  type  B  charge;  see 
Fig.  5  for  comparison.  The  overall 
pressure-time  pulses  for  both  types  of 
charges  arc  cosqmred  In  Pig.  6;  analy¬ 
ses  of  these  profiles  indicated  that 
strong,  combustion  compression  waves 
were  present  in  both  charges  but  that 
this  phenomenon  was  more  severe  In  the 
Type  A  charge.  Further  analyses, 
including  consideration  of  pressure 
measures  ;nts  made  at  various  distances 
along  the  propellant  bed,  and  the 
detail  design  characteristics  of  the 
;narge  ignition  systems.  Indicated  that 
the  observed  wave  action  was  related  to 
Initial  propellant  ignition  and  subse¬ 
quent  burning  front  development.  Also, 
the  analyses  suggested  that  significant 
propellant  mass  was  being  accelerated 
behind  the  closure  plug,  adding  to  the 
mass  impacting  the  projectile  base. 

Data  obtained  from  the  instrumented 
projectile  experiments  are  given  in 
Table  3  and  recordings  are  shown  in 
Fig.  7.  While  the  mechanical  gauge 


effort  was  hampered  by  projectile 
recovery  problems,  useful  data  were 
obtained  Indicating  that  setback 
shocks,  angular  accelerations,  and 
projectile  filler  base  pressures  were 
significantly  higher  In  the  rounds 
fired  by  the  Type  £  propelling  charge 
then  In  those  fired  by  the  Type  B 
charge.  The  continuous-recording 
instrumentation  provided  useful  data 
during  tire  very-early-time  charge 
ignition-projectile  start  period,  about 
0.5  to  1.5  milliseconds  from  initial 
projectile  base  pressure  rise.  These 
data,  as  shown  In  Fig.  7,  established 
tha  -  the  projectiles  fired  with  Type  A 
propelling  charges  were  subjected  to 
significantly  more  severe  early- time 
shock  than  were  those  fired  by  the 
Type  B  charge.  Of  particular  signifi¬ 
cance  was  the  high-amplitude,  short- 
duration  pressure  oulse  observed  by 
the  pressure  transducer  in  the  projec¬ 
tile  base;  it  was  hypothesized  that 
this  pulse  was  caused  by  initial  impact 
of  the  Type  A  propelling  charge  closure 
plug  and  accelerated  propellant  grain 
mass.  This  was  verified  and  quantified 
during  simulation  studies  as  explained 
below  and  was  found  to  be  the  most 
probable  cause  of  explosive  filler 
initiation  in  the  service  premature 
functionings. 


TIME,  I.OMS/DIV 


Fig.  6  -  Comparison  of  pressure-time  profiles 
for  Type  A  and  Tyne  3  nrop^lling  e'narge 
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TABLE  3 

Mechanical  Gauge  Data 


Hype  A  Propelling  Charge 


H0X-5A  Spin  Acceleration 

Pressure  Gauge 

%  Above 

Round 

Xo. 

Ball 

Deformation 

Avg  {1/1000") 

(Rad/Sec2) 

ma 

Peak 

(P*i) 

lorn Inal 
Setback 
Pressure* 

1 

2.60 

585,000 

» 

— 

2 

3.75 

8*0,000 

61.0 

29,500 

ESI 

3 

*.95 

1,100,000 

70.0 

30,*00 

L.E3IJ 

Type  B  Propelling  Charge 

1 

2 

t 

0.8 

180,000 

*0.0 

27,000 

13 

3 

«* 

L  ~ 

*8.0 

28,000 

18 

*20,900  psi  for  Type  A  and  23,800  pel  for  Type  B  charges 

♦ Piller  in  the  region  around  the  gauge  diaphragms  was  gouged  when  the 
base  fuse  was  assembled  and  was  net  in  contact  with  the  dlaphrages. 
Readings  were  very  low. 

f Round  broke  up;  none  of  the  gauges  were  recovered. 

••Apparently  rotor  inertia  force  was  net  high  enough  to  overcome  the 
setback  frictional  force  —  this  happens  frequently  with  Type  B 
charge  firings . 
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kHz 


5  5 


Response 


•25  kg 


2.58  kHz 
Response 

IS  kg 

Base  Fuze 
Shock 


•  5  kHz 
Response 


14  kg 


Nose  Fuze 
Shock 


Fig.  8  -  Comparison  of  propelling 
charge  shocks  and  analog  responses 


Shock  Analysis.  Fig.  8  shows 
typical  recordings  and  analog  responses 
of  Types  A  and  B  propelling  charge- 
produced  shocks  measured  at  both  pro¬ 
jectile  base  and  nose  locations. 

Spectra  of  the  shocks  arc  shown  by 
Fig.  9-  These  data  show  that  the 
early-time  shock  peaks  produced  by  the 
Type  A  propelling  charge  are  more  than 
four  times  higher  than  those  produced 
by  the  Type  3  charge.  As  expected, 
responses  approaching  the  natural  fre¬ 
quency  of  the  projectile  base  (46  kHz) 
are  the  highest;  responses  for  the 
Type  A  prop  lling  charge  are  from  1.7 
to  21.6  times  higher  than  comparable 
responses  for  the  Type  E  propelling 
charge . 


Simulation  and  Correlation  Studies. 
Typical  flash  radiographs  obtained 
during  the  special  flash  X-ray  experi¬ 
ments  are  shown  by  Fig.  10.  These 
exposures  contrast  the  grain-closure 
plug  performance  exhibited  by  the  Type  A 
and  Type  B  propelling  charges.  For  the 
Type  A  charge,  the  cork  closure  plug, 
originally  about  three  Inches  thick, 
has  beim  compressed  to  approximately 
0.5  inch  thick,  has  assumed  a  convex 
striking  surface,  and  is  being  accel¬ 
erated  toward  the  projectile  base  to  a 
peak  Impact  velocity  of  approximately 
700  ft /sec.  The  closure  plug  fired 
with  the  Type  B  propelling  charge  dis¬ 
integrates  and  Impacts  the  projectile 
with  considerably  less  velocity  and 
force.  This  action  is  attributed  to 
differences  in  propellant  grain  size 
and  mass,  and  ignition  development 
between  the  two  charges;  for  the  Type  A 
charge,  smaller  propellant  grains  plus 
relatively  small  area  of  initial  igni¬ 
tion  action  result  effectively  in  a 
rather  compact  mass  of  propellant 
grains  and  compressed  gas  being  driven 
toward  the  projectile  seat.  In  the 
Type  B  charge,  larger  grain  size  per¬ 
mits  more  gas  flow  forward  and  through 
the  unignited  propellant  bed.  This 
results  in  less  propellant  motion  and 
produces  enough  pressure  against  the 
closure  plug  to  disintegrate  it. 

Typical  results  of  air  gun  simula¬ 
tions  of  the  closure  plug/propellant 
mass  and  projectile  base  impact  phenomena 
are  shown  by  Fig.  11.  To  determine  the 
conditions  for  equivalency  with  the 
raear  ired  5"/?8  gun  parameters,  the  simu¬ 
lated  propellant  mass  ranged  from  two 
ounces  to  five  pounds,  while  plug  impact 
velocities  ranged  from  280  to  1420 
ft/sec.  It  is  seen  that  with  approxi¬ 
mately  a  one-half  inch  convex  plug  lead¬ 
ing  edge  shape,  plus  approximately  2.5 
ounces  of  simulated  propellant  mass  and 
a  final  plug  impact  velocity  of  755 
ft/sec,  the  projectile  base  pressure  and 
acceleration  profiles  are  essentially 
identical  to  those  measured  in  the  gun- 
fired  instrumented  projectile 
experiments . 

These  simulations  provided  clear 
evidence  that,  the  severe  impacts  and 
high  impulsive  pressures  recorded  at 
the  bases  of  projectiles  using  t'ne 
Type  A  propelling  charge  were  produced 
by  the  grain-closure  plug  impact 
phenomenon.  Farther  analysis  indicated 
that  the  observed  projectile  base  impact 
loading  was  subjecting  the  cxpl  si  ve 
filler  at  the  projectile  base-exnlosive 
interface  to  low  level  sir  ck  pressure 
pulses  of  about  0.4  to  1.5  kb  with 
durations  of  approximately  30  t  •  59 
microseconds.  Through  examination  of 
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I  2  3  4  5  6  7  8  9  10  20  30  40  50 

OSCILLATOR*  FREQUENCY  (kHz) 

Pig.  9  -  Early-time  spectra  of  5"/38  set-back  shock 


available  shock  Initiation  data  for 
high  explosives,  it  was  possible  to 
construct  a  family  of  initiation 
probability  curves  for  Composition  B 
explosive  as  a  function  of  pressure 
level  and  pulse  duration,  see  Fig.  12. 
Data  from  Ref,  [4]  were  particularly 
useful  here  since  these  data  allowed 
uniuue  estimation  of  the  0.1$  and  0.01$ 
initiation  probability  curves  to  supple¬ 
ment  the  normally  determined  ,50$  proba¬ 
bility  curve.  Entering  these  curves 
with  the  estimated  average  impact  pulse 
characteristics,  i.e.,  1.0  kb  and  40 


microseconds,  a  predicted  explosive 
initiation  freuuency  of  about  one  in 
1CT+  events  is  obtained.  This  compares 
closely  with  the  observed  service 
ammunition  premature  rate  of  about  one 
in  15  x  103  events.  It  should  be  noted 
here  that  the  Composition  A-3  explosive 
involved  in  the  service  prematures  is 
generally  acknowledged  to  be  somewhat 
more  sensitive  to  shock  initiation  than 
Composition  R  explosive,  for  which  the 
initiation  probability  data  were 
available . 
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Flash  radiographs  of  propelling  charge  closure  plug  performance 
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ock  initiation  probability  curves  as 
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The  response  shock  ■  pec t run  Is  a  function  of  the  assuaed  duping  or 
amplification  factor,  Q.  The  wide  range  of  Q  values  used  In  the  aero¬ 
space  Industry  complicates  the  comparison  of  shock  spectra.  One  meth¬ 
od  for  estimating  the  sensitivity  of  a  shock  spectrum  to  a  variation 
In  damping  Is  to  perform  a  statistical  analysis  of  shock  data.  This 
paper  presents  the  results  of  such  an  analysis  in  the  fora  of  conver¬ 
sion  factors  that  can  be  used  to  adjust  a  spectrum  from  one  value  of 
Q  to  another.  The  conversion  factors  are  supplemented  with  an  estimate 
of  the  variance  and  the  probability  distribution  of  the  data.  The  data 
are  further  used  to  estimate  the  average  number  of  equivalent  cycles 
of  sinusoidal  motion  present  In  the  complex  wave. 


INTRODUCTION 

The  amplification  factor,  or  Q,  used  In 
shock  spectrum  analysis  varies  throughout  the 
aerospace  Industry.  Values  ranging  from  five  to 
50  are  typical,  but  there  Is  no  one  standard 
value.  Often  a  shock  spectrum  is  svallable,  but 
with  a  Q  different  than  the  analyst  desires; 
converting  the  spectrum  to  the  desired  Q  value 
requires  recomputing  the  spectrum  using  the  orig¬ 
inal  acceleration  time  history.  In  cases  where 
the  original  data  are  not  available  or  It  Is  too 
costly  to  recompute  the  spectrum,  another  method 
is  obviously  needed.  This  paper  presents  two 
empirically  derived  curves  that  can  be  used  to 
adjust  shock  spectra  from  one  Q  value  to  another. 
The  curves  are  based  on  data  from  pyrotechnic 
shock  tests  conducted  under  Contract  NAS5-15208 
for  Goddard  Space  Flight  Center  and  discussed  at 
the  41st  Shock  and  Vibration  Symposium  [1J.  A 
total  of  16  measurements  of  acceleration  time 
histories  were  used  In  the  analysis.  Shock 
spectrs  were  computed  for  the  16  measurements  at 
third  octave  frequencies  for  Q  •  5,  10,  20,  30, 
40,  and  50.  The  resulting  data  were  normalized 
to  the  Q  «  10  spectrum  and  a  statistical  analy¬ 
sis  was  performed  on  the  data.  The  results  are 
two  curves,  one  for  peak  values  of  spectra  and 
one  for  non-peak  values  of  spectra,  giving  a 
conversion  ratio  or  adjustment  factor  for  Q  val¬ 
ues  from  five  to  50. 

The  conversion  factors  represen  u •  verage 
of  ratios  between  two  spectra  for  the  „  .e  accel¬ 
eration-time  history  for  two  different  values  of 
Q.  The  data  points  of  a  spectrum  to  be  adjusted 


from  a  given  Q  to  a  new  value  of  Q  are  multi¬ 
plied  by  the  simple  conversion  ratio  from  the 
curves  that  relates  these  two  amplification  fac¬ 
tors.  The  non-peak  and  peak  values  of  the  spec¬ 
trum  are  multiplied  by  two  different  factors. 
This  method  allows  an  approximate  new  spectrum 
to  be  calculated  with  little  effort  and  time. 

The  adjustment  factors  and  the  transient 
response  of  an  oscillator  to  a  sinusoidal  base 
input  are  related  In  the  paper  to  allow  one  to 
estimate  the  average  number  of  equivalent  cycles 
of  sine  motion  present  in  an  acceleration-time 
history  for  various  values  of  Q. 

The  paper  also  presents  the  average  ratios 
for  conversion  and  the  standard  deviation  of  the 
conversion  ratios,  and  discusses  the  statistical 
distribution  of  ratios.  These  statistics  allow 
the  user  to  incorporate  varying  degrees  of  con¬ 
servatism  into  his  analysis. 


SHOCK  SPECTRUM  FUNDAMENTALS 

A  shock  spectrum  is  defined  in  terms  of  the 
maximum  response  of  a  series  of  single-degree- 
of-freedom  spring-mass-damper  systems.  The  maxi¬ 
mum  response  of  each  oscillator  to  an  input  base 
acceleration  is  plotted  either  as  a  function  of 
the  oscillator  frequency  for  one  damping  ratio, 

C,  or  as  a  function  of  the  amplification  factor, 
Q.  The  most  common  spectrum  In  use  is  the  maxi¬ 
max  spectrum,  in  which  the  response  is  the  abso¬ 
lute  acceleration  of  the  oscillator  mass.  Fcr 
this  model  the  governing  differential  equation 


Preceding  page  blank 


is 

*  +  2{«  i  +  <a2  *  -  -y  (t) ,  (1) 

n  n 

where 

*  “  x  -  y  "  relative  displacement  of  the 

■ass; 

x  *  absolute  displacement  of  the  mass; 

y  -  absolute  displacement  of  the  base; 

«2  "  k /■  «  natural  frequency  of  the 
oscillator; 

C  «  C/C£  *  damping  ratio; 

Q  «  l/2c  •  amplification  factor; 

y  (t)  -  specified  absolute  acceleration  of  the 
base. 

The  response  of  the  ayatea  to  a  relative  de¬ 
flection  for  zero  initial  conditions  and  for  c2 


.  is 

*  ('«vc)-  -  r 

1  y  (T)e_t“n(t  ‘  T)  ain 

'  '  n 
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0 

u>  (t  -  t)  dr 
n 

(2) 

The  approximate  response  due  to  absolute  ac¬ 
celeration  la  related  to  the  relative  deflection 

by  s 

x  (t)  -  -w2  z  (t). 


For  a  specified  frequency the  response 
will  depend  on  the  excitation,  y  (t),  and  the 
damping  ratio,  t.  For  a  simple  pulse  that  can 
be  expressed  analytically,  the  response  can  be 
determined  by  Integrating  Eq.  2,  and  the  rela¬ 
tion  between  two  spectra  for  different  values  of 
Q  can  then  be  calculated.  The  shock  spectra  de¬ 
rived  from  measured  accelerstion  time  histories 
will  have  a  complex  reaponse;  the  effect  of  damp¬ 
ing  can  only  be  determined  by  actually  integrat¬ 
ing  Eq.  2  for  each  value  of  Q  desired.  So  sim¬ 
ple  method  exists  for  predicting  the  effect  of 
damping  on  a  spectrum.  One  approach  is  to  use  a 
statistical  analysis  of  sufficient  data  to  deter¬ 
mine  the  sensitivity  of  a  spectrum  to  damping  on 
an  average  basis. 


DATA  ANALYSIS 

Sixteen  shock  spectra,  taken  from  a  series 
of  pyrotechnic  shock  tests  performed  on  the 
truss  frame  of  a  launch  vehicle,  were  used  as 
the  basis  for  a  statistical  analysis.  The  spec¬ 
tra  were  taken  from  locations  that  varied  from  a 
few  Inches  to  over  ICO  inches  from  the  source. 

For  each  of  the  16  complex  acceleration-time  his¬ 
tories,  spectra  were  produced  for  valves  of  Q  of 
5,  10,  20,  30,  40,  and  50.  The  spectra  were  nor¬ 
malized  to  the  0  »  10  spectrum  by  dividing  each 
spectrum  value,  at  the  1/3  octave  band  frequen¬ 
cies,  by  the  corresponding  value  on  the  Q  *  10 
spectrum.  This  resulted  in  a  16  x  18  matrix  of 
data  ratios  for  each  value  of  Q  from  five  to  50. 

Because  the  plots  of  the  original  spectra 
and  the  normalized  data  indicated  that  the  values 
were  randomly  spread  over  the  entire  frequency 
range,  the  data  were  averaged  for  each  value  of 
Q.  The  results  are  plotted  in  Fig.  1.  The 
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•wrap  lag  mtm  mu  cnrM  Mt  for  tfcn  Mf 
peak  oai  paak  win  of  tka  •faetn,  wick  tka 
rook  win  hnlii  a  wwdk  —liar  aa^le.  Dm 
two  carmea  la  Fit.  1  stew  the  aaasitlvity  of  dw 
4a Ca  to  Q  aa4  claariy  4aaoar»trata  that  cka  paaka 
ara  aara  tkoa  tka  aaa  paaka.  Tka  or- 

dleatc  la  tka  carraetlaa  factor,  wklck  la  tka 
ratio  af  tka  apactra  valaa  for  aarioaa  Q'a  aor- 
aallsai  to  Q  •  10. 

Polar  tka  coa tract  la  taf.  (1),  lockbead 
urr.al  oat  tka  aaaa  typ*  af  atatlatlcal  eatl- 
aata  of  aaaaltivity  to  varying  Q  valaas.  Shock- 
apactra  aara  prodmead  for  10  aaaaarcaaata  frea 
primary  atractara  far  Q'a  of  S,  10,  2S,  aaa  30. 
the  4a ta  aara  tkea  aoraall«o4  for  caatar  baa a 
fraqoanclaa  to  a  Q  of  25.  The  apraad  of  4a ta 
sppaarad  to  be  raalaa  la  no  tare,  aod  a  aaaa  val- 
aa  for  tka  data  for  each  value  of  Q  <aaa  4eter- 
alae4.  Tbaaa  raaalta,  reooraallrad  to  a  Q  of  10, 
ara  plottad  la  Fig.  1. 

rhe  Lockhaad  analysis  lncladad  both  Ike 
peak  and  aom-paak  data  without  41acrlalaatloa. 

The  Lockheed  carve  falls  between  the  peak  and 
aoo- peak  curves.  Indicating  good  agrecaeat  be¬ 
tween  the  two  aete  of  Independent  data. 

The  correction  factor  curves  can  he  used  to 
adjust  a  spec true  involving  Q'a  other  than  Q  ” 

10  by  consider ins  the  process  os  a  two-step  oper¬ 
ation.  For  ample.  In  converting  non-peak  data 
from  a  Q  of  20  to  a  Q  of  SO,  we  first  convert 
froa  20  to  10  using  1./1.13  fron  Fig.  1.  To  get 
from  10  to  SO,  we  use  the  factor  1.30.  The  to¬ 
tal  wean  correction  factor  Is  then  1.30/1.13. 

To  add  conservation  to  the  adjustment  fac¬ 
tors,  the  variances  of  the  data  were  calculated 
since  the  ratios  are  scattered  somewhat.  The  1- 
slgna  values  for  the  non-peaks  and  peaks  are 
given  In  Table  1. 


It  -s  fairly  certain  that  the  data  arc  ant 
normally  distributed  bocauna  of  the  severe  skew¬ 
ness  of  tbe  curve,  lota  that  there  ara  points 
below  1.00,  which  la  unlikely;  therefore,  these 
paints  represent  acquainted  errors  in  spectral 
confutations,  plot  rending,  etc.  He  would  as¬ 
pect  tbe  correction  factor  to  be  bounded  by  1.00 
on  the  low  end  and  2.00  on  tbe  high  end  becnaaa 
the  narlnaw  response  of  a  Q  *  20  oscillator  la 
twice  that  of  a  Q  >  10  oscillator.  Bounded  dis¬ 
tributions,  shaped  like  that  of  Fig.  2,  are  typ¬ 
ical  characteristics  of  tbe  beta  or  Fearson  Type 
1  density  functions. 

Figure  3  la  the  ctunlatlve  distribution 
plotted  fron  tbe  sene  data  used  for  Fig.  2.  In 
converting  spectra  fron  Q  »  10  to  some  other  Q 
value,  one  can  quantify  his  conservation  by .. 
using  the  appropriate  «  value  to  determine  tbe 
probability  of  being  too  low.  For  example,  the 
naan  values  of  Fig.  1  will  be  conservative  about 
652  of  tbe  tine;  the  naan  plus  o  wilt  be  high 
about  932  of  tbe  tine,  etc.  In  two-atep  opera¬ 
tions,  the  probeblllty  la  not  cumulative  and  the 
values  In  Fig.  3  apply. 


EQUIVALENT  NUMBER  0k  CYCLES 

Knowing  the  correction  factors  for  a  aet  of 
typical  data,  it  la  possible  to  determine  the 
equivalent  number  of  sinusoidal  cycles  present 
In  the  dats.  This  nay  be  of  interest  in  fatigue 
problems  or  in  comparing  transient  and  sinusoidal 
tests. 

It  is  first  necessary  to  calculate  the  cor¬ 
rection  factors  for  the  idealized  sine  input  of 
M  cycles  duration.  From  Ref.  2,  the  expression 
for  the  response  of  a  slngle-degree-of-freedon 
oscillator  to  sinusoidal  base  excitation  at  its 
natural  frequency  Is 


TABLE  1  Calculated  Standard  Deviations,  1, 
for  Correction  Factors 


Q 

Non-Peak  Data 

Peak  Data 

5 

0.085 

0.10 

10 

0 

0 

20 

0. 10 

0.15 

30 

0.15 

0.24 

40 

0.19 

0.30 

50 

0.21 

0.34 

Notice  that  the  o  values  are  different  for  each 
curve.  The  correction  factor  for  the  normalized 
Q  value  Is  one  by  definition  and  the  variance 
for  the  normalized  Q  •  10  point  has  a  zero  vari¬ 
ance. 


y  «  Qx|l  -  cos  wnt,  (4) 

where  the  notation  is  the  same  as  in  Eq.  1.  The 
correction  factors  for  sinusoidal  notion  are 
then  derived  by  dividing  by  the  peak  response 
for  Q  »  10,  giving 


j(l-e-fff:/(?) 

10(l-e-'N/10) 


(5) 


Plotted  in  the  same  format  as  the  data  in 
Fig.  1,  Eq.  5  results  In  the  curves  shown  in 
Fig.  4.  For  values  of  Q  less  than  10,  the  curves 
are  not  reliable  since  Eq.  4  is  only  valid  for 
small  damping. 


The  values  In  Table  1  represent,  one-slgma 
numbers:  the  amount  of  conservatism  to  be  added 
can  be  deteialned  by  the  user.  The  statistical 
distribution  of  correction  factors  was  examined 
by  plotting  a  histogram  of  the  points  represent¬ 
ing  the  ratio  of  Q  »  20  to  Q  *  10  for  non-peaks. 
This  distribution  is  shown  In  Figure  2. 


Note  that  In  these  semi-log  plots,  the  ac¬ 
tual  data  (Fig.  1)  result  In  a  "n»,  but  that 
the  sinusoidal  Input  produces  cu.ves.  This  in¬ 
dicates  thal  actual  shocks  do  not  contain  a 
unique  number  of  equivalent  sinusoidal  cycles. 
The  broken  line  In  Fig.  4  is  the  data  line  from 
Fig.  1  for  spectral  peaks.  The  number  of  cycles 
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Fraction  of  Data  Less  Than  Correction  Factor 


Correction  Factor 


Fig.  3  Cumulative  Distribution  of  Q  ■  20  Data  Normalized  to  Q  •  10 
(Non-Peaks) ;  242  Data  Points 


6' 


R  -  10 


Q 

Fig.  4  Correction  factor  vs  Q  for  Sine  Input  ol  N  Cycles 


giving  the  same  correction  factor  as  data  Is  a 
function  of  the  assumed  daaplng.  For  Q's  of  10 
to  20,  3.S  to  4  cycles  of  sine  Input  hsvc  the 
sane  correction  characteristics  as  data.  For 
hlgher-l)  systems,  40  to  SO  for  example,  four  to 
five  cycles  Is  store  realistic  In  terns  of  cor¬ 
rection  factors. 

The  most  Important  conclusion  drawn  fro* 
this  figure  Is  that  one  cannot  choose  a  sine 
burst  type  of  Input  to  represent  field  dsta  for 
a  wide  range  of  Q's.  Such  an  equivalence  does 
not  exist.  Prsctlcally  speaking,  however.  If 
one  were  to  use  an  Input  of  four  sinusoidal  cy¬ 
cles  and  match  spectra  for  s  Q  of  10,  tne  error 
In  response  would  be  only  +3.32  and  -6.72  for 
Q's  of  10  to  50.  Such  sn  equivslence  Is,  of 
course,  limited  to  the  narrow  frequency  band 
about  the  peak  in  the  dats  spectrum. 


CONCLUSIONS 

The  dats  In  Fig.  1  allow  a  spectrum  to  be 
adjusted  for  sny  given  value  of  Q  between  five 
and  SO  to  sny  other  value  of  Q  In  that  rsnge. 

This  adjustment  procedure  Is  bssed  on  a  sizable 
amount  of  dsta  and  good  agreement  between  two  in¬ 
dependent  sets  of  dsta.  The  method  of  estimat¬ 
ing  the  new  spectrum  is  most  effective  when  the 
original  data  sre  not  available  or  when  the  costs 
Involved  are  prohibitive. 

A  degree  of  conservatism  can  be  added  to  the 
adjustment  by  using  the  computed  standard  devia¬ 
tions  of  Table  1  and  the  cumulative  probability 
plot  of  Fig.  3.  The  maximum  number  of  equivalent 
sinusoidal  cycles  to  be  expected  In  a  shock  sig¬ 
nal  is  a  function  of  the  Q  of  the  system  being 
excited.  However,  the  number  of  cycles  precent 
In  sn  average  signal  msy  c  estimated  by  compar¬ 
ing  the  adjustment  factors  of  Fig,  1  to  those  of 
Fig.  4. 
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Mr.  Trammel  (let  Propolsioo  Loboratory): 
Too  Ew  presented*  35  3^6m1 

ueefnl  concept.  Bat  yoa  worked  entirely  in  1/3 
octaves,  ft  seems  that  the  effect  of  Q  is  related 
to  the  rcsototton  required  ia  the  ftock  spectrum. 
Have  yon  looked  at  the  effect  of  resolution  In  the 
mea snrements  7 

Mr.  McGrath:  We  performed  the  shock 
spectrum  using  a  digital  computer  so  that*  un¬ 
like  the  analog  method,  we  were  not  bothered  by 
the  bandwidth  of  an  analyser.  We  had  the  exact 
response,  but  one  might  question  whether  there 
is  enough  definition  in  the  spectrum  since  we 
have  only  platted  1/3  octave  frequency  points. 

The  reason  for  using  1/3  octave  points  is  that  it 
begins  to  get  pretty  expensive  when  you  go  be¬ 
yond  that  point,  ft  is  expensive  as  it  is  when 
you  are  analyzing  quite  a  few  pieces  of  data. 

But  it  is  not  the  same  thing  as  an  analog,  and  I 
do  not  think  one  needs  to  worry  about  the  sen¬ 
sitivity  of  the  bandwidth. 

Mr.  Trummel:  Did  you  use  the  1/3  octave 
resolution  or  not? 

Mr,  McGrath:  I  do  not  think  that  term  ap¬ 
plies  when  using  a  digital  solution  unless  I  mis¬ 
understand  your  question.  I  think  your  question 
is  related  to  an  analog  computer.  Perhaps  in 
between  the  1/3  octave  points  there  may  be  a 
peak  that  will  be  much  higher  than  is  shown. 
During  a  study  that  we  did  for  the  Goddard  Space 
Flight  Center  we  analyzed  a  bunch  of  l/6t'i 
octave  data  and  we  found  that  there  were  very 
few  cases,  other  than  one  case  in  which  the  data 
were  questionable,  where  this  had  a  real  effect. 
Of  course  you  will  miss  the  peak,  and  you  will 
miss  the  peak  by  a  certain  error,  but  it  appeared 
to  us  during  that  study  that  a  1/3  octave  analysis 
was  sufficient  to  get  close  to  the  peaks  and  that 
you  would  not  miss  them. 

Mr .  Wada  (Jet  Propulsion  Laboratory):  At 
JPL  we  also  fire  various  types  of  pyro  charges  to 
get  measured  data,  and  our  structures  might  be 
quite  different  from  yours.  If  we  used  the  type 
of  data  that  you  have  presented  is  there  any 
word  of  caution  as  to  how  we  might  apply  your 
data  to  structures  that  might  be  of  different 


character  to  tfcooe  tlmt  you  have  used  to  analyze 
your  afaock  spectrum  data? 

Mr.  McGrath:  Aa  I  tried  to  point  out  in  the 
beginning  these  data  were  taken  from  a  large 
true  and  the  locations  varied  from  done  to  the 
source  to  far  away.  Lockheed's  data  was  plotted 
from  their  barrel  tester,  which  la  a  skta-ring- 
frante  type  of  structure,  and  la  this  particular 
case,  gave  a  reasonable  agreement.  Ton  can  not 
really  extrapolate  since  you  Just  do  not  know  a!l 
the  variables,  I  would  have  some  confidence  bat 
I  would  not  say  you  could  go  with  100  percent 
confidence.  Ton  would  need  more  data.  However, 
this  is  a  start  In  the  absence  of  any  other  method. 

Mr.  Wada:  Ton  have  used  truss  type  data 
and  skin-stringer  type  data.  Do  you  feel  that 
these  represent  the  extreme  bounds  to  conditions 
that  might  exist  in  real  structures?  Our  struc¬ 
ture  might  be  different  because  it  contains  many 
interfaces  and  I  wonder  11  I  can  use  the  data  with 
confidence  or  should  *  be  very  cautious? 

Mr.  McGrath:  I  would  be  a  fool  to  say  any¬ 
thing  other  than  you  would  have  to  be  cautious. 

Mr.  DeVost  (Naval  Ordnance  Laboratory); 
This  is  not  necessarily  addressed  to  your  paper. 

I  would  like  to  expand  a  little  bit  on  what  I  said 
to  Mr.  Martin  when  he  asked  how  much  or  what 
Q  factor  or  how  much  damping  we  used  in  our 
analysis.  In  Mr.  Culbertson's  presentation  he 
showed  a  slide  in  which  we  had  analyzed  the  com¬ 
ponents  of  the  projectile  with  which  we  were 
dealing,  and  we  found  that  the  higher  frequency 
components  of  the  projectile  were  somewhere 
near  1  to  1-1/2  percent  damping,  and  the  filler 
which  is  a  soft  material  had  around  3  percent 
damping.  We  selected  2  percent  damping  for  all 
our  analysis  because  we  were  comparing  two 
bullets  fired  by  different  propellants. 

Mr,  Martin  (Langley  Research  Center):  This 
is  what  each  manufacturer  does.  If  he  feels  that 
the  highest  Q  he  has  on  board  is  10,  he  will 
usually  analyze  for  10.  With  each  one  using  dif¬ 
ferent  values  of  Q  it  makes  it  difficult  when  you 
have  picked  the  value  that  you  are  going  to  use 
and  it  is  different  from  what  they  have. 


66 


rrvimf£ 


m 


67 


RAPID  FREQUENCY  AMD  CORRELATION 


ANALYSIS  US ISO  AM  ANALOG  COMPUTER 


Jack  G.  Parks 

Research,  Development  and  Engineering  Directorate 
U.  S.  Arm/  Tank-Automotive  Command 
Warren,  Michigan 


Analog  computer  circuits  are  described  Which  provide 
a  complete  Fourier  Analysis  of  repetitive  data  signals. 
The  approach  is  a  two  step  operation  which  begins  with 
the  computation  of  the  Fourier  Sine  Integral  of  the 
signal  to  be  analyzed.  This  integral  servos  as  a  low 
band  pass  filter  for  the  frequency-difference  component 
of  the  data  signal  and  the  test  sine  wave  signal.  The 
frequency  of  the  test  sine  wave  is  increased  until  a 
threshold  detector  indicates  that  a  frequency  resonance 
is  present.  At  this  point,  a  computer  subcircuit 
examines  one  cycle  of  the  Fourier  Sine  Integral  and 
provides  outputs  which  establish  the  amplitude,  phase 
angle,  and  frequency  of  the  signal  component  under 
study.  The  main  circuit  is  then  allowed  to  continue 
until  the  next  frequency  component  is  encountered. 
Results  are  presented  for  special  wave  forms.  Frequency 
resolution  and  operational  limitations  are  discussed. 


INTRODUCTION 

Commercial  instrumentation 
currently  available  for  the  frequency 
analysis  of  complex  signal  wave  forms 
provide  a  wide  variety  of  computation 
outputs.  As  a  direct  consequence  of 
the  associated  sophistication  this 
equipment  is  often  expensive  and 
frequently  exceeds  the  budget  limita- 
tiom  of  small  research  groups.  How¬ 
ever,  most  laboratories  have  small 
analog  computers  or  can  justify  their 
acquisition  based  on  their  utility  as 
a  general  computation  tool. 

Simplified  instrumentation  is 
described  in  which  analog  computer 
techniques  are  used  to  permit  rapid 
frequency  and  correlation  analysis 
of  repetitive  signal  wave  forms. 
Signals  may  be  obtained  from  multi¬ 
channel  magnetic  tape  loops  which 
contain  a  logic  signal  to  synchronize 
the  operation  of  the  computer  or  from 
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excitation  systems  causing  the  signal 
generation.  Output  results  provide 
frequency  of  the  Fourier  components, 
phase  angles  relative  to  the  onset  of 
computer  logic,  and  absolute  amplitude 
values  through  the  use  of  counters  and 
digital  voltmeters. 

The  method  is  a  two  step  operation 
which  starts  with  the  computation  of 
the  Fourier  Sine  Integral  of  the  signal 
to  be  analyzed.  The  integral  acts  as 
a  low  band  pass  filter  which  transmits 
the  frequency-difference  component  of 
the  d3ta/test  signal  combination  only 
in  the  near-frequency  region  of  the 
data  signal  frequency.  The  frequency 
of  the  test  sine  wave  is  increased 
until  a  threshold  detector  indicates 
that  a  frequency  component  is  present. 

At  this  juncture,  a  subcircuit 
examines  one  cycle  of  the  Fourier  Sine 
Integral  computation  considered  as  a 
function  of  integration  time  and 


provides  outputs  which  establish  the 
amplitude,  phase  angle,  and  frequency 
of  the  signal  frequency  component  under 
study.  The  main  circuit  is  then 
allowed  to  continue,  either  aanually  or 
automatically  by  eeans  of  a  logic 
clock,  until  the  next  frequency  compo¬ 
nent  is  encountered. 

THEORY 

The  Fourier  Sine  Integral  of  a 
function  of  tiM,  f(t),  is  given  by 

T  -  A ff  (t)  SOI  (i lot *  i)  it  (1) 

where  f(t)  according  to  the  Fourier 
theorem  is 

«o 

f(t)s  y  An  $>n(u)„t  f  4n) 

n«o  {2) 

The  evaluation  of  Bq.  (1)  for  one 
value  of  n  yields 

%  ^ /^a»  A[  SA;jUT^A^"  60  (3) 

Where  Sin[(«>,-w)T+^n-4)] 

Terms  in  Eq.  (3)  involving  Ul„ *  10 
are  considered  negligible.  The  form  of 
Eq.  (3)  is  useful  in  locating  values  of 
U>a  by  varying  U)  and  performing  the 
integral  on  an  analog  computer.  Howe>jer, 
Eq.  (3)  does  not  lend  itself  to  simple 
application  in  the  determination  of 
phase  angle  or  amplitude.  If  Eq.  (3) 
is  considered,  however,  as  a  function 
of  T  onlv  (all  other  variables  being 
held  constant)  then  phase  angles  and 
amplitudes  are  readily  available  para¬ 
meters  through  an  examination  of  the 
behavior  of  f  n (T) . 

Parameter  examination  may  be 
accomplished  by  using  the  following 
analytic  factors:  At  time  T=0, 

Tn(T-0)  =  0.  The  period,  Tb,  required 
for  ?V|(T)  to  repeat  itself  is  directly 
related  to  f,  the  frequency  of  the  test 
sine  function,  and  fn,  the  frequency 
component  of  the  data  signal. 

h  *  f  *  T„"  ,4) 

where  the  plus  (minus)  sign  is  used 
when  f  is  less  (greater)  than  fn. 


The  phase  angle.  ,  may  be  ob~ 
ained  by  examining  the  zero  root  of 
(T)  between  T*0  and  T-Tj,,  defined 
here  as  Ta 

1 T  R  Tb  *  2  +  V  c*) 

Where  ljs-|  (♦»)  fer  A| >0(<0)  (6) 

Values  of  m  for  general  values  of 
as  well  as  values  of  if  in 
specific  cases  are  determined  from  the 
conditions  listed  in  Table  I. 

The  integral  of  fn(T)  from  T*0  to 
T*Tjj  provides  a  method  for  determining 
the  amplitude,  At  ,  of  the  nth  frequency 
component. 


TABLE  I 
Values  of  TO  and 


A* 


(Th 

/  T„(r)dT 

Jo 

d?„(T) 

dT 

* 

Af  >0 

Af  <0 

>0 

<0 

+5 

-1 

>0 

>0 

+3 

+1 

<0 

>0 

+3 

+1 

<0 

<0 

+1 

+3 

M 

6 

>0 

=0 

3  IT/ 2 

TT/2 

<  0 

n/2 

3  n/2 

>0 

IT 

=0 

<0 

c 
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COWOTATIOM  CIRCUITS 


The  circuita  to  b«  dticribtd  war* 
twttd  on  an  Kloctronic  Associates  Inc. 
Nodal  380  Analog  Computer  and  conse¬ 
quently  display  aany  Characteristics 
particular  to  this  machine.  The 
control  and  operational  characteristics 
of  tha  analog  and  logic  components  trill 
be  explained  during  the  discussion 
which  follows. 

A  schematic  drawing  of  the  circuit 
used  to  locate  frequency  resonances  is 
shewn  in  Figure  1.  The  output  of  a 
signal  oscillator,  frequency  controlled 
by  the  application  of  an  external 
voltage  from  a  rasp  function  generator, 
serves  as  one  input  to  a  four  quadrant 
multiplier.  The  second  multiplier 
input  is  the  data  signal  to  be  analyzed, 
f(t).  The  oscillator  and  the  rasp 
function  generator  are  controlled  in  a 
complementary  fashion  by  the  magnetic 
tape  logic  signal.  When  the  magnetic 
tape  logic  is  high  (L«l)  the  oscillator 
is  triggered  to  provide  a  sine  wave 
signal  whose  frequency  is  determined 
by  the  output  of  the  ramp  function 
generator  which  is  constant  for  L*l. 
With  the  onset  of  L=0  the  oscillator 
stops  and  the  ramp  function  generator 
increases  its  output  voltage  to  provide 
a  new  value  of  U>  for  the  next  computa¬ 
tion  cycle. 


Figure  l 

Frequency  Spectrum  Analysis  Circuit 

An  analog  memory  circuit  is 
included  to  provide  a  dc  voltage  equal 
to  the  successive  outputs  from  the 
integrator  at  times  L=T.  The  output 
of  the  integrator  is  reset  to  zero 


when  L-0.  Thu  output  of  the  memory 
circuit  serves  ss  the  y-axis  input 
signal  for  a  xy  recorder  while  the 
x-axis  input  is  the  output  of  the  tamp 
function  generator.  The  resulting 
recording  ie  a  histogram  representation 
of  the  continuous  function.Titfdw). 

Each  component  in  the  spectrum 
analysis  circuit  ia  given  in  greater 
detail  in  Figure  2.  The  oscillator 
may  be  constructed  as  a  simulation  of 
the  simple  harmonic  oscillator  differ¬ 
ential  squat  ion  [.1^.  This  arrangement 
is  satisfactory  for  frequencies  below 
100  Hz.  Above  this  limit,  however, 
the  output  of  the  circuit  either  decays 
with  time  due  to  capacitor  leakage  or 
becomes  unstable.  As  an  alternative 
the  oscillator  nay  be  of  commercial 
origin  which  can  be  frequency  controlled 
by  means  of  a  voltage  input.  A  unit 
which  was  successfully  employed  was 
the  Wavetek  Model  114.  The  ramp 
function  generator  is  an  integrator 
with  constant  voltage  input.  The  unit 
titled  analog  memory  consists  of  two 
track  and  store  units  commonly  found 
on  analog  computers.  A  track  and  store 
unit  follows  the  analog  input  as  long 
as  its  logic  input  is  high.  When  the 
logic  input  is  low,  the  unit  holds  its 
last  analog  input  voltage  prior  to  the 
onset  of  zero  logic. 


Figure  2 

Details  of  Frequency 
Spectrum  Analysis  Circuit 
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One*  ths  frequency  spectrum  circuit 
ha*  an  output  which  exceed*  a  predeter¬ 
mined  threshold  (l.e.,  when  a  frequency 
resonance  is  reached),  then  a  second 
circuit  is  introduced  to  examine  ?n(T) 
parameters.  Figure  3  depicts  this 
subcircuit  in  block  diagraa  fora. 


PB 


Figure  3 

The  yn(T)  Circuit 

The  data  signal  and  a  test  signal 
from  an  oscillator  gated  by  the  logic 
signal^  L,  from  the  magnetic  tape 
Channel,  are  multiplied  and  integrated 
to  form  ^n(T).  The  integrator 
integrates  when  L=1  and  returns  to 
zero  when  L=0.  Tn(T)  i-s  then  used  as 
the  input  to  an  electronic  comparator. 
(COMP) 

A  comparator  is  a  device  with  a 
logic  one  (zero)  output  when  the 
algebraic  sum  of  its  analog  inputs  is 
greater  (less)  than  zero.  The  compara¬ 
tor  is  frequently  a  package  unit  on 
most  analog  computers  but  may  be 
constructed  from  accessory  items  by 
using  the  circuit  t2]  shown  in  Figure  4. 
The  high-gain  amplifier  has  no  feedback 
except  the  diode  limiting  networks. 
Hence  its  output  is  always  at  one  or 
the  other  of  its  two  limiting  states. 
When  the  sum  of  the  analog  inputs  is 


positive,  the  output  becomes  negative 
but  the  upper  diode  limit*  it  to  about 
-0.5  volts,  which  is  close  enough  to  0 
volts  to  count  as  a  logic  ZBSO.  Khan 
the  net  analog  input  is  negative,  the 
amplifier  output  becoaus  positive,  and 
the  diode-resistor  network  limits  it 
to  +5  volts  (logic  ORE  on  Model  380 
computer) . 


-«EK 


Figure  4 

Circuit  For  an  Electronic  Comparator 

The  bipolar  differentiator  is  a 
misnomer  in  the  sense  that  it  is  not  a 
rate  of  change  indicator  of  an  analog 
signal  but  rather  a  device  which  gives 
a  logic  pulse  whenever  its  logic  input 
signal  has  changed  state.  Figure  5 
depicts  a  bipolar  differentiator  made 
from  flip-flops  and  AXD  gates.  The 
length  of  the  output  pulse  is  generally 
from  one  clock  pula?  to  the  next  clock 
pulse. 


Figure  5 

A  Bipolar  Differentiator 

The  output  of  the  bipolar  differen¬ 
tiator  is  then  supplied  to  a  3hift 
register.  As  (T)  changes  polarity, 
a  logic  bit  is  shifted  through  the 
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register.  Selected  states  of  the  shift 
register  provide  a  logic  signal  to 
gate  the  counting  of  logic  clock 
pulses.  This  saae  logic  signal  controls 
the  integration  of  ?n{T)  during  shift 
register  states.  Final  values  of  7n(T) 
are  displayed  on  a  digital  voltaeter 
(DOM) .  A  push-button  gate  (PB)  initial¬ 
ises  the  integrator. 


The  implementation  of  the  Tn(T) 
circuit  involved  soiae  unique  precautions. 
Primary  among  these  was  the  realisation 
that  ?  (I)  actually  contains  two  parts, 
one  oscillatory  term  with  frequency 
(tOn-  U>)/21T  and  a  second  term  where 
(u>n+  u>)/2  T  is  the  frequency.  For  low 
values  of  fn,  ^  (T)  shows  considerable 
evidence  of  cdn  +  m  which  appears  as  a 
high  frequency  oscillation  superimposed 
on  a  low  frequency  variation.  When 
the  u)«»u)  term  is  sufficiently  large, 
the  cooparator  tends  to  change  state 
several  times  for  one  polarity  change 
of  the  part  of  4*  (T) .  fliis 

condition  can  be  avoided  by  using  the 
circuit  shown  in  Pigure  6.  The  series 
feedback  circuit  of  Rj  and  Cj  serve 
to  differentiate  the  output  of  the 
comparator  and  cause  the  response 
shown  in  Figure  6  for  the  sum  of  the 
comparator  inputs.  [3] 


INPUT 
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Figure  6 

A  Low  Band-Pass  Comparator [a] 
Circuit  [b]  Input  Characteristics 


Another  problem  is  che  choice  of 
a  clock  rate  selected  for  the  program. 
Shift  register  and  gate  actions  are 


synchronous  with  the  computer  clock  rate. 
That  is  to  say  a  bit  is  not  rhifted  nor 
a  gate  opened  or  closed  at  the  instant 
of  cosnand  but  such  actions  are  accom¬ 
plished  at  the  next  clock  pulse.  If 
the  clock  rate  is  10  pulses  per  second 
and  Th  is  1  second,  the  error  in 
measuring  Tb  due  to  synchronisation 
could  be  as  high  as  20%.  However,  with 
10s  clock  pulses  per  second,  the  error 
limit  is  0.002%. 

TEST  RESULTS 

Figure  7  shows  the  results  of  using 
the  (Aw)  approach  on  a  square  wave 
with  frequency  of  2  Berts  and  a  computa¬ 
tion  time  of  2  seconds.  The  ripples 
observed  in  the  recording  are  a  natural 
consequence  of  the  mathematical  form  of 

fAU>)and  in  this  case  have  a  "period" 
(in  the  frequency  domain)  of  0.05  Herts 
(i.e.,  T-l). 


Figure  7 

Square  Wave  Analysis 

It  is  possible  to  determine  the 
Fourier  analysis  parameters  from  the 

method  but  the  total  computation 
time  is  exorbitant.  In  the  case  of 
Figure  7,  the  time  required  to  traverse 
from  l  Hertz  to  11  Hertz  is  22  minutes. 
By  interchanging  the  logic  controls  of 
the  integrator  used  as  a  ramp  function 
generator  in  Figure  2,  a  knowledge  of 
Fourier  analysis  parameters  is  sacri¬ 
ficed  in  order  to  gain  analysis  speed 
and  to  obtain  a  result  usable  for 
Tn(T)  application.  Under  these  condi¬ 
tions  generation  of  Figure  7  would 
require  less  than  2  minutes. 
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Extensive  measurements  of  the  three 
paraawters  of  interest  (i.e.  ,<t/n.  4tj  , 
and  /In)  over  a  frequency  range  from 
10  to  500  Herts  indicated  that  the 
ratios  of  the  standard  deviation  of  the 
measurement*  to  the  mean  value  of  the 
measurement  mere  as  follows: 


Parameter,  X 

Range  of  X 

Af 

2.4x10  ■* 

0.5  to  2.0  Hz 

A* 

2.5xl0'3 

0°  to  360° 

An 

2.8xl0-2 

0.1  to  10  volts 

Therefore,  a  measurement  involving 
Af*IHj,Af  ■  200°,  and  A  =10  volts 
has  expected  errors  of  the  order  of  2.5 
milliHertz  (Af)  0.5°  (A*)  and  0.28 
volts  (An)  . 

Systematic  variations  of  T),  and  A  n 
considered  as  functions  of  A*  were 
observed.  This  phenomenon  is  attributed 
to  the  constant  small  bias  voltage  to 
be  found  on  oscillators  built  from 
analog  computer  components.  The  output 
of  the  integrator  is  in  reality 
?n<T)  +  €  T.  Fortunately,  €  is  a 
small  voltage  and  produces  no  substan¬ 
tial  consistent  errors. 

An  analysis  of  a  30  Hertz  square 
wave  was  performed  using  the  Tn(T) 
method.  The  results  are  shown  in 
Table  II.  The  square  wave  amplitude 
was  3.00  vo Its  (peak  value).  The 
various  order  frequency  components  all 
have  0°  phase  angles  and  amplitudes 
given  by  the  expression 


A*  *  ^.[l-cos(ntr)]  (8, 

where  h  is  the  amplitude. 

The  theoretical  values  of  Auiin 
Table  II  were  determined  by  measuring 
the  frequency  difference  between  the 
test  oscillator  and  the  data  oscillator. 
The  phase  angle  of  the  test  oscillator 
was  purposely  retarded  by  40°  to  allow 
accurate  measurement  of  An  since  small 
values  of  Sin(A^)  contribute  large 
errors  in  the  use  of  Equation  7. 


TABLE  II 

Square  Wave  Analysis 


n  ■  1  f  = 

29.043  Hz 

THEORETICAL 

EXPERIMENTAL 

AU> 

0.9571  Hz 

0.9584  Hz 

At 

+  40.0° 

+  40.7° 

An 

3.82  volts 

3.86  volts 

n  =  3  f  - 

89.229  Hz 

AU) 

0.7709  HZ 

.7720  Hz 

At 

+  40.0° 

+  41.3° 

An 

1.27  volts 

1.28  volts 

n  =  5  f  = 

148.97  Hz 

Aui 

1.0284  Hz 

1.0335  Hz 

A* 

+  40.0° 

+  40.9° 

0.764  volts 

0.758  volts 

The  use  of  the  analog  computer 
program  discussed  here  is  frequency 
limited.  Oscillators  built  from 
computer  operational  amplifiers  show 
considerable  decay  with  time  at  frequen¬ 
cies  in  excess  of  500  Hertz.  This 
phenomenon  is  due  primarily  to  the 
leakage  of  capacitors  used  in  the  feed¬ 
back  loops  of  the  oscillator.  This 
limitation  can  be  avoided  by  using  a 
commercial  oscillator  which  can  be 
gated  by  the  computer.  The  upper  limit 
in  this  cane  is  approximately  900  Hertz. 

Not  all  values  of  phase  angle  permit 
satisfactory  operation  of  the  Tn(T) 
method.  Noise  problems  coupled  with 
comparator  dead  zone  reaction  (i.e., 
voltage  range  near  zero  where  the 
comparator  action  is  uncertain)  prohibit 
measurements  at  90°  _+  15°  and  270°^  15°. 
This  situation  is  readily  apparent  to 
the  computer  operator  tind  may  be  solved 
by  either  advancing  or  retarding  the 
phase  angle  of  the  test  oscillator  by 
45°  and  considering  this  change  in 
subsequent  calculations. 

CONCLUSIONS 


The  frequency  resolution  obtainable 
from  the  ^n(T)  method  can  be  estimated 
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by  first  examining  y*  (juu) .  The  distance 
between  minor  peaks  in  a  recording  such 
as  exemplified  in  Figure  7,  is  a 
frequency,  fr.  which  is  equal  to  the 
reciprocal  of  T,  the  computation  time. 
Two  frequency  components  separated  by  a 
frequency  If  show  some  interference 
through  the  distortion  of  the  envelope 
of  the  minor  peaks.  This  envelope  is 
essential  to  the  determination  of 
Fourier  parameters  for  each  frequency 
component.  If  each  component  is  of 
equal  magnitude  and  P  is  the  percentage 
of  interference,  then  frequency  resolu¬ 
tion  for  (Alt)}  is  given  by  the  relation 

P*fy/?irSf  (9) 

A  permissible  value  of  P  ot  0.01  for 
two  frequency  components  separated  by  1 
Hertz  therefore  requires  that  T-16 
seconds.  For  the  ^n(T)  method  the 
equivalent  expression  for  equation  (9) 
is 

P»Af  /(iitti)  (10) 

where  Af  is  Tb  is  the  frequency 

difference  between  the  two  components, 
and  the  minus  (plus)  sign  is  used  when 
the  test  signal  frequency  is  (is  not) 
between  the  frequency  components. 
Therefore,  if  If  is  5  Hz  and  P  =  0.05, 
then  Af  =  0.25  Hertz  (or  T^  =  4  seconds) 
under  both  frequency  conditions. 

Several  circuit  improvements  were 
conceived  during  the  latter  stages  of 
this  program  but  were  not  implemented 
due  to  a  lack  of  time  and/or  equipment. 
One  modification  is  to  obtain  the 
logarithm  of  ^n(T)  in  analog  form  and 
change  its  polarity  when  the  polarity 
of  ^n(T)  changes.  This  would  have  the 
effect  of  making  the  zero  crossing 
times  more  exact  and  should  reduce  the 
phase  angle  dead  zone.  A  second  circuit 
variation  is  to  replace  the  bipolar 
differentiator  with  a  leading  edge 
differentiator  and  a  circuit  to  provide 
the  absolute  value  of‘?rn(T)  rather  than 
?n(T).  This  change  should  theoretically 
increase  the  reliability  of  the  counting 
periods. 


parameters.  This  alternate  method 
centers  around  the  generation  of  two 
functions! 

*¥9(T S  u/ntt^w Smt+f  Jt 

•  (t) 

%  (T)  *  A*  A *  #n  Ciot+4 

*  -  An  A  (Caut+a0~C 

Now  T  (T)  =  0  when  T  =  T. 

3  b  S 

and  T«  (T-2A*)/AW5Ta 

?(.(T)  =  0  when  T  »  Tj, 

and  T  -  (2TT-?A$)/AU)iT.C 

when  ?"8  or  is  evaluated  at  its 
complementary  value  of  T-,  we  find 

Therefore,  measurements  of  T-0, 

Ts(rac)  and  T’j.fTg®)  provide  measure 
of  AU),A$,  and  An.  Circuits  required 
to  implement  this  method  were  more 
numerous  because  T5  and  Tc  must  be 
generated  simultaneously  and  two  shift 
registers  are  now  required.  One  counting 
measurement  and  an  integration  have, 
however,  been  eliminated.  The  added 
complexity  of  this  approach  is  not 
compensated  by  any  appreciable  increase 
in  accuracy. 

REFERENCES 

1.  C.  L.  Johnson,  Analog  Computer 
Techniques,  pg.  114,  McGraw-Hill  Book 
Company,  New  York  1963. 

2.  C.  L.  Johnson,  Analog  Computer 
Techniques,  pg.  184,  McGraw-Hill  Book 
Company,  New  York  1963. 

3.  L.  Cartwright,  Private  Communication, 
July  1971. 


There  exists  another  alternative  to 
the  method  of  measuring  zero  crossing 
times  in  order  to  establish  %n(T) 
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DISCUSSION 


Mr.  Ryroer  (Naval  Air  Test  Center):  Ton 
mentioned  that  yon  had  about  2  mlllihertz  fre¬ 
quency  accuracy.  At  what  frequency  was  that 
and  at  what  sweep  rate?  That  varies  depending 
on  these  two  factors. 

Mr.  Buies:  The  range  of  frequencies  that 
I  examined  went  up  to  a  maximum  of  about  450 
Hz,  and  I  had  to  make  some  modifications  on  the 
integrators  that  went  to  make  up  the  oscillator 
in  order  to  obtain  this  kind  of  frequency  and 
have  them  hold  their  values.  They  tended  to 
drift  and  there  were  some  leakages  on  the  ca¬ 
pacitor,  so  there  had  to  be  some  modifications 
to  get  to  that  frequency.  Actually,  you  do  not 
have  to  use  an  oscillator  built  into  the  analog 
computer,  very  inexpensive  oscillators  are 
commercially  available  that  can  be  controlled, 
they  can  be  gated,  they  can  be  increased  in  fre¬ 
quency  by  putting  the  voltage  into  them,  and  they 
are  very  stable.  One  does  not  have  to  be  tied  to 
a  limit  of,  say,  400  Hz  such  as  on  an  analog  com¬ 
puter  oscillator.  The  sweep  rate  does  not  come 
into  this  picture  because  these  values  which  you 
saw  and  the  ones  I  quoted  were  dependent  on  the 
fact  that  you  get  up  to  the  resonance,  stop,  and 
then  you  take  measurements.  You  are  measuring 
the  difference  between  a  signal,  or  an  oscillator 
frequency  which  is  fixed,  and  the  i«rm  you  are 
trying  to  measure;  all  you  have  to  do  is  to  mea¬ 
sure  the  frequency  of  the  analog  oscillator  and 
the  parameters  that  evolve  from  the  computer 
program  tell  you  how  far  you  are  away  from 
that  other  resonance,  and  it  turns  out  to  be  quite 
accurate. 
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INVESTIGATION  OF  LAUNCH  TOMER  MOTION 
DURING  AEROBEE  350  LAUNCH 


Ron  L.  Kinsley  and  William  R.  Case 
NASA,  Goddard  space  Flight  center 
Greenbelt,  Maryland 


One  o£  the  initial  launches  of  an  Aerobse  350,  a  NASA 
Sounding  Rocket,  experienced  a  significant  dispersion  from 
its  predicted  impact  point.  Rate  gyro  data  provided  evi¬ 
dence  that  the  vehicle's  attitude  was  disturbed  as  it 
exited  from  the  launch  tower.  A  task  team  was  formed  to 
investigate  the  possibility  that  launch  tower  motion  was 
the  source  of  this  anomaly. 

Efforts  of  the  task  team  consisted  of  an  extensive 
field  measurements  program  and  a  rigid  body  dynamic 
analysis  of  the  vehicle/tower  combination.  Aerobee  launch 
towers  at  both  Wallops  Island,  Virginia,  and  White  Sands, 
New  Mexico,  were  instrumented  with  accelerometers  for 
several  launches. 

It  was  discovered  that  the  tower's  second  mode  was 
consistently  excited  at  launch.  The  potential  for  tip- 
off  as  a  result  of  the  measured  tower  motion  was  deter¬ 
mined  analytically. 

The  excitation  mechanism  was  isolated  and  found  to 
be  a  low  frequency  pressure  oscillation  in  the  building 
hut  created  by  the  rocket  blast.  The  recommended  solution 
of  the  problem  was  to  remove  hut  panels  to  prevent  the 
initial  pressure  buildup. 


INTRODUCTION 

(a)  Launch  Vehicle 

The  Aerobee  350  is  a  four-finned, 
two-stage  Sounding  Rocket  employed  by 
NASA  for  a  wide  range  of  scientific 
investigations.  Its  first  stage  uses  a 
NIKE  M5E1  solid  propellant  motor  that 
is  ignited  at  launch  and  burns  for 
approximately  3.5  seconds.  The  second 
stage  is  propelled  by  a  cluster  of  four 
Aerobee  thrust  chambers  that  use  inhib¬ 
ited  red  fuming  nitric  acid  and  a  mix¬ 
ture  of  aniline  and  fur  fury 1  alcohol 
as  liquid  propellants.  After  about  52 
seconds  of  burning,  the  rocket  follows 
a  ballistic  trajectory  until  impact. 
Basic  physical  dimensions  of  the  Aero¬ 
bee  350  are  presented  in  Figure  1. 


(b)  Launch  Tower 

The  rocket  is  designed  for  firing 
from  the  four-rail  launch  towers  at 
NASA  Wallops  Station,  Wallops  Island, 
Virginia,  and  at  White  Sands  Missile 
Range  (W3MR) ,  White  Sends,  New  Mexico. 
The  launch  tower  is  160  feet  in  height 
and  consists  of  21  levels  at  8-foot 
spans  which  provide  access  to  the  launch 
rails.  The  levels  are  designated  LI 
through  L21  as  shown  in  Figure  2.  The 
four  launch  rails  run  the  entire  length 
of  the  tower.  There  are  three  sets  of 
riding  shoes  (each  set  consisting  of 
four  shoes)  on  the  Aerobee  350.  Their 
locations,  as  shown  in  Figure  1,  are  at 
the  base  of  the  NIKE,  at  the  base  of 
*-he  second  stage  and  at  the  top  of  the 
second  stage.  One  of  the  shoes  at  the 
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tea*  of  tbo  >m  hu  a  toy  arranj—  nt 
aad  raaalaa  in  eontaet  with  tha  launch 
sail  aatil  tha  wbiclm  aocita  from  tha 
tooar.  Tha  *— mining  shoes  aaraly  bott 
againat  tha  iiiila  and  aaiataln  proper 
align— t  of  tha  vnbiclo  in  tha  towar. 

Tha  lower  half  of  tha  towar  is 
aacloaad  in  a  building  ■ tractors  which 

diticas  for*the*acientif ic  payloads, 
tha  antira  Might  of  tha  towar  is  snp- 
ported  completely  by  tha  building.  The 
only  a  tractor al  ooonaction  between  tha 
hoildiag  and  tha  tower  is  at  Lll.  This 
structural  connection  takas  tha  fora  of 
a  giatial  ays  tea  wbaraby  tha  towar  ia 
giabsllad  relative  to  the  building  in 
two  asaa  at  Lll.  This  global  arrange- 
■ant  is  the  aachanian  by  which  the 
propar  tower  elavation  and  asiauth 
angles  are  obtained,  exact  tower  set¬ 
tings  for  a  given  launch  are  dictated 
by  existing  wind  conditions.  The  base 
of  the  tower  is  positioned  by  weans  of 
a  pin  which  is  attached  to  a  aovable 
turntable  located  in  the  floor  of  the 
building.  This  pinning  arrangement 
serves  only  aa  a  positioning  nechanisa 
(for  different  tower  settings)  and  does 
not  carry  any  load.  All  of  the  loads 
are  carried  through  the  gimbals  at  Lll. 

(c)  Background 

One  of  the  initial  launches  in  the 
Aerobee  350  program.  NASA  17.05.  expe¬ 
rienced  an  excessive  dispersion  from 
Mie  predicted  impact  point.  Kate  gyro 
data  from  the  flight  indicated  that  as 
the  vehicle  exited  from  the  launch  tower 
it  experienced  a  pitching  motion,  about 
its  center  of  gravity,  of  approximately 
3.5°/sec.  Subsequent  analysis  showed 
that  such  a  "tip-off  rate"  could  gener¬ 
ate  substantial  dispersions.  Any  exact 
number  is  dependent  on  several  param¬ 
eters  such  as  payload  weight  and  tower 
settings,  but  a  typical  value  for  an 
Aerobee  350  was  shown  to  be  5  miles  of 
impact  dispersion  for  every  1.0°/sec.  of 
tip-off.  As  a  result  of  the  NASA  17.05 
impact  dispersion,  future  launches  from 
WSKR  were  placed  in  jeopardy  due  to 
stringent  range  limitations. 

The  mechanics  of  how  the  tip-off 
was  produced  were  unknown ,  but  it  was 
felt  that  the  problem  was  related  to 
motion  of  the  launch  *-ower.  A  task  team 
made  up  of  members  of  the  Structural 
Dynamics  Branch  of  the  Test  and  Evalua¬ 
tion  Division  at  the  coddard  Space 
Plight  Center  was  formed.  The  assign¬ 
ments  of  the  task  team  were  as  follows: 
(1)  Completely  define  launch  tower 
motion;  (2}  Determine  the  vehicle  tip- 
off  potential  as  a  result  of  such  tower 
motion;  (')  Isolate  the  excitation 


forces  which  produce  tower  motion;  and 
(4)  Bacons and  methods  for  reducing 
tower  notion. 

FIELD  tBASOBENEMT  PB06KAN 

Tbo  initial  efforts  of  the  task 
toaa  consisted  of  an  extensive  field 
waaouraownta  progran.  Tbs  following  ia 
a  general  description  of  tbo  instru¬ 
mentation  setup  need  in  this  measure¬ 
ments  progran. 

(a)  Instrumentation  Setup 

The  basic  purpose  of  ins true anting 
the  tower  was  to  determine  if  there 
existed  tower  vibratory  motion  capable 
of  imparting  a  significant  perturbation 
to  flight  dynamics.  Any  each  motion 
would  have  to  consist  of  substantial 
velocity  and  displacement  and  conse¬ 
quently  be  of  low  frequency  content. 

For  this  reason,  '  is tier  3C3-B  servo- 
acceleronetera  %r  re  employed  for  tower 
instrumentation.  The  characteristics 
of  this  accelerometer  are  such  that  its 
response  is  linear  in  the  frequency 
range  fron  0-150  Hz. 

Since  the  accoleronoters  had  to 
function  in  the  extremely  severe 
acoustical  and  thermal  environment 
created  by  the  rocket  blast,  a  method 
of  shielding  the  accelerometers  had  to 
be  used.  The  accelerometers  were  en¬ 
cased  in  an  aluminum  box  which  was  in 
turn  covered  with  lead  sheeting.  The 
entire  assembly  was  then  wrapped  with 
asbestos  tape.  Another  problem  inher¬ 
ent  in  this  particular  measurement 
program  was  to  decipher  low  frequency 
(low  acceleration)  data  from  a  dynamic 
environment  in  which  there  was  an 
abundance  of  high  frequency  (high 
acceleration)  data.  It  was  discovered 
that  without  some  sort  of  isolation 
system  the  accelerometer  output  was 
saturated  by  extremely  high  accelera¬ 
tion,  high  frequency  inputs.  This 
problem  was  eliminated  by  mounting  the 
accelerometers  on  rubber  pads  whose 
frequency  response  was  such  that  they 
rolled  off  sharply  above  50  Hz. 

Slight  variations  in  the  exact 
instrumentation  were  employed  for  the 
different  launches  but  in  general 
accelerometers  were  mounted  on  about 
o  of  the  21  levels.  At  each  level 
instrumented  there  were  two  accelerom¬ 
eters  mounted  in  perpendicular  axes, 
one  in  Building  axis  A  and  the  other 
in  Building  axis  B  (see  Figure  2). 
Levels  1,  11  and  21  were  always  instru¬ 
mented  . 

In  addition  to  the  accelerometers 
a  trip  wire  system  was  also  used  in  the 
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loitnantation  program.  Thin  vim 
wars  positioned  across  tbs  fin  walls  at 
various  taw  lsvsls.  as  each  wire  was 
severed  bp  tbs  sgstainer  fin  a  voltage 
step  was  generated.  This  provided  a 
naans  of  correlating  vehicle  position  in 
tbs  tower  with  tbs  acceleration  tins 
histories  of  varices  points  on  *3m  160- 
foot  tower. 

All  data  obtained  were  recorded  on 
magnetic  tape  for  analysis  purposes. 

(b)  Launches  Ins tru sen ted 

Due  to  the  relatively  low  frequency 
of  Aerobee  350  launches  it  was  concluded 
that  the  launch  tower  should  be  instru¬ 
mented  for  launches  of  Aerobee  170*3 
to  supplement  the  data  from  launches  of 
Aerobee  350's.  The  justification  for 
this  approach  is  that  both  vehicles  ara 
launched  free  the  same  tower  and  that 
the  vehicles  are  similar  in  that  they 
both  employ  the  NIKE  M5E1  first-stage, 
lbs  basic  difference  between  the  two  is 
that  the  Aerobee  350  uses  a  cluster  of 
four  Aerobee  thrust  chambers  in  its 
second-stage  whereas  the  Aerobee  170 
uses  only  one.  Also,  Aerobee  350  pay- 
loads  are  generally  larger  and  heavier 
than  Aerobee  17G  payloads. 

The  two  towers  were  instrumented 
for  a  total  of  seven  launches.  TWO  of 
the  launches  were  Aerobee  170's,  four 
were  Aerobee  350's  and  the  seventh  was 
a  Black  Brant  VC.  The  results  obtained 
from  instrumenting  the  Black  Brant  VC 
launch  will  be  discussed  in  a  later 
section. 

(c)  Results 

In  addition  to  the  launch  data 
obtained  considerable  data  from  a  series 
of  manual  excitations  were  obtained. 

This  manual  excitation  was  accomplished 
by  two  men  pushing  back  and  forth 
against  the  launch  rails  at  L21.  ob¬ 
viously  tl  acceleration  levels  genera¬ 
ted  by  this  action  were  very  small  tut 
were  sufficient  to  provide  a  clear 
definition  of  the  tower's  first  1  o 
normal  mode  shapes  and  frequencies . 
Normalizing  the  filtered  acceleration 
time  histories  at  various  points  on  the 
tower  for  a  given  instant  of  time  pro¬ 
vided  the  mode  shapes.  The  first  two 
mode  shapes  whose  frequencies  are 
approximately  1.2  Hz  and  4.5  Hz  respec¬ 
tively,  are  presented  in  Figure  3.  The 
mode  shapes  and  frequencies  wer>  essen¬ 
tially  the  same  in  Building  axes  A  and 
B. 

As  will  become  evident  shortly  the 
second  mode  is  of  primary  concern  in 
the  tip-off  problem.  This  mode  shape 


reveals  some  important  qualities  about 
tbs  dynamic  rasponaa  of  tha  tower, 
namely,  that  there  is  motion  present  at 
the  global  point  and  at  tha  base  of  the 
tower.  The  tower  behaves  very  such  like 
a  free-free  base  with  a  flexible  re¬ 
straint  at  tha  global.  This  is  consist¬ 
ent  with  tha  actual  physical  structure 
of  tha  tower.  Duo  to  the  small  dis¬ 
placements  (a  0.5")  in  question  the  base 
of  the  tower  is  essentially  free  due  to 
the  slop  in  the  pinning  mechanise;  for 
very  large  displacements  the  pin  would 
provide  lateral  restraint.  At  Lll  tha 
building  provides  a  certain  degrea  of 
lataral  restraint.  Tha  building  doss 
indeed  move  hut  tends  to  suppress  notion 
of  the  tower  as  evidenced  by  the 
tower's  second  mode  shape. 

Tower  data  from  all  the  launches 
exhibited  several  basic  common  charac¬ 
teristics.  The  predominate  low  fre¬ 
quency  oscillation  of  the  tower  was 
always  the  second  vibratory  mode  of  the 
tower.  This  second  node  oscillation 
was  always  substantially  greater  in 
Building  axis  A  than  in  Building  axis  B. 
Table  1  presents  a  tabulation  of  the 
peak  second  node  accelerations  measured 
at  L21  in  axes  A  and  B  for  each  of  the 
seven  instrumented  launches.  With  the 
exception  of  the  Black  Erant  VC  launch 
the  peak  levels  are  of  comparable  value. 
Peak  levels  for  the  Aerobee  350  launches 
range  from  0.34g's  to  0.50g's  while  the 
Aerobee  170  launches  produced  peak  tower 
accelerations  of  0.34g's  and  0.38g‘s. 

An  example  of  the  displacements  associ¬ 
ated  with  these  motions  is  as  follows: 
an  acceleration  of  0.40g's  at  4.5  Hz 
corresponds  to  a  double  amplitude  dis¬ 
placement  of  0.40  inch. 

Presented  in  Figure  4  are  the 
filtered  second  mode  acceleration  time 
histories  at  L21  from  the  launch  of 
NASA  17.08.  This  is  very  typical  of 
the  time  histories  obtained  from  each 
of  the  launches.  As  can  be  seen  the 
acceleration  in  axis  A  builds  up  to  its 
ma-imum  value  very  quickly  after  igni¬ 
tion,  the  level  then  decreases  only 
slightly  over  the  next  several  cycles 
but  then  damps  out  rapidly  after  the 
vehicle  has  exited  from  the  tower. 

Extensive  comparisons  of  the 
narrow  band  filtered  acceleration  time 
histories  from  the  different  launches 
were  made.  A  close  scrutinization  re¬ 
vealed  that  the  filtered  acceleration 
time  histories  at  L21  from  the  two 
Aerobee  170  launches  were  remarkably 
similar.  The  magnitudes  and  phasing 
as  functions  of  time  were  almost  identi¬ 
cal  for  the  two  launches.  Similarly 
after  comparing  the  second  mode  accel¬ 
eration  time  histories  from  the  four 
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Mtahw  350  launch**  *t  mi  dtttniMJ 
that  th*  initial  portion  of  th*  tin* 
his  tor  in*  Max*  aaia tangly  similar.  Bov 
•Tax,  one*  tha  v*hicl*  was  in  tna  upper 
portico  of  the  tower  the  aiailaritiaa 
•udad.  tha  phasing  and  nagnitades  of 
tbe  traoaa  ware  no  longer  consistent 
fron  one  launch  to  another. 

The  tower's  first  node  was  newer 
excited  to  a  Measurable  level  during 
any  of  the  instrunanted  launchea.  since 
the  first  node  was  easily  excited  dur¬ 
ing  tbe  Manual  Shakes  tha  fact  that  the 
first  node  was  not  excited  during  launch 
provided  a  key  to  the  nature  of  the 
excitation  force,  lha  theory  that  the 
excitation  force  was  in  eons  way  related 
to  pressure  buildup  in  the  tower  hut 
evolved.  To  investigate  this,  pressure 
transducers  were  noun ted  at  various 
locations  in  tha  tower  hot  for  several 
launches.  The  data  revealed  that  there 
was  a  6  Hr  pressure  oscillation,  with  a 
peak  Magnitude  of  0.6  PSI6,  generated  in 
tbe  building  at  ignition. 

ANALYSIS 


(distance  "b“  on  Figure  5)  when  the 
second  shoe  in  exiting.  Also  over  the 
0.05  second  ttue  between  second  and 
third  shoe  exit,  the  vehicle  forward 
velocity  is  nearly  constant  and  tbe 
tower  notion  sinusoidal.  Ctilixing 
these  facts  and  assuning  tbe  third  shoa 
to  renain  in  contact  with  the  tower 
rails,  the  vehicle  rigid  body  equation 
of  notion  in  one  plane  is 


where  Ato  and  a  are  the  tower  accelera¬ 
tion  nagnitude  (g's)  and  phase  (rela¬ 
tive  to  its  undisturbed  poeition)  at 
second  shoe  exit,  X2  is  the  distance 
between  second  and  third  shoes  on  the 
vehicle.  VQ  is  the  vehicle  forward 
velocity,  t  is  the  tine  fron  second 
shoe  exit,  m  is  the  tower  vibration 
frequency  and 

(2) 


&T 


Co  +Xo 


In  conjunction  with  the  field 
neasurenenta  prog ran,  analyses  were 
perfomed  to  estivate  the  nagnitude  and 
possible  causes  of  the  tip-off  phe- 
nonena.  Since  the  Aerobee  vehicles  have 
no  attitude  rate  control,  large  dis¬ 
persions  in  the  final  range  of  the 
vehicle  can  result  fron  tower  induced 
notions  at  the  tine  the  vehicle  exits 
the  tower.  Based  on  trajectory  analy¬ 
ses  perfomed  by  the  Goddard  Sounding 
Rocket  Division,  it  was  determined 
that  the  Aerobee  350,  for  example,  could 
experience  range  dispersions  of  20nm  if 
the  vehicle  attitude  rate  at  tower  exit 
were  as  much  as  4  degrees  per  second. 
During  the  time  between  second  and 
third  riding  shoe  exit  from  the  tower, 
the  vehicle  is  free  to  pitch  relative 
to  the  tower  and  if  the  tower  is  vibra¬ 
ting  during  this  time  it  imparts  a 
rigid  body  pitching  motion  to  the 
vehicle.  For  the  Aerobee  350  the  time 
between  second  and  third  shoe  exit  is 
approximately  0.05  second.  Since  this 
corresponds  to  approximately  one- 
quarter  of  a  cycle  of  the  observed  tower 
motion  in  its  4.5  Hz  mode,  it  was  felt 
that  tower  motion  could  have  an  appre¬ 
ciable  effect  on  the  vehicle  attitude 
rate  at  third  shoe  exit  and  an  analysis 
was  made  to  determine  this  effect. 

Figure  5  shows,  schematically,  the 
to.fer  and  vehicle  during  the  period 
between  second  and  third  shoe  exit. 

From  measured  tower  mode  shapes  the  4.5 
Hz  mode  is  very  nearly  straight  over 
the  portion  of  the  tower  from  the  tip 
inboard  to  the  third  shoe  location 


where  Cq  is  the  radius  of  gyration  of 
the  vehicle  about  its  center  of  gravity 
(c.g.),  Xp  is  the  distance  from  the 
c.g.  to  the  third  shoe  and  g  is  the 
acceleration  due  to  gravity. 

All  of  the  coefficients  in  equa¬ 
tion  (1)  are  functions  of  the  particular 
vehicle  (Aerobee  350  or  170)  with  the 
exception  of  the  tower  acceleration 
magnitude  and  phase  at  second  shoe  exit. 
Thus  we  can  solve  (1)  as  a  function  of 
these  two  parameters,  which  may  vary 
from  one  launch  to  another,  for  a 
particular  vehicle.  Of  particular 
importance  are  the  vehicle  pitch  rate 
(5y)  and  attitude  (9V)  at  the  time  of 
third  shoe  exit.  These  are  the  so 
called  tip-off  conditions  which,  for 
the  Aerobee  350,  can  have  a  large  effect 
on  the  resulting  range  of  the  vehicle. 

Figure  6  shows  the  pitch  rate  and 
attitude  at  time  of  third  shoe  exit  as 
a  function  of  the  tower  phase  (a)  at 
second  shoe  exit  for  the  Aerobee  350 
using  measured  acceleration  magnitudes. 
The  convention  on  tower  phase  at  second 
shoe  exit  is  that  a=0  corresponds  to 
the  tower  passing  through  its  un¬ 
disturbed  position  pitching  down  range. 
As  indicated,  the  highest  pitch  rates 
occur  in  the  vicinity  of  a=15  deg.  and 
the  pitch  rates  can  be  either  positive 
(pitching  vehicle  nose  down)  or  nega¬ 
tive  (pitching  vehicle  nose  up).  Thus, 
one  would  expect  that  if  the  vehicle  is 
riding  the  rails  quietly  (that  is,  no 
banging  of  the  vehicle  on  the  rails) 
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that  rang*  dispersion*  would  be  only  ns 
pradictabl*  as  the  tower  notion,  if  the 
tower  notion  at  second  shoe  exit  were 
one-half  cycle  different  in  phase  be¬ 
tween  two  flights  the  resulting  rang* 
dispersions  would  in  one  case  cause  the 
vehicle  to  go  long  and  in  the  other  case 
cause  it  to  go  short.  However,  the 
naxisun  pitch  rates  that  can  be  attained 
am  large  enough  to  cause  appreciable 
rang*  dispersions  for  the  Aerobe*  350. 

A  sinilar  analysis  on  the  Aerobe*  170 
resulted  in  tip-off  pitch  rates  on  the 
order  of  1.5  to  2.0  degrees  per  second. 

Having  established  the  fact  that, 
for  the  Aerobee  350  at  least,  the  tip- 
off  rates  could  be  a  serious  probleo, 
several  analyses  were  performed  to 
determine  the  probable  source  or  sources 
of  the  tower  notion  so  that  recommenda¬ 
tions  could  be  made  to  reduce  the  accel¬ 
eration  levels.  In  these  analyses,  the 
tower  ms  idealized  as  a  uniform  beam 
whoee  properties  were  obtained  by 
matching  the  measured  4.5  Hz  bending 
node,  in  order  to  include  the  effect 
of  building  stiffness,  the  bean  was 
connected  to  ground  through  a  spring  at 
the  80-foot  level  and  this  spring  rate 
was  obtained  empirically  from  the  meas¬ 
ured  mode  shape  in  the  4.5  Hz  mode. 

Using  this  empirically  obtained  mathe¬ 
matical  model  of  the  tower,  the  first 
two  modes  agreed  excellently  with  the 
measured  1.2  and  4.5  Hz  modes  as  shown 
on  Figure  7.  Note  that  good  mode  shape 
agreement  occurs  for  the  4.5  Hz  mode 
assuming  the  bottom  of  the  tower  is  un¬ 
restrained  while  for  the  1.18  Hz  mode 
it  is  best  if  the  bottom  is  assumed 
pinned.  This  is  very  likely  due  to  the 
fact  that  the  connection  at  the  bottom 
slips  at  the  higher  frequencies  where 
the  inertia  loads  are  higher  but  is 
more  effective  at  the  lower  frequencies. 

Using  this  mathematical  model  of 
the  tower,  several  possible  sources  of 
excitation  were  investigated  for  their 
influence  on  tower  motion.  The  most 
promising  candidates  were  an  assumed 
low-frequency  oscillating  pressure 
loading  in  the  building  being  trans¬ 
mitted  through  the  tower  gimbal  into 
the  tower,  and  a  possible  impacting  of 
the  vehicle  on  the  tower  rails  near  the 
time  of  vehicle  exit  from  the  tower. 
Although  no  quantitative  estimate  of  the 
effect  of  a  low-frequency  pressure 
oscillation  could  be  obtained  without  a 
mathematical  model  of  the  building,  it 
was  demonstrated  that  the  theoretical 
buildup  of  tower  tip  acceleration  from 
the  time  of  liftoff  was  quite  similar 
to  the  measured  accelerations. 

Using  measured  tower  accelerations 
and  measured  pitch  and  yaw  attitudes 


from  sn  Aerobee  170  launch,  an  analysis 
was  made  to  determine  the  effect  of  an 
impact  of  the  vehicle  and  tower  near 
tower  exit.  The  measured  data  ss—s d  to 

point  strongly  to  this  possibility 
evidenced  by  the  sadden  change  in  tower 
acceleration  levels  when  tbs  vehicle 
was  exiting  the  tower  and  also  on  a 
sudden  change  in  slop*  of  the  yaw  atti¬ 
tude  gyro.  Assuming  an  impact  between 
the  front  riding  shoes  and  the  top  of 
the  towor  occurred,  it  was  demonstrated 
that  the  resulting  change  in  accelera¬ 
tion  amplitude  indicated  an  impulsive 
loading  on  the  vehicle  which  would 
theoretically  give  a  4.2  degree  per 
second  change  in  yaw  attitude  rate. 

The  yaw  attitude  gyro  indicated  a  sud¬ 
den  change  in  elope  of  4.7  degrees  per 
second.  Since  the  measured  tower  accel¬ 
erations  on  several  Aerobee  flights 
have  the  characteristic  of  changing 
amplitude  as  the  vehicle  exits,  it  was 
thus  concluded  that  an  impact  of  this 
type  was  a  strong  possibility. 

Based  on  the  analyses  it  was  con¬ 
cluded  that  building  pressure  and 
vehicle-tower  impact  were  causing  the 
high  tower  accelerations.  Venting  of 
the  building  roof  was  recommended  to 
reduce  the  pressure  loading  and  a 
better  restraint  system  for  the  tower 
bottom  was  recommended  since  the  analy¬ 
ses  indicated  that  for  all  of  the  pos¬ 
sible  excitation  sources,  the  tower  tip 
acceleration  would  be  reduced  if  the 
bot»  >m  w.'  e  pinned  more  securely. 

FINAL  STATUS 

After  evaluating  the  results  from 
both  the  measurements  program  and  the 
analytic  effort  the  following  conclu¬ 
sion  has  been  drawn.  The  excitation 
force  generating  tower  motion  is  a  low- 
frequency  (”6  Hz)  pressure  oscillation 
in  the  tower  hut  created  by  the  exhaust 
blast  of  the  NIKE  M5E1  second-stage. 

The  supporting  evidence  for  this  con¬ 
clusion  is  as  follows. 

(1)  The  second  mode  (4.5  Hz)  of 
the  tower  is  excited  instead  of  the 
first  mode  (1.2  Hz).  A  6  Hz  pressure 
oscillation  would  indeed  excite  the 
second  mode  more  than  the  first. 

(2)  Tower  motion  is  substantially 
greater  in  Building  axis  A  than  in 
Buildinq  axis  B.  Looking  a*-  the  sym¬ 
metry  of  the  building  indicates  that  a 
pressure  buildup  would  result  in  a  non¬ 
zero  resultant  lateral  force  on  the 
tower  in  axis  A.  In  axis  B  the  result¬ 
ant  force  on  the  tower  would  ideally  be 
zero.  An  oscillating  pressure  wave  in 
the  building  would  result  in  an  oscil¬ 
lating  force  applied  to  the  tower  in 
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axi M  A.  Analyse*  showed  that  soch  an 
excitation  could  produce  the  tower 
sot  ions  which  have  been  ■assured. 

(3)  rower  Motion  Measured  during 
the  launch  of  the  Black  Brant  VC  was 
less  by  an  order  of  Magnitude  thru  that 
from  Aerobee  launches.  A  conservative 
comparison  indicates  that  tbs  BIBB  M5E1 
nass  flow  rate  is  greater  by  a  factor 
of  three  than  that  of  the  Black  Brant 
VC.  In  other  words  the  launch  of  a 
Black  Brant  VC  did  not  generate  hut 
pressures  severe  enough  to  result  in 
significant  tower  Motion. 

It  can  be  expected  that  cross  range 
dispersions  due  to  tip-off  will  be  Mini¬ 
na!  since  tower  Motion  in  Building  axis 
B  is  of  an  acceptable  level.  This  is 
an  important  consideration  since  at  W8MR 
the  range  is  quite  long  but  is  very 
narrow.  Therefore  significant  down 
range  or  up  range  dispersions  can  be 
tolerated  but  cross  range  dispersions 
cannot. 

As  was  stated  previously,  compari¬ 
sons  of  the  second  node  acceleration 
tine  histories  from  the  Aerobee  350" 
launches  revealed  the  initial  portion 
of  the  time  histories  to  be  sinilar. 
However,  once  the  vehicle  gets  in  the 
upper  half  of  the  tower  the  similarities 
end.  It  is  felt  that  the  reason  for 
this  is  as  follows.  The  pressure  blast 
generated  at  liftoff  is  of  a  repeatable 


nature.  This  pressure  blast  Which  is 
the  initial  excitation  force  than  re¬ 
sults  in  a  repeatable  tower  rerponsa. 
Ones  the  vehicle  starts  Moving  and 
reaches  tbs  uppsr  half  of  the  tower, 
vehicle  impacts  against  the  rails  af¬ 
fect  the  response  of  the  tower.  These 
vehicle- to- rail  impacts  are  obviously 
random  ‘n  nature  and  therefore  have  a 
randon  effect  oo  tower  notion.  There¬ 
fore.  the  final  result  is  an  initial 
tower  response  which  is  repeatable 
until  the  tine  at  Which  vehicle  iapacts 
alter  the  tower  notion. 

Reduction  of  dispersion  due  to 
tower  notion  can  be  accomplished  by 
increased  ventilation  of  the  tower  hut 
to  prevent  pressure  buildup.  Removal 
of  all  hut  panels  prior  to  launch  would 
reduce  dispersion  due  to  tower  notion 
to  essentially  zero. 

Concluding,  it  can  be  said  that 
all  objectives  of  the  task  team  have 
been  accomplished,  a  clear  definition 
of  the  entire  tip-off  problem  has  been 
provided.  Tower  notion  at  launch  has 
been  defined;  the  potential  for  tip-off 
aa  a  result  of  the  measured  tower 
motions  has  been  established;  the 
excitation  force  has  been  identified; 
and,  a  method  for  eliminating  tip-off 
has  been  recommended.  The  decision  to 
remove  hut  panels  for  a  given  launch 
or  to  install  a  permanent  system  which 
can  provide  increased  ventilation  area 
is  up  to  Sounding  Rocket  personnel. 


TABLE  1 

MAXIMUM  ACCELERATIONS  MEASURED  AT  TOWER  LEVEL  21 
DURING  LAtTOCH 


Launch 

Date 

Launch  Site 

Payload 

Max.  Levels 
Building  Building 
Axis  A  Axis  B 

Wallops  is. 

NASA  17.06 
(Aerobee  350) 

0 . 5g '  s 

0.12g’s 

10/31/70 

White  Sands 

NASA  13.41 
(Aerobee  170) 

0 . 38g  '  s 

0.20g ' s 

White  Sands 

NASA  13.11 
(Aerobee  170) 

0 . 34g  '  s 

0.22g's 

Wallops  Is. 

—  . 

NASA  17.09 
(Aerobee  350) 

M.  | 

0 . 1 7g '  s 

HHH 

White  Sands 

«ASA  17.08 
(Aerobee  350) 

0 .42g  '  s 

0.22g's 

Wallops  Is. 

NASA  17.11 
(Aerobee  350) 

0 ,40g 1  s 

0.28g ‘s 

7/2 1/71 

Wallops  Is. 

NASA  21.04 
(Black  Brant  VC) 

0.06g ' s 

— O.OOg 1 s 
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inches 


OVERALL  VEHICLE  DATA 

Booster  Thrust . 

•kg 

22,000 

lb 

48,700 

Maxi sue  Disaster. . . . 

.ca 

56 

in 

22 

Height  Less  Payload. 

.kg 

3,000 

11> 

6,600 

Number  of  Stages.... 

Prise  contractor..,. 

.Aerojet  General 

FIGURE  1 

AEROBEE  350  SOUNDING  ROCKET 


FIGURE  3 

FIRST  AND  SECOND  TOWER  MODE  SHAPES 


FIGURE  4 

FILTERED  SECOND  MODE  ACCELERATION  TIME  HISTORIES 
MEASURED  AT  L2 1  DURING  THE  LAUNCH  OF  NASA  17.08 


Pitch  Rate 


OH  THE  BSE  Of  FOURIER  TRANSFORMS 
OF  IBCflANICAL  SHOCK  DATA 


Dr.  H.  A.  Gabarson  and  Mr.  D.  Pal 
Naval  Civil  Engineering  Laboratory 
Port  Hueneae,  California 


Soae  uses  and  analysaa  of  Fourier  tranafona  of  mechanical  ahock 
notion a  are  presented.  A  aiaplified  proof  that  the  magnitude 
of  the  acceleration  tranafom  ia  the  reaidual  velocity  ahock 
apectrua  ia  given  in  a  fora  that  readily  introducea  the  "running" 
Fourier  trensfom.  A  aathod  ia  presented  for  analyzing  high 
narrow  peaka  on  actual  Fourier  tranafom*  to  deteralne  the  actual 
excursion  associated  with  the  peak  frequency.  The  affect*  of 
truncating  the  record  of  a  slowly  decaying  transient  is  also 
considered.  The  paper  closes  with  a  discussion  of  the  merits 
of  the  various  transfoms. 


INTRODUCTION 

Fur  quite  some  time  now,  several 
authors  including  ourselves  have  advocated 
'.he  use  of  Fourier  transforms  as  an 
Improved  descriptor  of  mechanical  shock 
motions,  and  yet  very  little  has  been 
wrltteu  on  the  actual  use  of  the  transform. 
Naval  Civil  Engineering  Laboratory  (NCEL) 
under  the  sponsorship  of  the  Naval  Facilities 
Engineering  Command  has  been  studying  the 
use  of  Fourier  transforms  as  possible  im¬ 
proved  descriptors  of  equipment  shock 
hardness;  in  this  study  the  transform 
has  shown  promise  of  becoming  a  considerable 
designer  aid.  The  main  reason  for  our  con¬ 
tinued  study  of  the  Fourier  transform  is 
that  it  contains  a  mathematically  complete 
description  of  the  time  history  of  the  shock 
organized  with  respect  to  frequency  and 
that  it  is  inexpensive  to  compute,  especially 
in  comparison  to  the  shock  spectrum,  a  close 
relative  and  widely  used.  In  this  paper  we 
present  a  short  collection  of  analyses  which 
we  have  found  useful  in  utilizing  Fourier 
transforms  in  connection  with  mechanical 
shock. 

Magnitude  of  Fourier  Transforms 

Rubin  rl)  has  suggested  a  most  helpful 
way  of  looking  at  the  information  contained 
in  a  Fourier  transform  of  a  shock  motion;  it 
can  be  explained  as  fellows.  If  y(t)  is  an 
acceleration  time  history  that  begins  at  t  ■  0 
its  Fourier  transform  may  be  written  as 

-  <T  . 

YOb)  *  |  y(t)  e*lxt  dt.  (1) 


Here  m  is  frequency  in  radian  measure,  equal  to 
2rrf,  where  f  is  frequency  in  cycles  per  unit 
time.  By  using  Euler's  formula 

e  1,1)1  «  cos  xt  -  i  sin  xt,  (2) 

Equation  (1)  may  be  broken  into  two  Integrals 
to  form  the  real  and  Imaginary  parts  of  the 


Complex  Fourier  Transform; 

Y(x)  =  R(x)  +  i  l(x). 

(3) 

where 

R( x)  *  1  y'(t)  cos  *t  dt, 

-  O 

(4a) 

OB 

"Jo  'y'(t)  *ln  out  dt. 

(4b) 

The  transform,  Y(x),  may  also  be  written  in 
terms  of  its  amplitude,  A(xi),  and  phase. 


•v(x),  as 

follows . 

Y(x) 

-  A(x)  elr/U) 

(5a) 

where 

A(x) 

=  [r(i)2'  +  I(i:)2]\ 

(5b) 

o(x) 

-l 

=  tan  (I  (  t) /.((.,)), 

(5c) 

*  sin'1  (I (x) /A(x) ) , 

( 5d) 

=  cos'1  (li(x)M(x)). 

<5e) 

Thus 

R(x) 

-  A(  x)  cos  £>(x) , 

<5f) 
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!<•>  -  A(«)  sin  cKm) 


as  la  explained  In  Pip «a  [4,  p.  320J, 


OS) 

How  cona  Mar  the  response  of  an  nnitsmpsrt  Hub  in  [1]  uaad  Equation  (7)  to  provide  a 

ling la  degree  of  freedom  spates  as  Indicated  ralatlooahip  with  tba  Fourier  tranafors.  Pros 

in  Figure  1.  tba  foraula  for  tba  ana  of  tba  difference  of 

two  angles.  Equation  (7)  nap  be  written  aa 


Pig.  1  •  Bare  excited  staple  system. 


A  free  body  diagram  of  tlu  mass  yields  the 
familiar 


l  r  .. 

z(t)  -  -  —  |  y(T)  (sin  ait  cos  ®t 


m  V  +  k(x  -  y)  “  0 


•  cos  (ft  sin  xt)  dr, 


Changing  the  variable  to  the  relative  motion, 
z  ■  x  -  y,  yields  another  familiar  form 

*  +  <J *  “  -p(t),  (6a) 

where 

id  «  'Z  k/m,  is  the  natural  frequency. 

Virtually  all  texts  ^2,31  that  any  manner 
tceat  transient  excitations  ask  you  to  con¬ 
sider  the  excitation  as  a  sequence  of  Impulses 
that  leads  to  the  Duhamel's  Integral 

-1  <•  t  .. 

z(l)  *  —  1  y(-r)  sin  x(t  -  r)  dT.  (7) 

is  o 

The  above  solution  implies  that  both  z  and  z 
are  zero  at  t  «  0.  If  the  derivation  present¬ 
ed  in  texts  is  unsatisfying,  the  correctness 
of  the  solution  can  be  somewhat  comfortingly 
verified  by  direct  substitution  back  into  the 
differential  equation,  Equation  (6a);  care 
must  be  excerclzed  in  differentiating  a 
definite  integral  with  respect  to  its  limits 


and  since  t  is  a  constant  during  the  integra¬ 
tion 


z(t)  “  -  ~  I  sin  ajt  f  y(T)  cos  ®r  dr 
is  _  .'o 


-  cos  xt  ,  V‘(t)  sin  XT  dr.  j  (8b) 


Now,  inserting  Equations  (4a  and  b)  in  Equa¬ 
tion  (8b)  we  have 

i  r 

z(t7  “  *  x  1  sin  xt  R(x,t) 


+  cos  xt  I(x,t)  |  ,  (8c) 

where  R(x,t)  and  I(x,t)  are  the  real  and 
lmaglnery  parts  of  the  "running"  Fourier 
transform  TS1,  i.e.,  the  transform  of  the 
function  y(t)  terminated  at  the  time,  t. 

Finally  from  Equations  (5f  and  g)  we 
obtain 
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*(t)“  -  Jain  «t  coi  <*(«,  t) 

+  cm  at  sin  g(!it)j  (M) 

or 

s<t)  -  -  ain[*t  +  o<«,t)]  (9) 

Equation  (9)  is  om  of  tub  In's  results 
[lj.  It  states  that  the  response  of  an  un¬ 
damped  single  degree  of  freed an  system  et 
any tine,  t,  is  given  by  the  Fourier  transform 
of  the  excitation  between  0  end  t,  evaluated 
et  *,  the  systea  natural  frequency. 

Suppose  the  shock  excitation  has  a  duration 
T;  Equation  (9)  with  tins  r amoved  from  its  argu¬ 
ment  applies  to  ell  tines  greetsr  than  T,  since 
the  running  transform  only  accumulates  value 
between  0  end  T.  When  Equation  (9)  is  used 
for  tines  shorter  than  T,  ths  duration  of  the 
shock  excitation,  A(®,t)  eWsiO,  is  the 
running  transfora  of  only  that  portion  of  the 
pulse  between  0  end  t.  For  ell  tlan  equal  to 
or  greater  then  T,  the  running  transform  is 
given  by  the  Fourier  transform  of  the  complete 
excitation,  A(®)e^or(«) .  Thus  for  time  greater 
than  or  equal  to  T  the  response  Is  simply 
given  by 

x(t)  -  -  sin  +  a(®)  J  ,  (9a) 

which  la  e  result  previously  reporced  [6]. 

If  A(®>  and  a(®)  represent  the  asqilltude 
and  phase  of  the  Fourier  transform  of  the  non¬ 
zero  portion  of  the  pulse,  tnen  Equation  (9a) 
gives  the  residual  response  of  any  undamped 
oscillator  to  the  pulse.  Thus  A(®)/®  Is  the 
displacement  residual  shock  spectrum  of  the 
excitation  where  A(®)  Is  the  magnitude  of  the 
Fourier  transform  of  the  excitation  acceler¬ 
ation.  Since  the  undamped  residual  response 
Is  purely  sinusoidal  as  shown,  and  continues 
for  ell  time.  Equation  (9)  can  be  differentia¬ 
ted  to  give  the  velocity  and  acceleration  as 

;  ^t)  *  -A(®)  cos  (®t  +  or)  (9b) 


z(t)  -  ’jA('jj)  Sin  («i)t  +  a).  (9c) 

Thus  A(-ji),  the  magnitude  of  the  Fourier  trans¬ 
form  of  the  excitation  acceleration  la  the 
residual  undamped  shock  spectrum  of  the  pulse 
expressed  in  terms  of  velocity,  and  ®A(®)  is 
the  residual  shock  spectrum  expressed  in 
terms  of  displacement. 

Fourier  transforms  of  Integrals  and  deri  - 
tlons  of  functions  can  be  written  In  terms  of 
the  transform  of  the  function,  when  these 
transforms  actually  exist  [51.  For  example, 


if  the  Fourier  trens fore  of  ea  acceleration 
is  A(m)  om  can  Integrate  die  defining 

aquation  by  parte  to  obtain  the  transform  of 
ths  velocity.  Thus  if 

A(m)  .«•«  -  f  y(t)  o  'imt  dt.  (Me) 


•imt 

we  integrate  by  parte  letting  u  ■  e  ani 
dv  •  y(t)  dt,  which  yielda 


A(a)  s1®^  -  1®  f  f(t)  a'1*1  dt. 

<10b) 

Defining  tbs  Fourier  transform  of  the  velocity 
to  be 

V(m)  ei#<*)  -  I_m  y(t)  e*1®*  dt. 

(10c) 

we  obtain 

A(®)  s1«(*>  -  1®  V(®)  e1*®*. 

(10d) 

Thus 

A(m)  -  <*(«), 

(10e) 

or(w)  “  W(«)  +  2  • 

(10f) 

Continuing  the  above  reasoning,  one  can  con¬ 
struct  the  following  table  which  gives  the 
relationships  between  the  transforms  of 
acceleration,  velocity  or  displacement  can  be 
expressed  In  terms  of  any  of  the  other 
transforms. 

The  previous  comment  mentioning  possible 
nonexistence  of  some  of  the  transforms  can 
be  understood  as  follows.  The  condition 
generally  given  as  requisite  for  the  existence 
of  a  Fourier  transform  la  [51 

J  lf(t)l  dt<“.  (11) 

In  practical  cases  the  portion  of  the  trans¬ 
ient  analyzed  may  be  insufficient  to  bring  the 
velocity  or  displacement  bark  to  zero;  In  such 
a  case  the  transform  of  the  velocity  or  dis¬ 
placement  would  not  strictly  exist  and  condi¬ 
tion  (11)  would  not  be  satisfied.  If  a  net 
velocity  change  or  displacement  occurs,  those 
transforms  will  yield  unreasonable  values  at  zero 
frequency.  These  difficulties  are  really  more 
mathematical  than  practical.  In  cases  where 
extremely  low  frequency  values  of  computed 
spectra  seem  to  indicate  problems,  the  solution 
will  be  indicated  by  considering  a  longer 
portion  of  the  time  history. 
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Tha  Fourier  transform  of: 

y(t> 

_ m _ 

y(t) 

MB 

!<*(*>) 

A(m)  • 

^K.)  ’  "] 

y(0 

*(«)  •i[*(*)  +  2  ] 

V(«0  •*** 

y(t) 

J  D(«)  •1[6<*>  +  ”1 

*  (W  .*[•«  *  i  ] 

D(«)  Ol8<*> 

DECAYING  SINUSOIDS 


*total 


fj  (t)  +  f2(t)  +  f3(t)  + 


Thi*  section  treats  transforms  and  response 
to  decaying  sinusoids  and  is  alaost  detached 
from  the  previous  discussion,  but  the  study 
has  added  to  our  understanding  of  Fourier  and 
response  spectra  or  shock  spectra.  Virtually 
all  experience  leads  one  to  conclude  that 
responses  to  sho-'k  loadings  are  composed 
of  at  least  many  decaying  vibrations.  Al¬ 
though  the  vibrations  probably  decay  In 
complicated  ways  by  many  different  mechanisms, 
we  chose  to  begin  a  study  of  decaying  vibrations 
by  studying  the  simplest  one  we  know,  the 
linearly  damped  or  viscously  damped  sinusoid. 

The  function  considered  is  the  familiar  damped 
response  of  a  simple  oscilator  to  an  Initial 
acceleration,  thus 

y(t)  -  yc  e'Ct“°c  sin  (it,  U2) 

where 

U)  2  ■  k/m 
o 


+  fn(t>.  (13) 

By  the  definition  of  the  Fourier  transform, 
the  total  transform  of  a  sum  of  functions  Is 
the  sum  of  the  transform  of  the  elementary 
functions  thus 

Fitful)  “  +  FT(f2)  +  FT(f3) 

+ . +  FT(fn>  .  (13a) 

If  one  of  these  elementary  functions  is  a 
lightly  damped  sinusoid,  the  magnitude  of  the 
transform  will  become  large  near  its  respond¬ 
ing  frequency  and  dominate  the  total  transform 
in  that  region.  If  the  transforms  of  the  other 
functional  elements  of  the  total  response  are 
not  rapidly  varying  near  this  frequency  the 
geometry  of  the  peak  of  decaying  sinusoid 
transform  will  be  apparent  and  available  for 
analysis. 


^ "  2m  *  damping  ratio  ,  (12a) 

Q  =  'U  v  1  -  »  damped  natural  frequency. 

0  (12b) 


We  have  also  considered  the  damped  coisine 
wave,  but  the  results  are  not  substantially 
different,  and  so  the  damped  slue  will  be  used 
for  presentation.  The  Fourier  transform  of  a 
lightly  damped  decaying  sinusoid  contains  a 
severely  responding  peak  and  hence  can  be  used 
as  a  model  to  determine  maximum  modal  excur¬ 
sions  associated  with  severely  responding 
peaks  in  actual  records.  Thus  we  presume  that 
many  of  the  sharp  peaks  in  experimentally 
determined  Fourier  transforms  of  complex 
motions  are  completely  due  to  the  presence  of 
a  damped  sinusoid  in  the  total  motion. 

The  total  response  at  any  measurement 
station  of  shock  excited  equipment  is  probably 
composed  of  the  sum  of  many  elementary 
responses  thus  we  think  of  the  total  response  as 


Consider  theFourier  transform  of  the 
acceleration  given  in  Equation  (12)  for  time 
greater  than  zero.  From  the  definition  of 
Equation  (1),  it  is  given  by 

Y('ju)  “  j  y  e  sin  Qt  e  lilt;  dt.  (14) 
Jo  ° 

Equation  (14)  can  be  evaluated  by  standard 
formulae  given  in  all  math  tables  (for  example, 
Case  312,  [7]).  After  simplification  one 
obtains 


Bo,'-,li)  J  1  -  f?  (13) 

yo  1  -  R2  +  2ifR 


where 


The  Fourier  spectrum  or  the  magnitude  of  the 
Fourier  transform  Is  obtained  by  taking  the 
absolute  value  of  Equation  (15)  which  yields 
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( 13b) 


_ .li 

(i  -  I2)2  +  40R*  J 


wham  A(«)  la  tba  magnitude  of  th<  Fourlar 
tranafom  or  thaFourlar  spectrum.  Taking 
tba  derivative  of  Iguation  (15b)  with  r a* pact 
jo  X,  tba  frequency  ratio,  ooa  floda  that  tba 
tranafom  baa  zaro  *lo pa  for  aaro  frequency 
and  a  paak  value  (Ivan  by 


«  A(«)  . 

y  ■  2f  ,  at  t  mSl  -  if2  .  <l6* 


At  earo  fraguoncy  tba  Intercept  la 
m_Afm) 


/ 


1  •  f  ,  whan  R  •  0  .  (16b) 


For  vary  large  valuaa  of  R 
a  A(»)  .f  . 


„  ■/  1  -  f  when  R  »1.  (16c) 


Flgura  2  la  a  plot  of  the  magnitude  of  the 
tranafora  for  two  value*  of  f.  Note  that 
even  on  the  logarithmic  plot  the  peak  la 
extremely  pronounced,  thus  we  night  well 
expect  that  It  will  be  apparent  and  dlatlnct 
from  the  remainder  of  the  tranafom.  One 
alao  find*  that  the  tranafora  of  a  decaying 
cosine  wave  haa  differing  aaymptotlc  and  zero 
frequency  values  but  in  the  neighborhood  of 
the  peak  f^e  a  lightly  damped  decay,  has  a 
substantially  slmlllar  geometry. 


ooa  cm  find  tba  width  At  given  by 

A»2  -  2(1  -  2f*)  -  \  (g2  -  Af*  +  A{*>\ 

4  (12c) 

Figure  3  la  a  graph  of  the  values  of  the  peak 
width,  Ak  far  valuaa  of  (,  with  varying 
mounts  of  deeping,  f. 

low,  given  the  above  theory,  let  os  con* 
aider  tbs  application.  Figure  A  shows  a 
hypothetical  Fourier  anplitude  spectrum  of  an 
acceleration  tine  history  of  a  mechanical 
shock.  It  has  a  narrow  distinct  peak  of 
magnitude  A  ,  situated  at  a  fregoeacy  f?. 

This  paak  is  prosonad  dm  to  a  decaying 
sinusoid  contained  in  the  original  tint 
history.  Ha  aro  concerned  about  the  magnitude 
of  the  velocity  indicated  by  the  peak  value 
and  would  like  to  estimate  the  maximum  nodal 
velocity  that  actually  existed  at  this  frequen¬ 
cy  at  our  measurement  statloa.  Maximum  nodal 
velocity  haa  been  shown  to  indicate  response 
severity  [81.  It  must  be  realised  that  the 
transform  of  this  decaying  sinusoid  is  super¬ 
imposed  on  other  transform  values  from  other 
functional  elements  of  the  shock  pulse  but 
aaeinm  that  the  magnitude  of  the  transform 
of  the  remainder  cf  the  shock  pulse  It  some 
constant  value,  Ajf  in  the  region  of  the 
narrow  transform  peak. 

The  final  relations  are  developed  ea 
follows.  Consider  en  emplltude  A}  In  the 
narrow  paak  region  of  Figure  4.  A  horizontal 
line  at  amplitude  A}  Intersects  the  narrow 
peak  where  It  has  a  width  Af,.  let  f  be 
the  measured  peak  frequency  and  A  ?he 
measured  peek  magnitude.  AR  la  t  m  given  by 


Now  that  we  realize  that  the  transform 
will  contain  those  peaks  at  the  responding 
frequency  of  the  decaying  sinusoid,  let  uz 
consider  the  converse  problem  of  determining 
tts  constants  in  equation  (12)  from  the 
geometry  of  the  peak  of  the  transform.  Con¬ 
sider  the  width  of  the  transform  peak  when 
the  magnitude  is  some  fraction,  of  the 
maximum  value.  The  ratio  equal  to  the 
square  of  the  magnitude,  Equation  (15b) 
divided  by  the  square  of  the  maximum 
magnitude.  Equation  (16)  Is  given  by 


t  *  — 


Wii 

272 


+  4f2R2 


(17a) 


(1  -  K  ) 

After  rearranging,  the  following  equation 
results. 


(18a) 


The  magnitude  of  the  decaying  sinusoid 
transform  at  the  peak  will  be  A  less  A  , 
thus  from  Equation  (16) 


A  -  A  *  — —  . 

max  s  2fu) 
o 


(18b) 


The  value  of  j1  corresponding  to  Af,  i*  given 
by 


(18c) 


R4  -  2(1  -  2f2)R2  +  &  -  -Cl.  ~  .  o. 

*  (17b) 

2 

The  above  equation  is  quadratic  in  R  and  has 
two  distinct  roots  yielding  Rj  and  R2.  These 
can  be  directly  computed  and  subtracted  to 
give  the  peak  width  at  <j,  or  by  rearranging 


Finally  solve  Equation  (18b)  for  A  and  sub¬ 
stitute  the  value  into  (18c)  which  yields 


1 


*1 


(A_ 


-v 


<18d) 


Tvo  sets  of  values  of  Af  and  A  are  required 
and  must  be  measured  from  the  narrow  peak 
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Fig.  3  -  Curves  for  finding  <t  and  £  for  a  given  Aft. 


Frequency,  f  (Hz  ) 

Fig.  4  -  Fourier  amplitude  spectrum  of  the  acceleration- 
time  history  of  a  complete  shock. 

(The  peak  on  this  plot  has  been  enlarged  widthvise  for  illustration) 


of  £  And  testing  the  resulting  values  of  $ 
and  until  a  value  of  f  Is  found  that  yields 
(j's  at  AR,  and  AR_  on  Figure  3  that  satisfy 
Equation  (18e).  Thus  the  value  of  £is 
determined. 

Since  this  procedure  should  only  be  used 
on  high  narrow  peaks  that  are  due  to  low 
damping,  ui0  is  very  close  to  2nfp  (see  Equa¬ 
tion  (16)).  With  (jio  and  the  value  of  £ 
obtained  above,  y  can  be  computed  from 
Equation  (18d). 

it  was  previously  stated  that  the  maximum 
modal  velocity  was  a  quantity  of  Interest  to 
be  determined  from  the  foregoing.  Since  it 
is  expected  that  each  individual  mode  will 
respond  with  a  decaying  sinusoidal  motion,  the 
maximum  velocity  associated  with  this  decaying 
motion  is  an  observed  modal  velocity.  The 
maximum  velocity  is  therefore  obtained  by 


integrating  Equation  (12).  However  when 
Equation  (12)  is  integrated  to  velocity  an 
abritrary  constant  necessarily  appears  which  can 
clearly  alter  the  maximum  modal  velocity 
obtained.  The  constant  is  evaluated  by  the 
observation  that  the  velocity  must  go  to  zero 
when  time  goes  to  infinity.  Equation  (12)  so 
integrated  and  evaluated  yields 


r.e-c«o 


(  {  sin  at  +  */l 


£2  cos 


at) ! 

(19) 


This  equation  has  its  maximum  at  time  equal  to 
zero  and  the  maximum  modal  velocity  is 

y_ 


ID  ■/" 


i  -  c 


(19b) 


If  the  decaying  sinusoid  were  assumed  a  decaying 
cosine,  the  maximum  velocity  is  substantially 
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Number  of  Cycle*,  n 

Fig.  S  -  Ripple  content  versus  truncation 
for  a  decaying  alnuaoid 


the  same  for  very  low  doping,  but  la  reduced 
by  a  factor,  p,  which  la  given  by 


TRUNCATION  EFFECTS 

A  practical  problem  In  shock  data  analyals 
that  routinely  occura  la  the  determination  of 
the  length  of  time  history  that  should  be 
analyzed.  Oftentimes  in  lightly  damped 
structure  the  response  decays  very  slowly.  A 
theoretical  example  of  the  effects  of  trunca¬ 
ting  the  acceleration  time  history  of  a  decay¬ 
ing  sinusoid  Is  presented  here  to  offer  some 
Insight  Into  the  problem. 

Consider  the  running  Fourier  transform 
corresponding  to  Equation  (14),  but  only  for 
integral  numbers  of  cycles.  Thus  rather 
than  Integrate  Equation  (14)  frcm  0  to  ®, 
integrate  from  0  to  2rm/0.  The  magnitude  of 
this  pseudo  running  Fourier  transform  Is  given 
by 


where 

Y  >  *ES — . 

V  1  -  C'  .  <20*> 

Comparing  Equation  (20)  with  Equation  (15b),  It 
Is  observed  that  the  result  Is  similar  except 
for  the  addition  of  t  truncation  correction 
factor,  TCP.  Consider  just  the  truncation  fac¬ 
tor  alone. 

TiF  -  (1  +  e"2v^  -2e"vC  cos  yR)*.  (20b) 

It  will  be  noted  that  as  y  or  n,  the  number  of 
cycles,  gets  very  large,  the  TCF  approaches 
unity.  For  a  sufficiently  small  n  or  y  the 
average  value  of  the  magnitude  1*  reduced,  but 
even  further  the  TCF  Imposes  a  ripple  on  the 
magnitude  of  about  n  cycles  per  unit  change  of 
R.  At  least  the  ripple  Is  Intolerable  and 
would  be  confusing  so  that  a  sufficient  number 
of  cycles  should  be  taken  to  assure  that  the 
TCF  is  negligible.  Rewriting  the  TCF  in 
simpler  notation, 

k 

TCF  -  (B  -  C  cos  yR)  ,  (20c) 


Mansi  .T _ Lsjl - 12 

Vo  [(1  -  R2)2  +  4  CVJ 

x  (1  +  e'2vC  -2e'vC  cos  yR)*,  (20) 


where 

B  -  l  +  e"2v^,  and  C  -  2e'v^ 

The  average  amplitude  of  the  ripple  can  be 
expressed  as 


(20d) 
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Valaoa  of  tbe  witif  rlfflt  coo  toot,  p, 
plotted  agslaet  a,  tbe  amabar  of  cycles  lmclwd- 
ed  lo  the  rasing  transform  on  plotted  la 
Figere  5,  for  various  soloes  of  (,  for  «ao> 
pis.  If  \  •  0.05,  15  eye  loo  ore  repaired  to 
assure  e  ripple  ooatont  of  11. 

The  seas  trance tloo  correction  factor 
occsro  If  a  decaying  cooinc  la  trance tod 
after  n  cycles. 

lbs  practical  significance  of  this  result 
oust  bo  examined  further.  It  nay  anon  that 
one  aust  bo  cautious  dsn  truce  ting  e  record; 
conversely  since  the  denege  often  oceura 
daring  the  first  pert  of  tbs  pulse.  It  nay 
Indicate  that  die  Fourier  transform  la 
sensitive  to  unlaportant  information  about 
tbs  shock. 

oorcldshm 

In  conclusion  «s  hers  presented  a  nethod 
for  <U  tarmining  tbs  i-xlanm  nodal  excursion 
at  a  point  from  narrow  peaks  In  a  Fourier 
transform.  These  responses  can  bo  considered 
■ax loan  nodal  vslocitlea  to  the  extant  that 
they  do  constitute  a  lower  bound.  In  that 
sous*  they  do  Indicate  for  example  the  severity 
of  a  beam  response  as  has  bean  shown  In 
[10]. 


Jsnschke  [9]  has  presented  a  proof  which 
shows  the  envelope  of  the  magnitudes  of  the 
running  Fourier  transform  to  be  an  upper 
bound  to  the  overall  shock  spectrum  for 
velocity.  If  this  envelope  can  be  Inexpen¬ 
sively  computed  It  nay  provide  wide  availabil¬ 
ity  of  e  new  shock  severity  evaluation. 
Reference  [9]  also  presents  some  computed 
results  of  s  running  transform,  undamped 
shock  cpectrun  and  Fourier  transform.  It  is 
Interesting  to  note  chat  at  the  high  peaks 
in  his  spectra,  the  Fourier  transform  does 
yield  the  same  result  as  the  other  spectra. 

The  Fourier  transform  appears  to  heavily  weigh 
repeated  cycles  at  the  same  frequency  aa  was 
clearly  shown  in  the  decaying  slnuaold 
analysis.  It  may  well  be  that  for  structures 
that  are  sensitive  to  repeated  excursions  the 
Fourier  transform  may  provide  a  more  reliable 
indicator  of  damage.  Yet  the  fact  that  the 
magnitude  is  only  a  residual  spectrum  and 
misses  the  maximum  excursions  during  the 
pulse  does  detract  from  its  apparent  useful¬ 
ness  in  a  structure  which  falls  due  to  the 
single  highest  peak. 


functions  would  have  to  be  maaewred  to  fief 

at  adjacent  etetieae  to  compete  stresses 
wader  eboat  the  coot  of  determining  ell 
e  eye tarn  fume ti one.  We  have  net  beard 
eerreetly  accomplishing  shock  analysis 


I creel  mode  theory  through  the  shock  spec- 
tree  yields  the  eerie—  response  of  each  node, 
bet  does  not  give  e  convincing  method  for 
coobleieg  the  roapooeoe  of  the  separata  modes 
in  e  not  overly  conservative  earner. 


Much  work  remains  to  be  done  to  firmly 
establish  the  piece  *f  die  Fourier  transform 
la  the  analysis  of  mechanical  shock  date.  It 
is  hoped  tb<;  these  ideas  will  stimulate  others 
to  pure—  the  question. 


This  work  wee  supported  by  tbs  Revel  Facili¬ 
ties  Engineering  Coaanand  under  the  cognisance  of 
Capt.  P.A.  Ihelpe,  Assistant  Co— winder  for  Re¬ 
search  and  Development,  sol  Vu.  8.  Rockefeller, 
Chief  Research  Engineer.  Mr.  H.  Lamb  soul tors 
tbs  contract. 
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Linaar  system  theory  demonstrates  that  by 
knowing  the  complex  frequency  response  between 
any  desired  measurement  station  and  an  input 
point,  inverse  Fourier  transformation  of  the 
product  of  the  transform  of  the  excitation  and 
the  system  function  will  yield  the  exact  time 
response  to  the  transient  at  the  measurement 
station.  This  is  an  attractive  idea  and  could 
be  subjected  to  any  recorded  excitation  on  the 
computer.  However  many  different  system 
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NAVE  ANALYSIS  OF  SHOCK  EFFECTS  IN  COWOSITE  ARMOR 


Gordon  L.  Filbey,  Jr. 

Ballistic  Research  Laboratories 
Aberdeen  Proving  Gmas,  Maryland 


Pnh««e«J  performance  by  composite  amor  in  layered  configurations 
against  kinetic  energy  projectiles,  hypervelocity  particles  and  netal 
jets  has  been  an  accepted  fact  based  on  nunerous  observations.  A 
rationale  for  this  iaproved  perfornance  is  given  in  this  paper  in  tens 
of  an  analytic  nodel  based  on  one-'dineasional  nonlinear  wave  propa¬ 
gation  and  reflection  at  naterial  interfaces.  Included  as  special' 
cases  are  1-0  hydrodynanic  shock  waves  and  elastic  waves.  The  nodel 
is  specifically  worked  out  for  the  dispersive  wave  case  of  a  plastically 
deforning  netal  in  unisxial  stress  on  one  side  of  a  boundary  against 
a  linearly  elastic  netal  on  the  other  side,  but  the  principles  apply 
generally.  Details  of  the  calculations  of  the  developed  stress  fields 
in  the  two  naterial  case  are  carried  through  and  coapared  favorably 
with  experinent.  It  is  definitively  shown  that  regions  occupied  by 
"harder"  naterials  are  those  subjected  to  the  larger  stresses  and 
thus  these  "harder"  naterials  nay  be  thought  of  as  stress  raisers. 


INTRODUCTION 

The  notion  of  using  stress  wave  analysis 
to  predict  failure  nodes  in  conposite  amor, 
such  as  penetration,  fracture  and  spallaticn, 
is  not  a  new  one.  A  frequently  nentioned 
reference  in  this  context  is  -he  1965  work  of 
Kinslow  [1],  Kinslow  [1]  considered  in  detail 
a  30  layer  laninate  constructed  of  two  alter¬ 
nating  elastic  naterials.  Although  United 
to  one  dimensional  elastic  dilatational  waves 
at  noraal  incidence,  the  analysis  denonstrated 
that  shock  aitigation  nay  be  produced  by 
laainating  two  naterials.  The  analysis, 
coupled  with  several  different  experiaents, 
demonstrates  conclusively  that  defeat  en¬ 
hancement  nay  be  achieved  with  the  concept 
of  lamination.  That  is,  there  is  definitely 
an  advantage  over  the  construction  of  a  target 
from  the  single  harder  material  of  the  two 
use.)  in  the  laminate  construction.  In  a 
different  sort  of  problem,  Horie  [2]  has  demon¬ 
strated  that,  from  the  standpoint  of  momentum 
transfer  into  an  armor  plate,  an  optimum  thin 
bumper  of  soft  material  may  be  added  to  the 
front  face  to  reduce  the  total  momentum 
initially  transferred  into  the  armor  plate. 

In  these  cases  as  in  uncited  numerous  others, 
the  analysis  always  seems  to  be  limited  to  the 
use  of  linear  elastic  constitutive  relations 
for  the  one  dimensional  shocks  treated, 

--  usually  on  the  grounds  that  this  is  the 
only  case  that  can  be  treated  with  any  simple 
sort  of  analysis.  At  the  opposite  end  of  the 
spectrum  of  course  computer  programs  exist 


which  may  be  used  to  calculate  the  detail  in 
any  specific  instance.  But  very  often,  in 
order  to  achieve  penetration  data  for  ten  or 
twenty  or  fifty  microseconds,  the  expense  and 
running  tine  on  the  machine  is  prohibitive. 
Hence  a  need  exists  for  an  analytical  or  quasi- 
analytical  tool  for  those  problems  in  which 
plastic  deformation  is  caused  in  the  target  by 
the  impactor.  It  is  the  intent  of  this  paper 
to  outline  an  approach  which  may  be  developed 
towards  this  goal. 


PLASTIC  NAVES 

An  underlying  assumption  made  here  is 
that  armor  penetration  by  impactors  -  be  they 
kinetic  energy  projectiles,  hypervelocity 
particles  or  metal  jets  -  is  accompanied  by 
plastic  deformation,  and  in  this  process  waves 
of  plastic  deformation  are  forerunners  of  the 
impactor  tip.  Since  typical  armors  are 
bounded  media,  the  wave  reflection  and  inter¬ 
action  processes  build  up  conditions  which 
ultimately  determine  material  failure.  Hence 
it  is  instructive  to  examine  some  simple  gen¬ 
eralities  of  the  wave  propagation  process,  and 
as  we  shall  later  see,  interaction  conditions 
which  may  exist  at  material  interfaces  within 
the  target. 

Assume,  for  the  "softer"  target  materials, 
an  equivalent  one-dimensional  uniaxial  stress 
model  that,  within  the  time  scale  of  wave 
propagation  processes,  is  rate-independent. 
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w 


Hmkw  talc*  a  1-0  stress-strain  relationship  of 
the  form 


cr=  A«‘ 


(l) 


Sons  theoretical  Justification  exists  for 
choosing  this  fom,  as  discussed  elsewhere 
by  Filbey  (3).  Plastic  waves  are  propagated 
within  this  1-0  franework  governed  by  a  quasi- 
llnear  wave  equation 

ze  ^  ^  at  * 


(2) 


which  identifies  a  wave  velocity  Cp  for  each 
level  of  strain  £  by 


■ffl 


(3) 


cte 


Note  that  this  nay  also  be  expressed  as 

once  a  stress-strain  relation  is  given. 
For  seni-infinite  nedia,  the  particle  velocity 
relative  to  the  naterial  at  rest  (at  infinity) 
is  found  fro* 


(5) 


upon  using  (4).  For  details  of  the  above,  see 
Bell  [4],  Differentiating,  one  nay  relate  an 
(♦)  increment  in  particle  velocity  to  a  (♦) 
increuent  in  stress  as 


a  &r 

A,r‘  ^ 


(6) 


Substituting  (1),  (6)  becomes 


where  is  a  constant  elastic  wava  speed. 
Hence  an  iaiwrtaat  distinction  is  noted 
between  (8)  and  (9)  —  particle  velocity 
changes  for  stress  increments  in  the  elastic 
doanin  are  proportional  only  to  the  stress 
increment,  whereas  in  the  plastically  defor¬ 
ming  naterial  depend  additionally  on  the 
"ambient”  stress  level,  through  the  <T  **■ 
factor. 


NAVE  INTERACTION 

Consider  now  the  two  naterial  case 
which  ni)kt  exist  at  an  interface  in  layered 
co«qx>site  armor,  as  indicated  diagranatically 
in  Figure  1.  Take  the  case  of  an  increnent 
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The  case  cf  most  intensive  study  and  interest, 
and  with  physical  supportive  evidence,  is 
when  the  coefficient  a  *  1/2  and  A  =  ^  ,  again 
as  discussed  in  Bell  [4].  Under  those 
assumptions,  write  (7)  as 


Incidentally,  the  elastic  case  is  covered  by 
setting  a  =  1  and  A  =  E  in  (1),  or  some 
modified  version  of  elastic  constants  for 
uniaxial  strain.  To  keep  things  simple 
algebraically,  we  shall  symbolically  follow 
the  former.  For  elastic  waves  then,  (7) 
becomes  the  familiar  connection  between 
particle  velocity  and  stress 

A-tr  *  —  Ac 

(tf.  (9) 


of  compressive  stress  propagating  to  the  right 
from  the  "hard"  elastic  material  into  the 
"softer"  plastically  deformable  material,  in 
the  presence  of  an  ambient  compressive  stress 
0”  on  both  sides  of  the  interface.  The 
simplest  situation  which  satisfies  jump  con¬ 
ditions  on  mass  and  momentum  across  the  inter¬ 
face  are  to  allow  for  a  compressive  incident 
stress  increment  with  associated  positive 
particle  velocity  increment,  a  tensile  re¬ 
flected  stress  increment  with  associated  posi¬ 
tive  particle  velocity  increment,  and  a  com¬ 
pressive  transmitted  sti^s«  ir.ciement  with 
associated  positive  particle  velocity 

Use  subscripts  I ,  ,  and  t  to  denote 

incident,  reflected  and  transmitted  components, 
and  use  circled  letter  superscripts  ®  and 
©  to  denote  the  plastic  and  elastic  com¬ 
ponents  in  Figure  1.  Then  the  jump  conditions 
across  the  material  interface  requiring  con¬ 
tinuity  of  normal  stress  and  velocity  yield 
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where 


Hence  reflection  and  transmission  coefficients 
have  been  found  for  any  incremental  addition 
of  stress  by  an  oncoming  spatially  distributed 
stress  wave.  What  is  now  different  over  the 
classical  solutions  for  mismatched  elastic 
materials  as  treated  e.g.  in  [1]  is  the  non¬ 
linearity  introduced  by  the  ambient  stress 
level  term  <r'  .  This  now  means  that  a 
total  solution  must  be  generated  by  adding 
up  the  incremental  contributions  to  determine 
the  next  ambient  stress  level  which  deter¬ 
mines  the  new  r  and  TT  coefficients,  etc. 

This  suggests  the  construction  of  rays  in 
X  -  t  space  in  a  Lagrangian  diagram  for 
the  waves,  and  then  doing  the  bookkeeping 
along  the  characteristics  of  the  wave  until 
the  total  solution  is  generated.  One  such 
example  is  given  below. 


SALIENT  FEATURES 

Host  notable  in  this  solution  is  the 
demonstration  that  shock  mitigation  is  pos¬ 
sible  in  passing  from  a  "hard"  to  a  "soft" 
material.  To  demonstrate  this,  numbers  may 
be  substituted  in  (13)  for  hard  (elastic) 
aluminum  and  soft  aluminum  (e.g.  8  =  5.60  x 
10^  psi)  yielding  a  value  of  K  =  8.04  x  10”2 
(psi)'1/^.  The  values  jf  r(o)  and  t(o)  are 
plotted  in  Figure  2. 


Figure  2.  Reflection  and 
Transmission  Coefficients 

Obviously,  the  stress  increment  carried  for¬ 
ward  is  always  less  than  the  incident  (t  <  1) 
and  that  returned  is  a  tensile  one  which 
lowers  the  oncoming.  (For  a  free  boundary, 
it  would  equal  the  oncoming  and  hence  cancel.) 
On  the  other  hand,  absence  of  an  interface 
would  permit  the  high  elastic  stress  pulse  to 
continue  on  in  the  target,  thus  potentially 
inflicting  damage  at  a  deeper  level,  in  this 
sense,  an  interface  "reflects"  back  energy, 
keeping  more  of  it  at  the  front  of  the  target, 
and  thereby  enhancing  defeat  possibilities. 
Obviously  solutions  to  layered  media  problems 
require  computational  assistance  of  a  computer, 
but  the  underlying  philosophy  is  rather  sim¬ 
ple  and  may  give  reasonable  answers  in  much 
shorter  run  times  than  other  previous  methods. 

For  completeness,  a  case  is  included 
which  was  calculated  for  a  longitudinal 
stress  wave  in  aluminum  bars  going  from 
plastic  to  elastic  (opposite  from  the  case 
given  here)  which  was  compared  with  test  data. 
In  the  absence  of  an  interface,  the  maximum 
strain  would  have  been  2.2%;  data  shown  in 
Figure  3  rises  to  the  higher  maximum  predicted 
of  3.5%  caused  by  the  total  wave  interaction. 
Again  repeated,  this  is  test  data  for  the  case 
opposite  to  that  presented  in  the  main  body 
of  this  paper  merely  to  demonstrate  agreement 
of  the  analysis  with  experiment. 
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A  recently  developed  technique  for  describing  deterministic  and 
nondete minis tic  response  characteristics  of  shock  and  high- 
frequency  excited  elastodynaadc  systems  is  extended,  in  a 
statistical  sense,  to  determine  reactive  loads,  and  resulting 
stresses,  at  desired  locations  on  structural  elements  within 
the  system.  The  coupled  transcendental  elastodynamic  equations 
include  the  elastic  wave  effects  of  continuous  mass  distributed 
structural  elements  as  well  as  the  inertial  effects  of  arbi¬ 
trary  shaped  rigid  bodies.  Depending  upon  the  type  of  excita¬ 
tion  imposed  on  the  system,  the  calculated  loads  and  stresses 
may  be  compared  to  known  experimental  and  analytical  failure 
criteria  to  establish  limits  of  structural  reliability. 


INTRODUCTION 

A  large  class  of  modem  vibration 
problems ,  such  as  sonically  induced 
fatigue,  shock  impact  loading,  and  noise 
transmission,  are  of  extreme  practical 
significance,  and  are  associated  with 
high-frequency  excitations  of  complex 
elastodynamic  configurations.  In  gen¬ 
eral,  an  elastodynamic  configuration 
consists  of  an  assemblage  of  structural 
elements  which  include:  straight  and 
curved  elastic  members  with  continuous 
mass  distribution  along  the  length  of 
the  member,  as  well  as  the  capability  to 
resist  stretching  (coinprescion)  ,  torsion, 
bending  and  shearing;  arbi trary  shaped 
rigid  bodies;  shear  panel  elements; 
plate  elements;  and  arbitrary  con¬ 
straints,  Attempts  to  mathematically 
model  these  complex  systems  usually  cul¬ 
minate  in  the  traditional  models  of 
lumped  masses  connected  by  massless 
elastic  connectors,  or  the  more  recently 
popular  consistent  mass  matrix  model 
[11 .  Unfortunately,  use  of  the  above 
simplified  models  for  the  more  complex 
systems  subjected  to  high-frequency 
excitation  could  lead  to  highly  inac¬ 
curate  results. 

As  an  example  consider  the  simple 
system  of  a  wire  fixed  at  the  upper  end 
and  excited  in  the  axial  direction  by  a 
weight  which  is  suddenly  dropped  to  a 
massless  platform  attached  to  the 


lower  free  end.  If  the  assumptions  art' 
made  that  the  mass  of  the  wire  is  neg¬ 
ligible  in  comparison  to  che  mass  of 
the  exciting  weight,  and  that  uniform 
axial  strain  prevails  through  out  the 
length  of  the  wire  for  all  time,  then 
the  maximum  axial  stress  in  the  system 
will  be  calculated  as  approximately 
twice  the  static  stress.  If  on  the 
other  hand  the  mass  of  the  wire  is  not 
considered  negligible ,  but  is  small  in 
canparison  to  the  mass  of  the  exciting 
weight,  then  elastic  stress  waves  will 
propagate  along  the  wire,  reflecting 
and  refracting,  and  cause  perturbations 
on  the  harmonic  response  of  the  exci¬ 
ting  weight.  As  the  ratio  of  the  mass 
of  the  wire  to  the  mass  of  the  exciting 
weight  becomes  greater  the  assumption 
of  uniform  axial  strain  breaks  down. 

The  predominant  effects  of  the  elastic 
s trees  wave  propagations  in  this  case 
are  to  cauco  maximum  tensile  stresses 
which  may  be  greater  than  the  factor  of 
two  predicted  by  the  elementary  lumped 
mass  model. 

This  problem  was  first  examined 
experimentally  by  J.  Hopkinson  in  1872 
and  later  by  B.  Hopkinson  in  1905  [2). 
G.  I.  Taylor,  examining  the  same  pro¬ 
blem  in  1946,  verified  the  elastic  wave 
effects  observed  by  Hopkinson  and 
showed  that,  in  fact,  the  wave  inter¬ 
actions  could  cause  the  ratio  of  dyna¬ 
mic  to  static  tensile  stress  to  be  much 


101 


greater  than  that  predicted  by  the 
lueped  aaas  theory  based  on  the  asstsap- 
tion  of  uni fore  axial  strain.  Froai  the 
results  of  the  Bopkinson  and  Taylor  stu¬ 
dies,  as  well  as  investigations  on  the 
accuracy  of  the  lueped  mass  and  consis¬ 
tent  mass  Methods  11,41,  it  nay  be  con¬ 
cluded  that  any  method  which  is  to  deal 
siaply  and  effectively  with  predicting 
stresses  and  loads  of  high-frequency 
p rob leas  aust  include  the  elastic  wave 
effects  of  the  continuous  nass  distri¬ 
buted  eleasnts. 

In  a  recent  paper  IS]  a  simplified 
technique  was  presented  for  describing 
deterministic  and  nondete minis tic  re¬ 
sponse  characteristics  of  high-frequency 
excited,  coupled,  spatial  vibratory  con¬ 
figurations  consisting  oft  continuous 
nass  distributed  elastic  elements;  point 
masses;  arbitrary  shaped  rigid  bodies; 
shear  panel  elements;  plate  elements 
(€];  and  arbitrary  constraints.  In  this 
paper  the  technique  is  extended,  in  a 
statistical  sense,  to  determine  the 
reactive  loads  (forces  and  moments; ,  and 
resulting  stresses,  at  any  desired  loca¬ 
tion  of  the  individual  elements  in  the 
system. 


GENERAL  FORMULATION  OF  RESPONSE 
EQUATIONS 

The  basis  for  developing  the  neces¬ 
sary  Euler-Lagrange  equations  of  equi¬ 
librium  and  compatibility  of  a  given 
system  is  provided  by  the  Lagrangian  L, 
formed  by  the  potential,  kinetic  and 
constraint  energies  of  the  system  ele¬ 
ments.  Hie  resulting  set  of  equilibrium 
and  compatibility  equations  are  desig¬ 
nated  the  elastodynamic  equations  of 
the  complex  configuration.  Loadings 
may  be  in  terms  of  forces  (and  moments) 
and/or  displacements  (and  rotations). 
Unknown  internal  constraints,  or  reac¬ 
tive  loadings ,  are  represented  by 
Lagrangian  multipliers  and  are  assumed 
to  have  harmonic  solutions.  Exclusion 
of  the  explicit  time  dependence  of  the 
elastodynamic  equations,  by  operating 
in  the  frequency  domain  and  using  trans¬ 
form  techniques,  results  in  a  reduced 
set  of  matrix  equations  which  by  their 
symmetry,  and  partitioned  form,  minimize 
the  storage  and  ill  conditioning  problem 
of  large  order,  sparse  matrices  normally 
associated  with  such  systems.  Applying 
steady  state  sinusoidal  excitations  of 
constant  amplitude  and  varying  frequency 
to  the  elastodynamic  expressions  yields 
frequency  spectrums  for  the  generalized 
coordinates  q(t)  of  the  point  and  line 
intersections  (nodes)  of  the  structural 
elements . 


The  potential,  kinetic,  and  con¬ 
straint  energies  will  be  defined  as 
functions  of  the  generalized  coordin¬ 
ates  q-j ,  generalised  velocities  4j#  and 
Lagrangian  multipliers  A*,  respectively. 
As seab ling  the  energies  of  the  system 
into  tin  Lagrangian  L  and  then  separa¬ 
ting  Lagrange's  equation  into  two  forms, 
for  qj  and  Xi  variables,  gives 


(i) 

*(«;)  -Bt)  • « 

(2) 

where  Equation  (1)  yields  equilibrium 
equations,  some  of  which  contain  A 
tens,  and  Equation  (2)  yields  the  com¬ 
patibility  equations  for  structural 
elements  connected  to  the  ground,  rigid 
bodies,  and  plate  elements. 


Fig.  1  Prismatic  member  element 

In  order  to  describe  the  physical 
contribution  of  a  continuous  mass  dis¬ 
tributed  elastic  member  element,  as 
shown  in  Fig.  1,  it  is  convenient  to 
take  the  scalar  product  of  the  average 
nodal  loads  vector  X  at  each  end  times 
their  respective  local  response  vectors 
q.  The  scalar  product  yields  the  poten¬ 
tial  energy  of  the  continuous  mass  ele¬ 
ment  as 

°e  “  2  {",T  *  (3) 

The  load-response  relationships,  from 
modified  theory,  which  describe  the  lon¬ 
gitudinal,  torsional,  and  flexural 
motion  in  the  principal  planes  of  the 
element  are  well  known  )7].  As  an 
example  the  equations  for  longitudinal 
and  torsional  motion  are  given  respec¬ 
tively  as 
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/92*,(t). 


(5) 


with  similar,  but  somewhat  more  com¬ 
plex,  relationships  for  bending  in  the 
two  principal  planes. 

The  time  dependent  solutions  to 
the  longitudinal,  torsional,  and  ben¬ 
ding  equations  of  notion  nay  be 
expressed  in  the  normal  mode  form  by 


12 

ni(t)  -Z 

"lnW*  »  i-1'2'3 

n-1 

(6) 

12 

*i(t>  *z 

n*l 

*fnCnen{t)  »  i“1'2'3 

where  the  C  are  the  unknown  nodal 
amplitudes  n  of  6n(t)  and  0n(t) ,  and 
nf  ,  ip?  are  the  shape  functions  of 
tne  normal  modes.  There  are  twelve  Cn 
coefficients  corresponding  to  the  total 
number  of  degrees  of  freedom  for  both 
ends  of  the  element.  The  solution  to 
the  equation  of  notion  in  the  form  of 
Eqs.  (6)  are  also  well  known  (7]  and 
may  be  expressed  by  twelve  scalar  equa¬ 
tions  ,  representing  the  local  coor¬ 
dinate  response,  at  nodes  A  and  B. 

These  equations  may  be  expressed  in 
matrix  form  b"  the  relationship 

[nA,'l>A,nB  r’f’i})  =  IG,  j  1  f  ,Cj ,  •  •  •  ^ 

(7) 

where  the  matrix  IG^j]  is  a  twelve  by 
twelve  non-symmetric  matrix,  con¬ 
taining  terms  represented  by  hyperbolic 
and  trigonometric  type  functions . 

The  scalar  components  of  the  nodal 


load  vector,  in  local  coordinates, 
given  by  relationships  such  as 

are 

X  (6)  =  AE(^) 

3S  ' 

(8) 

Ve>  • 

(9) 

with  similar  relationships  for  shearing 
and  bending.  Taking  the  necessary 
derivatives  of  the  vectors  in  Eqs.  (6) 
and  substituting  into  the  equations  of 
motion  yields  a  column  of  twelve  loads 
which  are  expressed  in  matrix  form  by 

{Xa(6)  ,TA(e>  ,*Xb(6)  ,V6)  }  " 

t  Bi j 1 1 t ^2 f • • • ^ 

(10) 

The  (Bijl  raatrix  is  a  twelve  by  twelve 
..„u -symmetric  matrix,  similar  to  [G^j] 
matrix  and  containing  terms  repre¬ 
sen  «?d  by  hyperbolic  and  trigononetric 
typa  functions. 

halving  for  the  C  vector  from  Bq. 

(7) ,  .'  •.id  substituting  into  Bq.  (10)  , 
proviivs  the  loads  as  functions  of  the 
displacements  and  rotations  in  local 
coordin^'tss 

{xA(«)  ,'xA(e>  ,tB(«)  ;xB(e>>  - 

‘V'^i'^vVvV  (U> 

The  matrix  formed  by  IB^]  (Gj*)”1  is 
defined  as  the  symmetric,  twelve  by 
twelve,  matrix  of  dynamic  stiffness 
coefficients  for  the  continuous  mass 
element.'  Transforming  n,  t  from  the 
local  coordinates  to  the  inertial  coor¬ 
dinates,  and  then  substituting  Bq.  (11) 
into  Eq.  (3) ,  provides  the  desired 
energy  expression.  The  energy  of  a 
curved,  prismatic,  member  element  with 
a  continuous  mass  distribution  along 
the  length  is  obtained  by  a  procedure 
similar  to  the  one  uaed  for  the  straight 
member  element  described  above  [8]. 

The  kinetic  energy  K.  for  a  rigid 
body  of  arbitrary  shape  [9,10],  shown 
in  Fig.  2,  may  be  expressed  in  matrix 
form  as 

*»  ■  i 1 V  •  i"»)  •  <’>*  «12» 

where  Mm  represents  the  mss  and  iner¬ 
tia  tensor  of  the  rigid  body  m,  and  q 
implies  time  rate  of  change  of  q.  If  a 
rigid  body  is  idealized  as  a  point  maBS, 
with  zero  inertia  tensor,  then  the 
kinetic  energy  may  simply  be  expressed, 
in  terms  of  the  translational  velocity 
of  the  node  to  which  the  mass  is 


Fig.  2  A  rigid  body  element 


In  addition  to  thw  potential  and 
kinatie  energies  of  tha  structural  a la¬ 
ments,  than  also  exists  a  Lmgraagian 
font  of  oontraint  energy  (ill  due  to 
the  internal  loads  acting  at  each  nods. 
Blastio  ooeplianos  at  an  unconstrained 
nods  in  space  (i.a. ,  a  node  free  to 
displace  and  rotate  within  the  bounds 
of  the  elastic  properties  of  the  struc¬ 
tural  elansAts  connected  to  it) , 
requires  that  tha  internal  loads  at  tha 
node  be  in  equilibrium,  therefore-, 
constraint  energy  is  not  required  for 
the  unconstrained  node ,  and  the  normal 
six  equations  of  equilibrium  associated 
with  displacement  and  rotation  are  suf¬ 
ficient  to  characterise  the  node  pro¬ 
perties.  On  the  other  hand,  whan  a 
node  is  constrained  to  the  ground,  to 
the  plates,  or  to  the  rigid  bodies,  it 
is  essential  to  include  the  constraint 
energy  which  will  yield  unknown  con¬ 
straint  load  teres  in  the  equilibria! 
equations,  as  well  as  in  the  associated 
compatibility  equations  for  the  node. 

The  torn  of  constraint  energy  due 
to  the  load  at  node  r  on  a  rigid  body 
as  shown  in  Fig.  2,  is  given  in  terns 
of  the  local  coordinates  by 

Ur  -  (X) rT-{(CrJ  lTmrlT<q}m+fCrl{q}lr> 

(13) 


The  matrix  Tmr  is  a  transfer  matrix  be¬ 
tween  the  center  of  mass  and  node  r, 
which  relates  the  invariant  distance 
components  between  the  center  of  mass 
and  node  r.  The  constraint  matrix  C  is 


given  by 
C  = 


—  i 

e (6)  NOLL 

NULL  1  e (9) 

I 


(14) 


where  each  row  of  the  two  3x3  subma¬ 
trices  e(6)  and  e(0)  of  Equation  (14) 
contains  the  components  of  the  local 
unit  coordinate  vector  which  is,  pre¬ 
ferably,  in  the  direction  of  constraint. 
If  a  node  is  fully  constrained,  in  the 
direction  of  inertial  coordinates,  then 
the  constraint  matrix  C  reduces  to  an 
identity  matrix  I.  If  a  node  is  only 
partially  constrained  the  rows  of  the 
3x3  submatrices  corresponding  to  the 
unconstrained  local  element  directions 
become  null  or  zero  rows. 


Another  form  of  constraint  energy, 
applied  when  a  node  A  is  constrained  to 
ground  g,  is  given  by 

Ug  “  {">AT‘UCg1{^}A-II,ti'}g}  (15) 

where  wg  represents  displacements  and 
rotations  of  the  ground  in  local 


coordinates.  A  similar  fore  of  con¬ 
straint  energy  for  a  nodi  constrained 
to  a  plata  elanant  is  given  m 

°pe  “  (  HI  (q)s-l^lT(w)s)  (16) 

when  wB  represents  the  local  displace¬ 
ments  and  rotations  of  the  plata  nodes, 
VB  represents  the  inertial  coordinate 
components  of  the  constraint  loads  Xs, 
and  cj  i>  ■  nonsyiMtric  constraint  _> 
matrix  mads  up  of  rows  of  direction 
cosine  vectors  whose  components  era  in 
the  direction  of  constraint  normal  to 
tha  plate  or  shell. 

Assuming  a  harmonic  solution,  and 
employ?  ,ig  the  previous  definitions  of 
matrices,  the  coupled  system  of  hybrid 
elastodynaadc  equations,  derived  free 
Equations  (1)  and  (2)  may  be  assembled 
in  the  following  form 


Duu^u+Durqr+Du8^8+Dugqg  *  fu 

(17) 

°utTVI>rrVDr.V>r,’,  * 

=,*»,  -  ‘r 

(18) 

T  T 

D  q  +D  q  +D  q  +D  q  ♦ 
us  4u  rs  4r  bb4s  sg4g 

V  *  f 

s  s 

(19) 

D  Tq  +D  Tq  +D  Tq  + 
ug  4u  rg  4r  sg  qs 

D_  a  +C  TX  *  f 

99  9  9  9  9 

(20) 

C  q  K  rT  Tq  *  0 
r  r  r  nur  in 

(21) 

%  m  csTwi 

(22) 

Ca„  ■  w„ 

(23) 

9  9  9 

T  CTA-u>,^Mq  =  0 
mr  r  r  t 

(24) 

where  subscripts  u,  r,  s,  g,  m  repre¬ 
sent  unconstrained  nodes ,  nodes  con¬ 
strained  to  the  rigid  bodies,  nodes 
constrained  to  the  plates,  nodes  con¬ 
strained  to  the  ground,  and  nodes 
located  at  the  center  of  mass , 
respectively. 

The  symmetric  M  matrix  is  an  un¬ 
coupled  diagonal  mass-inertia  matrix, 
made  up  of  the  smaller  6x6  submatrices 
for  each  rigid  body.  The  symmetric 
matrix  D,  consisting  of  dynamic  stiff¬ 
ness  coefficients,  is  obtained  by 
differentiating  the  potential  energy 
functions  for  prismatic  members  and  is 
composed  of  Duu,  Dj-j-,  Dgg ,  Dug, 

and  Drg  in  Eqs.  (17)  through  (24)  where 
Duu  represents  coefficients  for  uncon¬ 
strained  nodes,  Drr  represents 
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SdiffUett  Cor  aodw  com* trained  to 
rigid  bodies,  R^*  represents  tits 
ground  uocstraints ,  2nd  Or c,  D«i  On, 
upruatit  tbs  coupling  matrices  between 
tbs  pnviuw  matrices.  tbs  transfer 
■atrix  T,  is  a  non-synsetrlc  matrix 
composed  of  smaller  Cxi  non -symmetric 
transfer  matrices  (cos  for  each  node 
constrained  to  a  rigid  bodr).  Finally, 
the  Cr  and  Co  constraint  matrices  arm 
non-sywatric  matrioas  mads  op  of 
snallar  6  x  6  submstrioes  as  defined  by 
Eg.  (14) ,  end  pertain  to  nodes  con¬ 
strained  to  tbs  rigid  bodiss  end  tbs 
ground,  respectively. 

Equations  (17)  through  (24)  pro¬ 
vide  tbs  frequency  response  for  any 
constrained  spatial  vibratory  system. 
Viscous  deeping  offsets  nay  be  included 
through  damping  forces  and  will  contri¬ 
bute  imaginary  elements  to  the  alas  bo- 
dynamic  equations.  Applying  steady 
stats  sinusoidal  excitations  of  con¬ 
stant  amplitude  and  varying  frequency, 
wf  yields  the  reduced  frequency  spec- 
trune  H(w)  of  the  generalized  coordin¬ 
ates  q  (t) .  the  matrix  reduction  pro¬ 
cess  is  given  in  references  [5]  and  (6). 
Essentially  the  process  consists  of 
finding  the  fl(«) frequency  response  of 
the  arbitrary  shaped  rigid  body  coor¬ 
dinates  qB  and  back  substituting  for 
the  response  of  the  qu  and  qr  coor¬ 
dinates  . 


of  the  forcing  functions  f (t)  by  using 
a  nuns ri cal  "fast  FOurier  transform*' 
technique.  Multiplying  the  total 
transmissibi lity  for  a  particular  noda 
by  tha  Korea  excitation  spectrum  yields 
the  node  response  spectrum  as 

R(«)  -  B(w)  -fM  (25) 

Tha  tins  response  r(t)  for  a  particular 
degree  of  freedom  of  a  given  noda  may 
be  obtained  by  taking  the  reverse  trans¬ 
form  of  R(w)  in  Bq.  (25)  such  that 

r(t)  m2tJ  (24) 

Equation  (26)  therefore  represents  the 
transient  response  to  any  general  for¬ 
cing  function  f (t) ,  including  shock- 
inpact  loadings.  Numerous  simple  "fast 
Fourier  transform”  algorithms  exist  t!2, 
13,14]  which  nay  be  used  to  obtain  the 
F(u)  and  r(t)  functions.  .Determination 
of  the  velocity  response  r(t)  requires 
only  that  the  R(u)  transform  be  modi¬ 
fied  by  the  Fourier  property  for  time 
differentiation  which  yields 

iu>R(u)e^l,,tdiii  (27) 


The  velocity  response  provides  a  useful 
quantity  for  examining  sound-structure 
interactions. 


STEADY  STATE,  TRANSIENT  AND  RANDOM 
RESPONSE 

Because  of  the  transcendental 
nature  of  the  e las tody n ami c  equations, 
it  becomes  advantageous  to  operate  in 
the  frequency  domain  and  use  the  Fourier 
integral  approach  rather  than  use  the 
classical,  and  often  popular,  modal 
method  to  solve  for  general  forced  and 
random  response.  The  frequency  spec¬ 
trum  H(ia>)  of  q(t)  ,  obtained  from  the 
elastodynamic  equation,  acts  as  a 
transmissibi lity  function  ard  by  the 
nature  of  its  derivation,  is  gener¬ 
alized  to  any  forcing  function  which 
may  be  obtained  by  the  superposition  of 
a  number  of  harmonic  forcing  functions. 

The  transmissib.ility  functions 
represent  the  coupled  steady  state  solu¬ 
tion  for  the  complex  structural  con¬ 
figuration  and  are  applicable  to  both 
the  deterministic  and  nondeterministic 
areas.  They  include  coupled  elastic 
wave  effects  as  well  as  the  inertial 
effects  of  arbitrary  shaped  rigid 
bodies . 

For  the  case  of  shock-impact 
loadings,  the  excitation  spectrum  F(u) 
is  obtained  from  the  forward  transform 


In  describing  the  response  charac¬ 
teristics  of  linear  systems  excited  by 
random  dynamic  loadings,  such  as  those 
encountered  in  randan  pressure  fields, 
it  is  assumed  that  a  given  random  exci¬ 
tation  will  have  stationary  and  ergodic 
properties,  and  that  a  Gaussian  random 
process  will  yield  a  Gaussian  response. 
The  response  of  such  systems  are  most 
conveniently  described  by  use  of  the 
power  spectral  density  function.  The 
power  spectral  density  P(u>)  of  the  elas¬ 
todynamic  configuration,  at  any  fre¬ 
quency,  is  equal  to  the  excitation 
spectral  density  Sg(u)  times  the  square 
of  the  absolute  value  of  the  transmis- 
sibility  function  H(w)  ,  at  that  fre¬ 
quency,  and  is  given  by 

P(w)  =  |H(ui |2Se(u)  (28) 

Integrating  over  the  frequency  range  of 
interest  yields  the  mean  square  dis¬ 
placement  response  of  the  structure  as 

u>2 

<r2(t>)  =  f  P(u>)  du  (29) 


where  u, ,  and  u>2  represent  the  band¬ 
width  limits  of  the  system.  In  a  man¬ 
ner  similar  to  that  used  in  the  impact 
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excitation  cm,  tte  mn  iqaan  m lo¬ 
ci  ty  mpoaM  mgr  *l*o  be 

flbtiixMd* 


OTEBUL  KLEMEHT  LOADS  AND 

CORRESPONDING  STRESSES  -  _  _ 

Proa  tii*  coupled  frequency  re¬ 
sponse  R(w)  sad  t ranssd.se ibility  func¬ 
tions  B(w} ,.  it  is  possible  to, calculate 
spectrum  of  internal  loads  Vie) ,  and 
corresponding  stresses,  within  the 
structural  elements  of  the  complex 
vibratory  configuration  by  Multiplying 
tbs  static  stiffness  coefficient  matrix 
Sij  of  an  individual  eleven t  by  its 
respective  nodal  response  spectrins. 

As  an  exaaple  consider  the  case  of 
a  prisnatic  seder  element  with  six  de¬ 
grees  of  freedm  at  each  end  (three 
translation  and  three  rotation)  whereby 
the  resulting  static  stiffness  coeffi¬ 
cient  eatrix  is  a  twelve  by  twelve 
array  of  constant  coefficients.  The 
relationship  for  the  internal  load 
spectrin  is  therefore  given  by 


(V^  (u) }  .  ISi;j|  -(Rjto)))  (30) 

Since  the  Rj(u)  is  known  from  the  solu¬ 
tion  of  theJelastodynamic  equation,  one 
say  obtain  V^(u)  from  Eq.  (30).  Simi¬ 
larly,  by  applying  finite  element  tech¬ 
niques  [15,16],  one  can  obtain  static 
stiffness  coefficient  matrices  for 
plate  elements  and  hence  derive  corre¬ 
sponding  load-response  spectral  rela¬ 
tionships  for  plate  elements. 

Transforming  the  load  speccrums 
from  Inertial  to  local  coordinates  in 
the  direction  of  the  principal  axes  of 
the  element,  separates  the  loads  into 
components  which  are  parallel  to  the 
principal  planes.  In  the  case  of  a 
prismatic  member  element  the  trans¬ 
formed  load  spectrums  represent  the 
frequency  dependent  bending  moments, 
shear  forces ,  axial  force  and  torque 
arising  from  the  normal  and  shear 
stresses  acting  on  plane  cross-sections 
at  the  ends  of  the  element.  A  treat¬ 
ment  of  the  problem  can  therefore  be 
given  in  terms  of  the  stress  resultants 
acting  on  each  cross-section  of  the  ele¬ 
ment  rather  than  on  unit  stresses.  A 
final  transformation  of  the  loads  from 
the  frequency  domain  to  the  time  domain, 
via  the  numerical  "fast  Fourier  trans¬ 
form"  algorithm,  provides  the  basis  for 
recombining  the  bending  moments,  shear- 
forces,  axial  force  and  torque  to 
obtain  the  time  dependent  normal  stres¬ 
ses  and  shear  stresses  acting  on  the 
cross-sections  of  the  elements. 


Vox  tbs  cum  of  stM4r  >tats  exci¬ 
tations  tbs  —d—  stresses  obtained 
from  the  normal  and  shear  i tresses,  may 
be  compared  to  known  experimental  E-N 
(stress  vs.  euafcer  of  eycles)  curves  to 
predict  possible  fatigue  failure  or 
damage.  In  general,  however,  the  exci¬ 
tations  which  are  of  primary  interest  ' 
are  those  which  are  associated  with  the 
random,  high-frequency,  loading  cases. 

These  cates  normally  include  pro¬ 
blems  associated  with  sonically  induced 
fatigue ,  noise  transmission  and  the 
prediction  of  maxim  likelihood,  or 
probability,  of  first-excursion  fail¬ 
ures.  An  upper  bound  solution  for  the 
probability  of  a  f irst-oxcurs  ion  fail¬ 
ure  can  be  obtained,  by  use  of  the 
generalised  Chabyshev  inequality,  if 
the  mean  square  values  of  the  tine 
dependant  stresses  or  loads  are  known 
(17).  Employing  a  procedure  similar  to 
that  used  in  determining  the  internal 
element  loads  for  the  steady-state  case, 
and  recalling  the  assumption  that  ran¬ 
dom  excitations  have  stationary  and 
ergodic  properties,  results  in  a  set  of 
spectral  load,  or  stress,  distribution 
functions  which  may  be  integrated  over 
frequency  range  of  interest  to  obtain 
the  lesired  values  of  mean  square  loads 
or  stresses.  These  values  may  then  be 
compared  to  known  failure  criteria. 

Another  technique  which  was 
developed  during  recent  years,  and 
which  provides  a  simple  means  for 
understanding  and  estimating  signifi¬ 
cant  properties  of  multimodal  vibratory 
systems  of  the  above  nature,  is  the 
statistical  energy  analysis  method  (18, 
19).  Basically,  the  method  uses  modal 
response  rnd  total  average  response 
properties  to  show  that  under  certain 
conditions  the  steady-state  mode  to 
mode  power  flow  is  proportional  to  the 
difference  between  the  time-average 
kinetic  energies  of  the  two  modes.  A 
primary  reason  for  developing  the  sta¬ 
tistical  energy  analysis  method  was 
that  the  use  of  classical  methods ,  such 
as  the  modal  method,  for  determining 
response  of  structures  to  broadband 
(high-frequency)  excitation  normally 
requires  large  amounts  of  computation 
due  to  the  large  number  of  modes  that 
affect  the  total  response  in  the  band 
of  interest.  In  addition,  accurate 
determination  of  the  shapes  of  the 
higher  modes  also  presents  -lif ficulties 
along  with  other  assorted  problems, 
such  as  the  inclusion  of  coupled  wave 
and  arbitrary  shaped  rigid  body 
effects.  Many  of  these  problems  have 
been  minimized,  or  eliminated,  by  use 
of  the  elastodynamic  statistical  loads 
analysis  technique. 
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CONCLUSION 

Vo  summarize ,  the  hybrid  elasto- 
dynmaic  formulation  provides  •  consis¬ 
tent  and  effective  technique  for 
determining  reactive  loads  and  elenent 
stresses ,  as  well  as  the  steady  state, 
transient,  and  probabilistic  response 
characteristics,  of  eoaplex  structural 
configurations  with  general  con¬ 
straints.  Symmetry  and  the  partitioned 


fore  of  the  elastodynmic  matrices  adni- 
adxes  the  storage  and  ill  conditioning 
problem  of  large  order,  sparse  matrices 
normally  associated  with  such  systems. 
Furthermore,  the  response  to  a  general 
class  of  excitations  has  been  greatly 
a'aplifisd  by  operating  in  the  frequency 
domain  and  employing  numerical  fast 
Fourier  transform  techniques. 
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HASTRAH  OVERVIEW:  ESVEUJFNSKT, 

nnumcs  affucatic*,  maerexahce,  acchtahce 


J.  Philip  Raney,  Head,  HASTRAH  System-,  Management  Office  end 
Deem  J.  Veldaan,  Aerospace  Engineer 

HASA  Langley  Research  Center 
Hampton,  Virginia 


(U)  The  historical  development  ol  the  HASTRAH  system  for  structural 
analysis  Is  briefly  reviewed  and  HAS TRAIT  a  present  capabilities  for 
dynanlc  analysis  are  presented.  Specific  applications  of  HASXRAI  to 
vibrations  and  dynamic  response  phenomena  are  Illustrated,  using 
typical  engineering  problems  which  were  among  those  presented  at  the 
first  HAS3>AH  Users'  Colloquium,  Langley  Research  Center,  September 
13-19,  1973.  Finally,  plans  for  the  centralized  maintenance  and 
future  development  of  HASTRAH  ure  summarized.  Emphasis  is  placed  on 
NASA's  intention  to  maintain  ltASTRAH  as  a  valuable  national  capability. 


nrnurucnoH 

HASTRAH  (HASA  STRUCTURAL  ANALYSIS)  was 
developed  by  HASA  to  provide  the  c  v  billty  for 
Integrated  analyses  of  complex  aerospace  struc¬ 
tures.  Until  the  HASTRAH  concept  emerged  there 
was  a  proliferation  of  limited*  mrpose,  often 
proprietary,  structural  analysi  programs. 
Usually  these  programs  were  not  user  oriented, 
vere  operational  on  only  one  type  of  couputer, 
or  were  otherwise  accessible  to  HASA  only  at 
high  cost  or  unusual  Inconvenience  or  both. 
HASTRAH  was  designed  to  provide  HASA  with  a 
complete,  essentially  machine- independent 
facility  for  detailed  structural  analysis 
encompassing  statics,  buckling,  vibration, 
transient  dynamics,  and  random  response. 

The  purpose  of  this  paper  Is  to  briefly 
review  the  development  of  HASTRAH,  to  highlight 
applications  of  NASTRAH  In  the  area  of  vibra¬ 
tion  and  dynamics,  to  discuss  requirements  and 
plans  for  maintenance  and  future  development, 
and  to  summarize  user  acceptance  of  the  NASTRAH 
system. 

HASTRAH  DEVELOPMENT* 

HASTRAH  was  first  conceived  in  1965  when 
a  committee  of  HASA  specialists  surveyed  the 
existing  structural  computer  programs  in  the 
aerospace  Industry.  No  reasonable  overlay  of 
existing  programs  met  all  of  the  HASA  require- 


*Most  of  the  material  presented  In  this  section 
was  borrowed  from  references  1  and  2  which 
should  be  consulted  by  the  reader  who  desires 
more  detail  than  given  here. 


ments  so  the  committee  recommended  the  develop¬ 
ment  of  a  new  state-of-the-art,  applications 
program  for  integrated  structural  analysis  of 
complex  aerospace  structures.  After  some  pre¬ 
liminary  analysis  and  technical  evaluation, 
development  of  HASTRAH  was  begun  In  July  1966 
by  on  industry  team  consisting  of  Computer 
Sciences  Corp.,  the  Baltimore  Divi3lon  of 
Martin-Marietta,  The  MacHeal-Schwendler  Corp. 
and,  later,  Bell  Aerosystems  Compary,  all  under 
the  direction  of  the  Goddard  Space  Flight 
Center. 

A  preliminary  version  of  the  statics  por¬ 
tion  of  the  program  was  delivered  to  HASA 
Centers  in  1968  and  delivery  and  Installation 
of  the  complete  system  began  In  1969*  Release 
to  industry  came  in  November  1970. 

Design  Objectives 

Since  NASTRAH  was  Intended  for  general  use 
it  had  to  satisfy  a  wide  spectrum  of  require¬ 
ments.  In  order  to  compete  with  other  programs. 
It  had  to  be  efficient,  versatile,  and  convenient 
to  use.'  It  had  to  be  standardized  to  permit 
interchange  of  input  and  output  among  different 
users  and  structured  to  permit  future  modifica¬ 
tion  and  extension  to  new  problem  areas  and  to 
new  computer  configurations  without  major 
redevelopment.  Specifically,  NASTRAH  was 
desired  to  be  machine- independent  for  the 
user.  Problem  size  was  to  be  Independent  of 
machine  size  and  a  wide  range  or  user- 
oriented  features  were  required  including 
plotting  capability  and  well -organized 
documentation. 


Preceding  page  blank 
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Moat  of  the  design  objectives  have  been 
achieved*  The  progr—  is  —chine  Independent 
fra  the  nser's  standpoint)  however,  there  are 
so—  qrst  am- dependent  computer  characteristics* 
The  it— lnder  of  this  section  describes  the 
design  features  of  greatest  Interest  to  the 
vibrations  and  djmaadcs  analyst* 

System  Capability 

The  range  of  application  of  the  IA8TKAJI 
aysten  extends  to  a}— at  every  bind  of  struc¬ 
ture  and  to  slnost  every  nethod  of  fabrication. 
Structural  elements  are  provided  for  tt>j  specific 
representation  of  the  —re  con— n  types  of  con¬ 
struction,  Including  rods,  beans,  sheer  panels, 
plates,  and  shells  of  revolution.  More  general 
types  of  construction  axe  treated  by  co— inatlcns 
of  these  elements  and  by  the  use  of  so-called 
general  dene nts.  Control  system,  aerodynamic 
transfer  functions,  and  other  nonstructural 
features  can  be  Incorporated  Into  the  structural 
problem. 

The  range  of  analysis  types  in  the  program 
includes:  static  response  to  concentrated  and 
distributed  loads,  to  thermal  expaj  lion  and  to 
enforced  defor— tlon;  dynamic  response  to  tran¬ 
sient  loads,  to  steady-state  sirusoldal  loads, 
and  to  random  excitation;  determination  of  real 
and  complex  eigenvalues  for  use  In  vibration 
analysis,  dynamic  stability  analysis,  and  elastic 
stability  analysis.  The  system  Includes  a 
limited  capability  for  the  solution  of  nonlinear 
problems,  including  piecewise  linear  analysis  of 
nonlinear  static  response  and  transient  analysis 
of  non1! near  dynamic  response. 

Rigid  Formats:  Twelve  prepackaged  programs 
called  rigid  formats  are  presently  available  in 
NASTRAN  and  provide  the  desired  capacity  for 
integrated  analysis;  that  is,  the  capability  to 
compute  the  response  of  the  same  finite  element 
model  to  every  type  of  static  and  dynamic  load¬ 
ing  conditions.  The  rigid  formats  include  the 
following  capability: 

A.  Static  Analysis 

1.  Basic  static  analysis 

2.  Static  analysis  vith  inertia  relief 

3.  Static  analysis  with  differential 

stiffness 

*♦.  Piecewise  linear  analysis 

B.  Elastic  Stability  Analysis 

5.  Buckling 

C.  Dynamic  Analysis 

6.  Normal  modes  analysis 

7.  Direct  complex  eigenvalue  analysis 

8.  Direct  frequency  and  random 

response  analysis 

9.  Direct  transient  response  analysis 

10.  Modal  complex  eigenvalue  analysis 

11.  Modal  frequency  and  random  response 

analysis 

12.  Modal  transient  response  analysis 


plract  Matrix  Abstraction  Prog—  (WAP): 
If  aa  analyst  n—i  to  eco&ict  aa  analysis —t 
provided  far  in  the  rigid  formats,  he  can 
organ!  we  his  own  probl—  steps  by  using  a  lan- 
guage,  called  IMAP,  contained  within  KA9T8AI. 
Certain  IA8SUUI  control  features,  namely  the 
executive  control,  the  Input  file  processor, 
end  the  output  file  processor  era  — de  to  operate 
auto— tieelly  with  the  e—lyst’e  MAP  program, 

—  that  the  user  need  not  concern  himself  with 
core  assignments  end  secondary  storage  assign¬ 
ments.  The  user  need  only  specify  the  sequence 
of  matrix  operations  art  the  module  selections 
needed  to  solve  the  math  raw  tl cal  formulation 
of  his  particular  case.  He  arranges  for  the 
far—  of  his  Irput  and  output  and  makes  provi¬ 
sion  for  problem  recovery  and  restart.  In  fact, 
IMAP  need  not  necessarily  pertain  to  structures) 
it  can  treat  problems  in  any  discipline  so  long 
aa  aatrix  formulation  is  employed.  The  other 
principle  option  in  using  IMAP  is  the  Instance 
of  a  user  being  essentially  satisfied  with  a 
rigid  for— t  but  wanting  to  modify  or  au&aent 
Its  operation.  It  Is  possible  to  sake  a  IMAP 
alteration  to  a  given  rigid  forma t. 

Finite  Elements:  The  structure  to  be 
analysed  is  represented  using  elastic  finite 
elements  available  in  NASTRAH.  At  the  present 
tl—  the  following  elements  are  available: 

0ne-dlaenslona3 

rod,  tube,  bar 

Two-dlmenalonal 

shear  panel,  twist  panel,  membrane, 
ronhomogeneous  plate,  homogeneous  plate, 
sandwich  plate 

Three-dimensional 

conical  shell,  toroidal  shell,  solid  of 
revolution 

General 

general  element,  direct  matrix  input 

Scalar 

spring,  mass,  damper,  nonlinear 

The  material  properties  associated  with 
the  above-listed  elements  are  given  in  Table  1. 

Eigenvalue  and  Dynamics  Problems:  Since 
NASTRAN  is  designed  primarily  for  solving 
large-order  matrices,  several  different  situa¬ 
tions  in  eigenvalue  analysis  arise  in  which  the 
analyst  wishes  to  obtain  one  or  more  of  the 
following: 

3 )  A  few  roots  of  a  large -order  matrix 
2)  All  the  roots  of  a  large-order  matrix 

(3)  A  few  roots  of  a  complex  matrix 

Procedures  are  included  in  NASTRAN  for  the 
preceding  information  to  be  obtained  in  solving 
buckling  and  vibration  problems. 

Various  techniques  are  used  to  obtain 
eigenvalues.  Root  tracking  techniques  are  used 


110 


TMUt  1 


Material  properties  Associated  with  MSBMI  Structural  Elements 


Elastic  moduli 

Ttermml  moduli 

Mass 

Ziotvofic 

Orthotropic 

Anisotropic 
fttpeetture  dependent 
Stress  dependent 

tar  tropic 

Qrttetroplc 

Anisotropic 

Temperature  dependent 

Structural  density 
Boostructural  mass 
IngM  properties 
Coupled  properties 
Weight 

Center  of  gravity 

to  obtain  a  few  roots  of  large  satrlces  -  both 
real  and  complex.  Two  root  tracking  schemes 
are  available.  One  Is  the  well-established 
determinant  nethodj  the  other  Is  a  netted 
tormetlj  used  for  retlaenent  but  now  organised 
as  a  self-contained  technique  celled  the  Inverse 
power  netted  with  shifts.  One  advantage  of  this 
netted  Is  that  a  root  can  be  obtained  with  high 
accuracy  regardless  of  its  order  of  appearance 
In  frequency.  It  is  well  suited  tor  the  deter¬ 
mination  of  bifurcation  buckling  loads  and 
nodes. 

To  obtain  a  large  number  of  roots,  a  rota¬ 
tional  netted  called  the  Ci.-rts/i-R  netted  Is 
available  wherein  all  roots  are  ob  JLned  simul¬ 
taneously.  The  Givens  netted  is  used  to  trl- 
dlagonallse  real  natrlces  only,  and  the  Q-R 
netted  Is  used  to  extract  the  el'^euvectors . 

The  methods  of  eigenvalue  solution  and 
type  of  output  are  listed  In  table  2. 

There  are  several  options  available  to  the 
analyst  when  solving  dynamics  problems.  Because 
dynamics  problems  usually  require  longer  running 
times  on  the  computer  than  statics  problems  the 
analyst  will  quite  often  want  to  reduce  the 
number  of  degrees  of  freedom  of  his  problem  from 
that  which  was  formulated  for  a  statics  solution. 


The  Ouyan  reduction  method  Is  one  way  of  accom¬ 
plishing  this,  or  the  analyst  asy  choose  to 
remodel  his  structure  using  fewer  degrees  of 
freedom.  Solution  of  the  dynenic  differential 
equations  can  proceed  by  the  Lagranglan  nodal 
approach  If  a  sufficient  number  of  nodes  were 
previously  obtained  from  eigenvalue  analysis, 
or  direct  Integration  can  be  carried  out  using 
finite  differences  In  time. 

There  are  essentially  four  different  types  of 
dynamics  problems  that  can  be  solved  -  transient 
response,  frequency  response,  random  response, 
and  elastic  structure-control  system  stability, 
table  3  outlines  KASTRAK  structural  dynamics 
problem  analysis,  it  gives  the  KASTRAK  options 
for  solutions  of  dynamics  problems,  lists  the 
basic  types  of  dynamics  problems  and  shows 
typical  applications  in  each  problem  area 
together  with  list  of  Inputs  and  the  outputs 
available  from  the  NASTRAH  program. 

Plotting:  The  KASTHAH  program  makes  use  of 
a  broad  variety  of  plotting  capability  on  various 
types  of  plotters.  The  equipment  for  which 
KASTRAK  was  designed  to  Interface  are  those 
routinely  employed  by  the  NASA  Centers.  Three 
types  of  plotters  are  included:  table,  micro¬ 
film,  and  Incremental  plotters.  There  is  also 
a  software  package  Included  In  KASTRAK  called 


TABLE  2,-  Eigenvalue  Analysis 


Root  Tracking  Rotational 

Determinant  method  Givens/Q-F  method 

Inverse  power  with  shifts  method 


Output  Obtainable  from  Eigenvalue  Analysis 


Modal  frequencies 
Generalized  mass 
Mode  shape  normalization 
Generalized  mass 
Maximum  deflection 
Arbitrary  component 
Modal  plots 
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TABLE  * 

Structural  Ufa— lea  Prublea  Analysis 


mSBttl  Options  fat  Solutloo  of  Eynadca  ProM— ■ 

Option  to  reduce  degrees  of  freed on 

Option  to  eugnest  with  attached  syrtess 

Option  to  specify  damping 

Option  for  nodal  method  or  direct  Integration 

-"n  1 1 

Transient  Response 

frequency  Response 

Randcu  Response 

Stability 

typical  Application 
type  of  input 

DTKAKIC  LOAD 

Grid  point  force  ampli¬ 
tude 

Grid  point  force  phase 
Tin  delay 

Initial  conditions 
Integration  time  step 
nonlinear  scalar 

SINUSOIDAL  LOAD 
Amplitude 

Phase 

frequency  range 

AOTO-SPECTWJN  OF 
GHEP  POOR  LOAD 
frequency  range 

TRABSJER  FUMCTIOH 

CONTROL  SXSIBI 

Signal  con¬ 
ditioners 
STRUCTURAL 
TRANSFER  VWC- 
TI0N 

nOAMIC  LOAD 
Grid  point 
force  ampli¬ 
tude 

Grid  point 
force  phase 
Time  delay 
Initial  con¬ 
ditions 
Integration 
time  steps 
Nonlinear 
scalar 

Output  Available 

Grid  point  displace¬ 
ment,  velocities, 
accelerations 

Grid  point  applied  loads 
Element  forces,  stresses 
Deformation  plot 

Curve  plot 

Displacement., 
velocity, 
acceleration, 
force,  stress 
Transfer  function 
General  frequency 
response 

Curve  plot 

Frequency  range 
Auto-spectrum 
Auto  correla¬ 
tion 

Curve  plot 

Grid  point  dis¬ 
placements, 
velocities, 
accelerations 
Grid  point 
applied  loads 
Element  forces, 
stresses 
Deformation 
plot 

Curve  plot 

the  General-Purpose  Plotter,  which  has  reduced 
the  commands  to  generic  types.  It  needs  only 
a  small  additional  plot ter -dependent  translator 
of  these  generic  comiands  to  make  It  applicable 
to  a  plotter  of  any  manufacture. 

Two  broad  types  of  plots  can  be  obtained  - 
structure  and  curve  plots. 

Structure  plotting :  The  pictorial  repre¬ 
sentation  of  the  structural  analytical  model 
can  Involve  as  large  or  as  small  a  portion  of 
the  specimen  as  the  analyst  decides.  He  may 
call  for  any  of  orthographic,  perspective,  or 
stereoscopic  projections.  The  orientation 
from  which  the  essentials  can  best  be  viewed 
ore  selected  and  then  automatically  calculated. 
With  deformed  structures  the  scaling  of  the 
grid  point  displacements,  which  are  ordinarily 


in  mils,  Is  adjusted  to  give  a  size  that  will 
make  the  behavior  quite  evident. 

Curve  plotting:  Instead  of  looking  at 
total  deformation  of  the  structure,  it  may  be 
more  meaningful  to  explore  time  histories  or 
frequency  histories  of  element  behavior  and/or 
grid  point  behavior,  such  as  stress,  velocity, 
or  autocorrelation.  Coordinate  lines  can  be 
arranged  In  almost  any  manner  with  regard  to 
position,  graduations,  and  labels. 

More  than  one  curve  can  be  drawn  on  a 
given  plot,  and  more  than  one  plot  can  appear 
on  a  page. 

Documentation:  During  the  development  of 
NAS TRAN  a  deliberate  attempt  was  made  to  assure 
that  the  program  is  well  documented.  As  a 
result  the  documentation  that  is  provided  should 
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cwrtmla  tte  mwa  to  ooot  of  tho  gpwtrtlouw 
that  com*  It  ziIm*  tgr  ttt  thaoretleiaa, 
prograMr,  and  u*er,  dan  Meb  has  a  atonal 
dowii nod  iftelflwUy  for  Ui  naaai.  To  ftarUt 
fbr  updating,  tho  —am Jb»  am  not  bound  bat  am 
pinuM  fir  lnaartlon  in  a  throe-ring  binder. 

The  separate  mnasla  that  am  arallahje  am: 

(1)  MBA  8P-221,  MSRMI  Theoretical 
Manual  (mf.  » 

(2)  MSA  HP-222,  AA8TBAI  User' a  Manual 

,  %  («rf.  *> 

(3)  MSA  8P-22J,  MSBUUI  Prograaer'a 
Manual  (ref.  3) 

(A)  MSA  8P-224,  M9EBAX  Deuoustratlou 
Frobltu  Manual  (mf.  6) 

AFIUCASXORB  K»  UnWOC  AMALYSIS 

It  la  the  purpose  of  this  portion  of  the 
paper  to  Introduce  the  potential  user,  particu¬ 
larly  the  dynaaldat,  to  the  capabilities  of 
the  M8TRAM  airstea  for  dynaale  analysis.  The 
compendium  of  papers  free  the  first  IASTRA* 
Users'  Colloquium  (ref.  7)  includes  a  typical 
subset  of  recent  applications  to  dynaalcs  prob¬ 
lems.  To  this  end  the  sir  typical  applications 
which  fallow  hare  been  selected.  All  but  the 
ware  propagation  problem  am  discussed  in  com¬ 
plete  papers  Included  In  reference  7>  The 
KASTRAH  results  for  the  wave  propagation  problem 
were  computed  by  the  authors  to  supplement  data 
presented  in  reference  8.  For  ccct,  enience  of 
the  reader  who  may  wish  to  refer  to  the  oi fglnal 
papers,  physical  unite  have  been  left  or  pre¬ 
sented  In  references  7  and  8. 
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Figure  1.-  Schematic  of  apparatus  for  transverse 
wave  experiment 


Wave  Propagation 

A  schematic  representation  of  the  test 
apparatus  Is  shown  In  figure  1.  A  clamped - 
clamped  beam  was  loaded  by  the  impulsive  Impact 
of  l/4  In.  steel  ball  at  its  center.  The  actual 
displacements  were  measured  by  holographic  means 
as  described  in  Appendix  D  of  reference  8. 

From  a  set  of  impact  holograms,  an  experimental 
history  of  displacement  was  developed. 

Essentially  a  "traveling  wave"  type  of 
displacement  pattern  Is  evident,  with  an  ampli¬ 
tude  variation  due  to  the  time  dependence  of  the 
actual  loading.  In  figure  2,  the  transverse 
deflection  shspes  of  the  beam  at  t  =  51  pscc  are 
shown.  The  time  vsrlation  of  the  loading  was 
assumed  to  be  sinusoidal  with  a  hslf-period  of 
30  nsec  and  ar.  impulse  of  2. 92  v  10*1*  lb-sec.  The 
displacement  results  were  computed  using  both 
NA STRAW  and  a  Drexel  University  developed  com¬ 
puter  code  based  on  the  method  of  characteris¬ 
tics  called  MCDIT  21.  The  KASTRAH  results  are 
nearly  coincident  with  those  produced  by  the 
method-of- characteristics  approach  with  only 
slight  differences  near  the  wave  front.  Near  the 
wave  front  the  differences  may  be  attributed  to  the 
fact  that  MDCIT  21  employs  Timoshenko  beam  theory, 
whereas  the  NASTRAN  modal  included  transverse  shear 
effects  but  neglected  rotatoiy  inertia.  NASTRAN 
was  found  to  be  competitive  with  the  special 


Distance  From  Beem  Center,  inches 

Figure  2.-  I 'am  response  at  t  =  5.1  x  10*5  sec 
due  to  impact  of  l/4-in.  steel  ball. 
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purpose  ftogna  for  this  application  and.  In 
addition,  the  versatile  plotting  capability  of 
ttSIBAI  allowed  rapid  interpretation  of  the 
results. 

Space  Shuttle  Booster  Analysis 

The  space  shuttle  structure  has  tews 
analysed  with  IASTBAI  through  a  series  of 
chaises  in  design  and  configuration.  As  the 
structure  teeane  tetter  defined,  nore  refined 
analytical  aodels  were  developed  and  analysed, 
thus  allowing  analytical  results  to  keep  pace 
with  design  alterations. 

A  typical  space- shuttle,  booster- vehicle 
design  Is  Shown  in  figure  3.  This  configuration 
has  a  large  vertical  tail  and  a  relatively  snail 
tapered  wing  near  the  rear  quarter- point  of  the 
fuselage.  This  structural  design  was  idealised 
originally  with  teas  elements,  and  eventually  aa 
a  bean  fuselage  with  plate-type  aerodynaaic 
surfaces,  ss  shown  in  figure  4  which  shows  a 
wing-torsional  node  shape,  as  veil  as  showing  a 
motion  similar  to  the  first  betiding  node  of  the 
horizontal  tail.  Note  the  rigid  element  defini¬ 
tion  of  the  orb iter  and  the  flexible  bean  defini¬ 
tion  of  the  booster  fuselage.  Pros  these  results, 
an  adverse  coupling  effect  was  found  to  exist. 

To  evaluate  the  effectiveness  of  the  fuselage 
structural  redesign  initiated  to  reduce  this 
coupling,  a  detailed  structural  model  of  the 
booster  fuselage  was  developed  for  the  next  con¬ 
figuration,  a  delta  wing  version  as  shown  in 


figure  3*  it  tee  a  wall  canard  forward  on  the 
fttealMe  as  wall  as  a  large  delta  wing  below  the 
fmaigi  at  the  fear.  Notice  that  no  horizontal 
tail  la  needed  in  this  design.  While  analyzing 
the  static  response  at  this  structure,  the  design 
parameter*  btoane  sufficiently  defined  to  allow 
a  detailed  dyiwlc  nodal  ea  shown  In  figure  6, 
with  a  greatly  increased  booster  grid  definition. 
The  arbiter  is  still  defined  as  a  simple  bean 
structure  and  will  be  incorporated  with  this 
booster  aodel  for  final  analysis  of  the  coupled 
configuration.  Usiig  this  aodel,  the  dynamic 
response  notions  at  each  at  the  points  on  this 
nodel  can  be  obtained  similar  to  that  shown  in 
figure  3  for  the  simpler  nodal.  Additional 
information  on  these  structures  can  be  found  in 
reference  7a. 

Acoustic  Analysis  of  the  Pressures  in  a 
Rocket  Motor  Cavity 

This  application  illustrates  the  use  of 
HASTRAN  for  a  non  structural  (acoustic)  problem 
with  a  of  additional  analysis  (see 

ref.  7b  for  the  theoretical  derivation). 

In  solid  fuel  rockets  an  interior  cavity  is 
usually  provided  to  allow  the  necessary  optimum 
surface  area  of  combustible  material.  In  fact, 
a  rather  elaborate  art  of  cavity  and  slot  shap¬ 
ing  has  developed.  Of  important  concern  is  the 
possibility  of  having  pressure  "instabilities" 
or  pulses  that  will  seriously  affect  the  engine's 
operation.  A  typical  example  of  a  relatively 
simple  slotting  arrangement  for  the  Mimiteaan  II 


Reproduced  from 
belt  available  copy. 


Figure  3.-  Straight  wing  configuration. 
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Figure  6.-  Detailed  dynamic  model  for  delta  wing  version  of  figure  5. 


missile  is  shown  in  figure  7*  This  figure  shows 
a  finite  element  model  of  the  interior  of  the 
propellant  cavity,  which  has  a  central  cylin¬ 
drical  cavity.  Four  slots  of  constant  width 
(shown  shaded  in  the  figure  with  conically 
flared  cavities  near  the  aft  end) are  spaced  at 
90°  Intervals  around  the  central  cavity. 

Another  example  of  a  more  involved  slotting 
geonetiy  is  shown  in  figure  8  for  a  Poseidon 
rocket  motor  wlt.i  12  slots  spaced  around 
a  central  cavity.  The  Important  fact  to 
note  is  the  large  number  of  slots  in  this 
cavity,  as  well  as  the  usual  nonaxisymmetric 
character  of  these  cavities.  Aftex'  a  review  of 
the  basic  equations  for  internal  fluid  flow, 
it  was  observed  that  they  are  similar  to  the 
equations  for  structural  analysis,  with  the 
displacement  and  internal  forces  considered  to 
be  pressures  and  fluid  accelerations, respec¬ 
tively.  Thus,  when  the  mode  shapes  and  fre¬ 
quencies  of  these  cavities  are  calculated,  the 
mode  shape  becomes  the  pressure  distribution 
in  the  cavity  at  that  r>  ;onant  frequency.  The 
natural  frequencies  of  the  Poseidon  rocket 
cavity  as  well  as  the  pressure  distributions  or 


"mode  shapes"  in  the  cavities  at  these  fre¬ 
quencies  are  shown  in  table  4.  The  first  six 
modes  for  each  of  the  lowest  two  harmonics  of 
the  pressure  distribution  in  the  cavity  have 
been  calculated  and  compared  with  the  experi¬ 
mental  modes.  Vibration  modes  are  determined 
for  two  distinct  tiroes}  one  is  the  original 
rocket  cavity  before  burn,  and  the-  other 
corresponds  to  3  inches  of  propellant 
burned  off  of  every  exposed  surface.  The  agree¬ 
ment  in  frequency  between  the  NASTRAN  results 
and  the  experimental  values  is  very  good,  and 
NASTRAN  further  provides  an  insight  into  the 
character  of  the  pressure  distribution  or  mode 
shape  associated  with  each  natural  frequency 
that  was  not  observed  experimentally. 

Dynamic  Analysis  of  an  Electronic  Assembly 

The  SKYLAB  workshop  structure  includes  an 
Experimental  Support  System  (ESS)  which  contains 
several  articles  of  electronic  gear  (see  fig.  9 
included  from  ref.  7c).  This  equipment  must  with¬ 
stand  amultitude  of  applied  loads  and  accelera¬ 
tions.  Therefore,  the  dynamic  behavior  of  these 
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Cone 


Figure  7.-  NASTRAN  model  of  propellant  cavity  of  Blotted  segment  of  Minuteraan  II, 
Stage  III,  solid  rocket  motor. 


electronic  assemblies  should  be  analysed.  A 
typical  finite  element  model  of  one  of  the  com¬ 
ponent  parts  is  shown  in  figure  10.  This 
structure  is  the  primary  power  supply  unit  which 
is  legated  in  the  lower  left-hand  corner  of 
figure  9*  In  figure  10,  the  model  consists  of 
156  plate  elements  that  are  numbered  on  this 
plot  by  the  NASTRAN  system.  The  dynamic 
response  of  the  power  supply  was  determined 
using  a  reduced  number  (39)  of  degrees  of 
translational  freedom  as  indicated  by  the 
13  triangular  symbols.  Structure  plots  such 
as  shown  in  figure  10  are  very  useful  in 
verification  of  input  data  accuracy. 

Using  the  structural  model  of  the  primary 
power  supply  as  a  typical  example,  the  natural 
mode  shapes  for  three  typical  modes  are  shown 
in  figure  11.  The  mode  shapes  plotted  by 
NASTRAN  show  the  deformed  mode  shape  super¬ 
imposed  on  the  undeformed  shape  for  comparison. 
These  plot3  can  be  used  to  cv  k  for  mode 
shapes  with  large  distortion  for  this  as  semi...  . 
The  mode  shapes  were  used  to  determine  (by  a 
modal  method)  a  typical  acceleration  Power 


Table  4 . -  Natural  Frequencies  of  the  Propellant 
Cavity  for  the  Second  Stage  Poseidon  Motor  Cavity 


Frequency  (Hertz) 

0  Burn 

3  in. 

Burn 

Harmonic 

(n) 

Mode 

NASTRAN 

Experi¬ 

mental 

NASTRAN 

Experi¬ 

mental 

0 

1 

388.1 

398 

324.0 

322 

2 

64J.O 

645 

678.3 

689 

3 

962.0 

962 

1039.2 

1051 

4 

1422.0 

1422 

1430.8 

1425 

5 

1769.0 

1728 

1830.9 

1831 

6 

2010.8 

2130 

1994.4 

1 

1 

835.1 

737.8 

2 

1313.4 

1216 

833.9 

868 

3 

1659.1 

1620 

1344.0 

1349 

4 

1832.8 

1790 

1558.2 

1552 

5 

2105.7 

1812.5 

6 

2236. s 

2130.1 

2094 
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t  . 

Figure  8.-  NASTRAN  model  of  propellant  cavity  of  slotted  segment  of  second  stage 

Poseidon  solid  rocket  motor. 


Spectral  Density  (PSD)  for  a  specific  loading  as 
shown  in  figure  12.  From  data  of  this  type 
the  response  characteristics  of  all  electronic 
packages  can  be  determined  and  reviewed  for 
possible  undesirable  dynamic  response  behavior. 

Random  Loading  of  Shells 

The  NASTRAN  model  of  the  structure  analysed 
in  this  example  is  shown  in  figure  13 J  this 
typical  aerospace  vehicle-type  structure  consists 
of  a  ring-  and  stringer-;  ‘ tffened  cylindrical 
shell  with  simply  supported  boundaries.  Six 
degrees  of  freedom  are  associated  with  each 
interior  grid  point  and  three  degrees  of  freedom 
with  grid  points  which  lie  on  the  boundary, 
resulting  in  a  total  of  360  degrees  of  freedom. 

Due  to  tenfold  symmetry  of  the  structure 
and  its  deflections  under  loading* only  the 
location  of  grid  points  2,  3,  and  4  (see 
fig.  13)  are  needed  to  completely  define  the 
deflected  mode  shape  of  the  structure  at  any 
specific  time.  The  distributed  random  leading 
applied  in  this  example  was  a  simulated  complex 
turbulent  boundary  layer  pressure  field  and  is 
fully  discussed  in  reference  7d. 


The  natural  mode  shapes  and  frequencies  for 
this  structure  were  computed  and  are  listed  in 
table  5.  Due  to  structural  symmetry,  only  7  dis¬ 
tinct  modes  are  present  in  the  12  that  were 
found  in  the  prescribed  frequency  range  (100  to 
300  Hz).  Applying  the  desired  random  loadings, 
the  power  spectral  density  of  the  radial  dis¬ 
placements  were  computed  and  are  shown  in  fig¬ 
ure  14.  The  peaks  in  these  PSD's  are  all 
directly  traceable  to  natural  frequencies  of  the 
structure.  Note  the  absence  of  the  ro  =  2 
modes  (as  shown  in  table  5)  from  the  PSD  of  grid 
point  4.  These  modes  have  nodal  lines  that  pass 
directly  through  this  point  exactly  at  the 
center  of  the  shell  and  do  not  affect  its 
response.  The  results  of  this  analysis  indicate 
the  general  applicability  to  dynamic  response 
problems  involving  random  loads. 


Coupled  Fluid -Structure  Dynamical  Modeling 

An  ingenious  application  to  aircraft  hyn.  uilc 
system  model  inghas  been  demonstrated  by  Langley 
Research  center  personnel.  A  HASTRAN model  of  a  por¬ 
tion  of  the  F- 14  hydraulic  system  (see  fig.  13) 
was  onaly;  ■  -1.  The  elastic  properties  of  the 
piping  wall  were  of  major  interest  and  could 
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A  DYNAMIC  COORDINATES  -  3  Translational  Degrees  of  Freedom 


Figure  10.-  Power  supply  finite  element  model  with  dynamic  coordinates. 


i 
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Table  5.-  Modal  Frequencies  of  Stiffened  Simply 
Supported  Cylindrical  shell. 


n 

m 

Frequencies 

4 

1 

154.4,  154.4  Hz 

5 

1 

149.8,  149.8  Hz 

5 

1 

170.2  Hz  - 

2 

1 

187.5,  187.5  Hz 

4 

2 

259.4  ,  258.4  Hz 

6 

1 

- 

5 

2 

259.2  Hz  - 

3 

2 

- 

6 

2 

-  - 

1 

1 

280.4,  280.4  Hz 

n  number  of  circumferential  waves 
ro  number  of  axial  half  waves 


not  be  neglected.  The  section  of  pipe  shown  at 
the  top  of  figure  15  is  idealized ,as  shown  at 
the  bottom  of  the  figure,  with  the  pipe  itself 
defined  as  bar  elements  with  bending  stiffness 
and  the  fluid  defined  as  a  bar  element  with 
zero  bending  stiffness  but  possessing  both  a 
bulk  modulus  and  a  fluid  density.  Grid  points 
1-5  are  references  for  the  pipe  elements  and 
grid  points  6-10  are  references  for  the  fluid 
elements.  Constraint  equations  are  written 
between  corresponding  grid  points  to  keep  the 
fluid  constrained  within  the  pipe,  but  allowing 
relative  axial  motion  between  the  two.  With 
this  approach  hydraulic  systems  can  be  analyzed 
as  simple  structures  for  a  wide  variety  of 
analyses,  that  is,  static  load  cases,  normal 
mode  cases,  frequency  response  cases,  etc. 

As  an  example  of  this  general  applicability, 
the  standpipe  structure  shown  in  figure  16 
was  analyzed  under  a  sinusoidally  varying 
pressure  pulse  with  a  frequency  of  1*85  Hz 
applied  to  the  left-most  end  of  the  struc¬ 
ture.  The  vertical  standpipe  shown  has  a 
natural  frequency  near  485  Hz,  and  the  lateral 
displacement  of  the  pipeline  (as  shown  in 
fig.  16)  is  seen  to  be  much  larger  for  the 
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Lateral  dtep. ,  pm 

-.125  0  .125 

I - 1 - 1 


horizontal  members  than  for  the  standpipe.  This 
fact  Indicates  a  significant  coupling  of  pipe¬ 
line  wall  deformation  and  the  fluid  motion. 

This  coupling  between  pipeline  wail  deformation 
and  the  fluid  motion  is  of  great  concern  in 
such  problems. 

Table  6  shows  the  pressure  ratios  deter¬ 
mined  by  both  NA- STRAW  and  an  exact  analysis  for 
a  variety  of  forcing  frequencies.  The  grid 
points  1-4  referred  to  by  pressures  p.  -  p.  are 
the  numbers  shown  on  figure  16.  The  results  are 
In  excellent  agreement  for  all  forcing  frequen¬ 
cies.  More  Involved  examples  of  this  type  of 
analysis  are  presented  In  reference  7e. 

Summary 

The  usefulness  of  NASTRAN  as  a  comprehen¬ 
sive  system  for  dynamic  analysis  has  been 
illustrates  by  the  six  examples  discussed  above. 
Additional  applications  of  NASTRAN  for  dynamic 
analysis  may  be  found  in  reference  J. 

NASTRAN  MAINTENANCE  AND  FUTURE  DEVELOPMENT 

The  requirement  for  centralized  management 
of  NASTRAN  is  dictated  by  Its  range  of  complex 
system  software  features  and  extensive  capabil¬ 
ities.  Maintaining  NASTRAN  together  with  its 
comprehensive  user-oriented  documentation  as 


Table  6.-  Comparison  of  Pressure  Ratios  Pre¬ 
dicted  ly  NASTRAN  to  Those  Predicted  by 
" - 1  Theory  for  a  Standpipe. 


f,Hz 

P2/U1 

P3/P1 

P4/P1 

NASTRAN 

Exact 

NASTRAN 

Exact 

NASTRAN 

Exact 

575 

-0.26 

-0.26 

-O.50 

-0.58 

-C.76 

-0.76 

400 

-.21 

-.21 

-.52 

-.52 

-.77 

-.76 

450 

-.1 

-.1 

-.18 

-.18 

-.9 

-.89 

485 

0 

0 

0 

0 

-1.16 

-1.16 

500 

.07 

.07 

.14 

.14 

-1.59 

-1.J8 

550 

1.28 

1.27 

5.55 

5.59 

-6.05 

-6.o4 

a  state-of-the-art  system  for  structural  analysis 
is  a  formidable  task.  Error  correction,  addition 
of  new  capability,  enhancements  for  efficiency, 
and  the  documentation  changes  that  are  required 
as  a  result  of  these  activities  would  Impose  an 
unbearable  burden  on  NASTRAN 's  family  of  users 
and,  eventually,  would  result  in  the  <i]  sappearnnce 
of  a  truly  standard  NASTRAN  system.  NASTRAN 
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consists  of  over  151,000  Fortran  statements 
which  tnaslttf  trio  over  1,000,000  ss chine 
language  statement?,  It  is  currently 
operational  on  the  T9f  360,  CDC  6000  series, 
an!  the  WFlfC  HOB  naebine.  Perhaps  the  nost 
unique  feature  of  NASTRAR  is  its  executive 
systaa  for  data  scheduling  and  overall  eysteas 
control.  Briefly,  NASTRAN  Is  as  large  and 
complex  -  in  a  coaputer  software  tense  -  ae  the 
operating  systeas  for  the  three  aachines  with 
which  it  interfaces.  It  if  in  fact,  a  facility 
with  coaplete  docuaentation  which  presently  is 
in  operation  throughout  the  United  States  at 
over  70  different  naChine  installations,  with 
as  estlaated  family  of  users  numbering  over 
1,000  persons.  Hie  caaaunal  aspects  of  NASTRAN 
are  obviously  far-reaching. 

Hie  aanagenent  of  NASTRAR  is  the  responsibi¬ 
lity  of  the  HASTRAH  Systeas  Manageaent  Office 
(K9D)  located  in  the  Structures  Division  at  the 
Langley  Research  Center.  The  functions  of  this 
office  span  the  spectrum  of  NASTRAR  activities 
from  maintenance  to  research  and  development. 

Specifically,  these  functions  include: 

Centralized  Program  Development 
(Advisory  Committee) 

Coordinating  User  Experiences 
(NASTRAR  Newsletter) 

System  Maintenance 

(Error  Correction  and  Essential 
Improvements) 

Development  and  Addition  of  New 
Capability 

NASTRAR -Focused  Research  and 
Development 

Significant  Milestones 

October  1970  -  September  1973, 

When  NSM0  was  established  at  Langley  in 
October  1970  there  existed  a  dire  need  for 
maintenance  of  the  NASTRAN  system.  With  the 
cooperation  of  Goddard  Space  Flight  Center,  an 
interim  maintenance  contract  was  negotiated 
with  Computer  Sciences  Corporation  through  a 
contract  in  effect  at  GSPC.  This  contract  pro¬ 
vided  for  the  essential  function  of  error 
correction  until  a  contract  for  full-time  main¬ 
tenance  could  be  negotiated  through  an  open 
competition.  The  Interim  maintenance  activity 
was  restricted  to  the  correction  of  over  75 
errors  reported  to  HSM0,  together  with  all 
associated  documented  changes.  New  thermal 
bending  and  hydro-elastic  elements  previously 
developed  by  the  MacNeal-Schwendler  Corporation 
under  contract  to  GSPC  were  also  installed. 
Levels  13  and  l4  were  created  for  Government 
testing  and  evaluation.  The  next  version  of 
NASTRAN  to  be  released  to  the  public  through 
Computer  Software  Management  Information  Center 
(COSMIC),  Barrow  Hall,  University  of  Georgia, 
Athens  30601,  will  be  built  upon  the  results 
of  this  interim  maintenance  activity  and  will 
be  designated  Level  15 . 


In  June  1971,  &  contract  for  full-time 
maintenance  of  NASTRAN  was  awarded  to  the  MacNeal- 
Scbwendler  Corporation.  An  offsite  office  near 
the  Langley  Research  Center  has  been  opened  by 
Macleal-Schvendler,  and  work  on  many  items  of 
maintenance  and  development  has  commenced. 

In  addition  to  the  maintenance  contract,  a 
contract  for  the  development  of  new  element* 
and  a  thermal  analyser  capability  has  been 
awarded  to  the  Bell  Aerospace  Company. 

Additional  milestone  accomplishments  Include 
the  First  RASA  NASEtAR  Users’  Colloquium  at  the 
Langley  Research  Center,  September  13-15,  1971, 
and  publishing  in  August  of  the  first  issue  of 
the  NASTRAR  Newsletter  -  a  frequent  publication 
of  interest  to  the  family  of  NASTRAN  user:  . 

Maintenance 

Maintenance  is  defined  herein  to  Include 
error  correction  in  both  the  NASTRAN  code  and 
docuaentation,  support  of  all  utility  routines 
such  as  the  linkage  editor  and  conversion 
routines,  and  enhancements  to  the  NASTRAN 
executive  and  matrix  routines  which  will  result 
in  increased  speed,  efficiency,  and  convenience 
of  operation.  Maintenance  is  a  systems  activity 
rather  than  a  new  capability  or  element-oriented 
activity. 

Utility  Routines:  Routines  for  creating  new 
levels  of  NASTRAR  as  well  as  routines  for  con¬ 
verting  NASTRAN  from  the  CDC  6000  series  (parent 
machine)  to  versions  that  will  run  on  the 
IBM  360  and  URIVAC  1106  must  be  constantly 
updated  as  new  or  modified  compilers  and  operat¬ 
ing  systems  become  available  for  any  of  the  three 
NASTRAR  machines.  Automatic  update  routines  are 
required  to  Implement  a  patch  to  a  given  level. 
For  example,  a  patch  is  presently  available  from 
COSMIC  to  update  Level  12.0  to  12.1.  The  update 
routines  are  required  to  enable  NASTRAN-type  pro¬ 
gramed  to  incorporate  error  corrections,  supplied 
by  the  maintenance  contractor,  in  a  timely  fashion. 

Fxror  Correction:  Error  correction  is 
perhaps  the  single  most  important  maintenance 
activity.  Errors  in  either  the  code  or  the 
manuals  for  the  standard  level  of  NASTRAN  are 
reported  to  NSM0,  together  with  card  decks  and 
annotated  output  for  evaluation  and  priority 
assignment.  The  mainteiiance  contractor  then 
diagnoses,  isolates,  and  corrects  the  error  and 
further  validates  the  fix  with  appropriate 
demonstration  runs.  When  fully  corrected  and 
validated,  the  correction  card  deck,  together 
with  card  decks  for  other  corrected  errors,  is 
made  available  by  NSM0  as  a  patch  to  the  current 
level  of  NASTRAN.  By  faithfully  reporting 
known  and  suspected  errors,  each  member  of  the 
NASTRAN  family  of  users  benefits  both  himself 
and  potentially  many  others.  A  constantly 
updated  computerized  data  bank  of  all  known 
NASTRAN  bugs  will  be  established,  for  NSM0, 
by  the  naintenance  contractor.  A  sort  may  be 
performed  at  any  time  by  rigid  format,  module, 
or  some  other  significant  system  parameter  to 
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determine  the  status  of  a  previously  reported 
beg  or  to  determine  the  nature  of  any  uncorrccted 
error  in  a  routine  of  Interest.  This  coordi¬ 
nated,  mutually  beneficial,  centralised  error 
correction  activity  should  result  in  a  rela¬ 
tively  trouble-free  operation  for  NASTRAH  users. 

Enhancements  for  Efficiency:  Several  systeas 
modifications  to  obtain  greater  operational 
speed  and  efficiency  are  presently  in  progress. 
These  enhancements  Include: 

Substructuring  capability  to  allow  the 
solution  of  larger  probleas  than  is  . 
presently  practical . 

Improved  Multiply /add  (MFXAD)  routines 
to  reduce  running  tine. 

User-specified  single  precision  far  the 
CDC  machine. 

Much  faster  general  input/sutput  (GIRO) 
routines. 

More  efficient  oatrix  packing  routine  . 

It  is  anticipated  that  these  and  other  system 
improvements  vill  decrease  average  run  tines  for 
the  next  public  release  of  NASTRAN  (Level  15)  by 
as  ouch  as  a  factor  of  three  in  same  analyses. 

Dmany  Element:  A  user-oriented  dumay  element 
capability  is  under  development  by  the  mainte¬ 
nance  contractor.  This  important  convenience 
will  allow  the  incorporation  of  the  moss, 
damping,  and  etiffnesa  matrices  for  a  new 
element  for  test,  evaluation,  and  use  in  the 
NASTRAN  environment. 

KASTRAH  Users'  Newsletter:  An  Important 
aspect  of  NASTRAH  maintenance  is  timely  eonnuni- 
cation  with  NASTRAH  users  concerning  important 
developments  and  system  improvements.  The 
NASTRAH  Users'  Newsletter  is  designed  to  satisfy 
this  requirement.  Issued  as  often  as  necessary, 
it  will  contain  a  statement  from  N3t0,  signifi¬ 
cant  user  notes,  news  of  recently  reported  bugs, 
information  on  the  next  level  to  be  released, 
and  unique  applications  of  NASTRAN. 

Development  of  New  Capability 

Significant  new  capability  is  under  devel¬ 
opment  for  NASTRAN  in  addition  to  the  system- 
oriented  activities  of  the  maintenance  con¬ 
tractor.  The  contract  with  Bell  Aerospace 
previously  mentioned  provides  for  the  develop¬ 
ment  of  several  new  elements  and  a  comprehen¬ 
sive  capability  for  thermal  analysis.  The 
evaluation  and  selection  of  new  capability  for 
NASTRAN  requires  the  cooperation  of  NASA 
Centers,  other  Government  agencies,  and  industry. 
For  example,  the  system  modifications,  new 
elements,  and  thermal  analyzer  capability  were 
selected  from  a  prioritized  compilation  of 
items  supplied  by  all  of  the  NASA  Centers. 
Preference  has  been  given  to  the  highest 
priority  items,  although  some  deviation  is 
necessitated  to  achieve  the  greatest  capability 
within  a  given  cost  constraint.  The  following 
list  of  new  element  capability  is  under  develop¬ 
ment  with  public  release  planned  for  early  1973: 


■ooprlamatic  Beam  Q.  event 
Triangular  and  Trapezoidal  Cross-Section 
Rings  with  BMxlqantric  Deformation 
General  Element  Defined  by  Stiffness  Matrix 
Multilayered  Triangular  and  Quadrilateral 
Plate  Elements 

Triangular  and  Quadrilateral  Shell  Elements 
Rigid  Body  Elenent 

Triangular  and  Quadrilateral  Plates  with 
Menbrane/Flexure  Coupling 
Curved  Beam  Elenent 

Higher  Order  Shell  of  Revolution  Element 
for  Hooaxlsyxeetrlc  Deformation 
Higher  Order  Triangular  and  Quadrilateral 
Plate  Elements 
Isoparametric  Solid  Elements 


In  addition,  a  comprehensive  heat-transfer 
capability  Is  also  planned  to  Include  the  effects 
of  both  steady-state  and  transit  -t  conduction, 
convection,  and  radiation.  Automatic  conversion 
of  the  temperature  history  to  displacement  and 
stress  history  will  be  provided. 

No  attempt  has  been  made  to  include  with 
the  new  capability  discussed  above  numerous 
other  activities  at  other  NASA  Centers  or 
within  industry  itself.  Various  nonstandard 
experimental  or  parochial  versions  of  NASTRAN 
exist.  When  new  capability  tested  in  an 
experimental  NASTRAN  environment  is  found 
to  be  a  valuable  addition  to  the  standard 
level  of  NASTRAN,  it  will  be  incorporated  by 
N3I0. 


Future  Levels  of  NASTRAN 

New  levels  of  NASTRAN  will  be  released  when 
the  number  of  error  correction  patches,  system 
improvements,  and  new  elements  becomes  excessive 
dictates  the  generation  of  a  complete 
new  level.  Ease  and  simplicity  of  bookkeeping 
and  local  management  are  prime  drives  in  this 
situation.  Although  no  firm  commitment  is 
possible,  it  is  anticipated  that  future  releases 
of  NASTRAN  will  occur  and  will  Include  new 
capability  somewhat  as  follows: 

1972  -  Level  15 

Error  Corrections 

Substructuring 

Enhancements  for  Efficiency: 

GIHO 

MPYAD 

Single  Optional  Precision 
(Limited) 

Matrix  °acking 

Eummy  Element 
Thermal  Analyzer 

(Steady-State  Conduction) 
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1973 


Level  16 


Error  Correction* 

Complete  Singl'  Precision 
lev  tleaents  Developed  by  Bell 
Complete  ttwl  Analyser 

later  levels  will  Include  additions  to  the 
comprehensive  element  capability  end  further 
enhancements  for  greater  efficiency. 

USER  ACC5TAHCE 

The  HASTRAH  Systems  Nenagenent  Office  has 
attempted  during  the  first  year  of  operation 
to  identify  and  classify  the  HASTRAH  fhally  of 
users.  The  sources  of  Information  include 
direct  communications  with  users,  the  list  of 
deliveries  nade  by  COSMIC,  response  to  a 
questionnaire  included  In  the  first  HASTRAH 
lewsletter  dated  August  20,  1971,  end  the  ~ 
HASTRAH  (Jeers'  Colloquium  held  at  the  Langley 
Research  Center  September  13-15,  1971* 

The  IASTRAI  Users'  Colloquium  was  organised 
to  provide  a  timely  insight  Into  the  present 
status  and  rate  of  acceptance  of  HASTRAH  through¬ 
out  the  Government  and  Industry.  The  compendium 
of  papers  presented  at  the  Colloquium  and  pub¬ 
lished  as  NASA  TM  X-2J78  gives  highlights  of 
the  experience*  of  HASTRAH  users  at  over  23 
different  locations  in  the  Government  and 
private  industry.  The  Colloquium  was  attended 
by  nearly  3C0  persons  including  over  225 
non-NASA  attendees. 

A  survey  of  the  as  yet  incomplete  returns 
from  the  questionnaire  in  the  first  NASTRAN 
Newsletter  Indicates  that  HASTRAH  Is  currently 
Installed  at  over  70  different  locations  and 
that  the  average  number  of  users  per  Installa¬ 
tion  Is  about  13  persons.  The  most  used  rigid 
formats  are  1  -  basic  static  analysis ,  3  -  normal 
mode  analysis,  5  -  buckling,  and  9  -  direct 
transient  response, In  that  order.  These  data 
indicate  an  approximate  doubling  of  the  number 
of  NASTRAN  installations  and  users  during  the 
past  year.  The  demand  for  NASTRAN  at  commer¬ 
cial  computer  service  bureaus  and  data  centers 
indicates  an  Increasingly  significant  utiliza¬ 
tion  of  NASTRAN' a  unique  capabilities  by 
aerospace  and  domestic  industries  both  small 
and  large.  Cne  data  center  already  claims 
a  potential  of  over  300  NASTRAN  customers. 

It  is  apparent  that  NASTRAN  is  rapidly 
becoming  widely  accepted  as  a  comprehensive 
tool  for  a  structural  analysis.  NASA's 
continued  support  for  centralized  maintenance 
and  further  development  Is  an  essential 
ingredient  in  sustaining  user  confidence  in 
the  NASTRAN  system. 

CONCLUDING  REMARKS 

A  brief  description  of  the  development  and 
capabilities  of  the  NASTRAN  system  haB  been 
given  with  emphasis  on  application  to  dynamic 
analysis.  Six  illustrations  of  recently 


conrtm  tort  vibration  and  dynamic  response  confu¬ 
tations  which  demonstrate  the  ccmprehecaive 
character  of  IASIBAI  hove  been  presented.  the 
functions  of  the  HASTRAH  Systems  Management 
Office  (MONO)  have  been  "Outlined.  Improvements 
planned  by  HMD  Including  enhancements  for 
efficiency,  several  new  finite  elements,  end  a 
complete  heat-transfer  capability  together  with 
tentative  schedules  for  the  release  of  new 
levels  of  HASTRAH  were  discussed. 

HASTRAH  has  become  a  widely  accepted 
facility  for  structural  analysis.  At  present 
HASTRAH  is  Installed  on  over  70  computers 
throughout  the  Government  and  industry  and  there 
are  over  1,000  individuals  in  the  HASTRAH 
family  of  users. 

HASA  has  provided  for  the  standardization 
and  centralis  d  management  of  HASTRAH  by 
establishing  the  HASTRAH  Systems  Management 
Office  in  the  Structures  Division  at  the  Langley 
Research  Center  and  is  firmly  committed  to 
maintaining  and  Improving  HASTRAH  as  a  valuable 
national  resource. 
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DISCUSSION 


Mr.  Sttrbis  (Sandfat  Laboratories):  Do  you 
have  any  plans  to  install  a  mesh  generation 
scheme  in  NASTRAN,  and  if  so  when? 

Mr.  Raney:  We  have  not  at  the  present 
time  made  linn  plans  to  add  any  automatic  data 
generation  programs  to  NASTRAN.  These  are 
relatively  easy  for  the  Individual  user  to  develop 
and  tailor  expressly  to  his  own  needs.  We  know 
of  several  of  these.  The  problem  is  getting  a 
large  number  of  Individuals  to  agree  that  they 
all  would  like  to  have  the  same  capability.  To 
the  extent  we  can  get  unanimity  on  automatic 
data  generation  or  analysis  of  the  output  we  will 
try  to  add  this  to  NASTRAN.  But  at  the  present 
time  we  are  in  the  position  of  looking  at  what 
can  be  done  and  searching  for  the  necessary 
unanimity  across  a  pretty  wide  range  of  users. 

Mr.  Bakstys  (General  Dynamics  Corpor¬ 
ation):  What  are  your  plans  to  get  a  three- 
dimensional  finite  element  capability,  such  as 
the  isoparametric  hexahedron  family? 

Mr.  Raney:  We  are  now  adding  a  family  of 
isoparametric  elements.  I  do  not  like  to  say 
when  they  will  be  available  because  I  know  I  will 
be  held  to  it  no  matter  how  I  hedge  myself.  We 
are  undertaking  to  add  these  and  we  hope  to  have 
them  available  to  us  in  our  own  version  of  NAS¬ 
TRAN  for  checkout  within  about  six  months. 

Mr.  Monroe  (Babcock  &  Wllcock  Company): 
What  is  the  difference  between  NASTRAN  and 
ANSISorELAS?  I  understand  they  can  handle 
similar  problems. 

Mr.  Raney:  That  really  would  be  the  sub¬ 
ject  of  one  more  talk,  if  not  three.  You  might 
be  interested  in  getting  some  of  the  papers  from 
the  ONR  Symposium  held  in  Urbana  in  September 
where  they  held  a  session  comparing  these  pro¬ 
grams,  TTiey  are  somewhat  different.  I  am  not 
familiar  with  the  ANSIS  capability,  ELAS  is  a 
very  nice  program  but  it  does  not  have  the  over¬ 
all  capabilities  of  NASTRAN. 


Mr.  Hurchalla  (Pratt  and  Whitney  Aircraft): 
Can  anything  be  done  to  improve  the  errors 
notification  process  ?  I  think  very  few  errors 
have  been  sent  out  by  COSMIC  or  NSlfO  com¬ 
pared  to  the  number  that  seem  to  have  been 
reported.  I  think  CSC  has  a  large  number  re¬ 
ported,  bid  in  the  process  of  disseminating 
these  we  have  nut  received  any  notifications  of 
errors.  Is  anything  being  done  about  it? 

Mr.  Raney;  Yes,  our  contractor  is  devel¬ 
oping  a  comprehensive  data  base  of  all  errors 
that  have  been  reported  and  their  exact  status. 
That  is,  whether  they  have  been  corrected,  what 
level  of  NASTRAN  they  ha’  2  been  corrected  in, 
and  the  active  ones.  This  information  will  be 
given  to  COSMIC  very  shortly  and  you  should 
write  to  COSMIC  to  get  it.  COSMiC  now  has 
a  limited  list  that  gives  the  status  of  all  the 
SPR’S.  We  have  worked  real  hard  on  this  and 
we  feel  that  it  is  better  to  have  the  communi¬ 
cations  suffer  a  little  bit,  but  get  the  job  done 
and  actually  get  it  in  so  the  users  will  get  the 
benefit  of  it,  rather  than  to  spend  all  of  our 
time  writing  to  people.  We  presently  spend 
almost  two  hours  a  day  just  on  the  phone. 
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EXPERIENCE  WITH  NAETRAN  AT  THE  NAVAL  SHIP  RAD 
CENTER  AND  OTHER  NAVY  LABORATORIES  (U) 


Petro  Matula 

Naval  Slip  Research  A  Development  Center 
Betbeada,  Maryland  20034 


(0)  For  the  peat  three  years  NSRDC  baa  been  using  the  NASA  Structural 
Analysis  Program,  NASTRAN,  to  solve  a  wide  variety  of  Naval 
structural  analysis  problems.  For  the  past  18  months  other  Navy  and 
government  organisations,  utilizing  NSRDC'a  background,  have  been 
applying  NASTRAN  in  their  projects. 

(U)  This  paper  summarizes  the  experience  thus  accumulated,  the  steps 
taken  to  acquaint  the  engineers  in  other  Navy  organizations  with  the 
program,  and  the  current  activity  of  the  NASTRAN  Project  at  NSRDC. 


INTRODUCTION 

(U)  During  the  summer  of  1966  a  number 
of  finite  element  programs  were  under  devel¬ 
opment  by  NSRDC  and  other  Navy  laborato¬ 
ries  for  analysis  of  various  naval  structures. 
It  was  planned  to  integrate  these  separate 
capabilities  into  one  general  computer 
program  for  analysis  of  a  wide  variety  of 
complex  Navy  structures.  At  about  that  time 
we  became  aware  of  the  work  on  NASTRAN 
which,  upon  review  of  the  design  specifica¬ 
tions,  appeared  to  offer  a  set  of  capabilities 
suitable  for  our  needs.  Thus,  rather  than 
launching  a  parallel  effort,  NSRDC  decided  to 
follow  NASTRAN's  development  and  to  adopt 
it  for  our  own  use  as  soon  as  it  became 
available. 

INITIAL  APPLICATIONS  OF  NASTRAN 
AT  NSRDC 

(U)  We  began  working  with  a  pre¬ 
release  partial  veision  (containing  only  the 
static  analysis  capability)  of  NASTRAN  in 
August  1968.  Our  initial  applications  of  the 
program  were  to  static  problems  and 
especially  to  those  which  had  been  solved 
before  by  other  means. 

(U)  Our  initial  experience  with  NASTRAN 
was  very  favorable.  We  found  that  with  a 
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Judicious  use  of  relatively  simple  elements 
in  NASTRAN,  we  were  able  to  obtain  very 
rood  correlations  between  the  NASTRAN 
results  and  the  results  by  other  programs 
and  experiments  [1].  In  addition  we  found 
that  the  use  of  the  program  -  both  at  the 
data  preparation  stage  and  at  the  output 
reading  stage  -  was  made  relatively  easy  by 
very  good  documentation  of  the  program  and 
a  very  simple  data  input  format. 

(U)  In  the  second  half  of  1969  the 
dynamic  analysis  capability  of  NASTRAN 
became  available  to  us  and  we  began  to 
evaluate  it  with  such  "textbook"  problems  as 
a  vibrating  plate,  a  vibrating  cylinder  and 
others.  The  results  of  a  normal  mode 
analysis  using  NASTRAN  for  the  plate  and  the 
cylinder  are  compared  to  the  results  obtained 
by  several  other  means  as  shown  in  Tables  1 
and  2  [1). 

(U)  In  December  1969  NASA  released  a 
limited  preliminary  version  of  NASTRAN  to 
the  Aero-Space  Industry  and  to  selected 
government  laboratories,  including  NSRDC, 
with  a  request  for  an  evaluation  report  on  the 
program  and  its  documentation,  noting  merits, 
errors,  deficiencies,  etc. 
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TABLE  1 

Natural  Frequencies  of  Isotropic  5"  Square  Plate 
Thick  With  Built-In  Edges 


(m,a)* 


(1,1) 

<*,!>,  M 

(2,1) 

(3.1)  -(1,3) 

(3.1)  +  (1,3) 

(3.2) ,  (2,3) 

(4.1) ,  (1,4) 

(3.3) 

(4.2)  ♦  (3,4) 

(4.2)  -  (2,4) 

(4.3) ,  (3,4) 
(5,1) +(1,5) 


Wartaxton 


NASTRAN 


2835,  2823 
2 


349.3 
713.8 
1052 
1276 
83 

1 
2 
2135 
2358 
2358 
2876 
2997 


347.831 

709.422 

1045.02 

1271.85 

1277.89 

1594.89 

2034.90 

2340.55 


p*.  Hi: 


*m,n  -  number  of  half-waves  in  X  and  Y  directions,  respectively. 


TABLE  2 

Natural  Frequencies  (Hz)  of  Simply-Supported  Ring-Stiffened  Cylinder 
Cylinder  Dimensions  (Inches):  Length  -  18. 54;  diameter  -  4.082;  thickness  -  0.047 
14  Outside  Stiffeners,  Dimensions  (Inches):  Height  -  0. 1145;  thickness  -  0.086;  spacing  -  1.236 


708 

711 

732 

195 

687 

724 

704 

703 

570 

582 

618 

510 

505 

616 

586 

564 

903 

947 

938 

958 

727 

1042 

957 

889 

1430 

1514 

1433 

1525 

1123 

1592 

1532 

1393 

(axisym.  elements) 


NAVY-MASTRAN  PROJECT 

(U)  Almost  rtikawoM^  with  NASA's 
request,  UM  office  af  the  Director  of 
laboratory  Programs  of  the  Mery  epoeeored 
an  evaluation  of  the  applicability  of  NASTRAN 
for  Navy  use.  This  led  to  the  establishment 
of  the  NASTRAN  Project  at  NSRDC. 

(0)  To  acquaint  other  Navy  installations 
with  NASTRAN,  to  share  NSRDC's  NASTRAN 
experience  with  them,  and  to  include  as  broad 
a  base  of  Nary  users  as  possible  in  the 
evaluation  of  NASTRAN,  a  two-day  Navy- 
NASTRAN  Colloquium  was  held  at  NSRDC  in 
January  1970.  It  was  attended  by  over  100 
representatives  from  20  Navy  installations 
throughout  the  country. 

(U)  At  the  Colloquium,  it  became  evident 
that  interest  in  NASTRAN  within  the  Navy  was 
broad  enough  to  warrant  setting  up  some 
means  of  information  exchange  on  NASTRAN 
throughout  the  Navy.  As  a  result,  the  NAS¬ 
TRAN  Project  at  NSRDC  began  publication  of 
a  quarterly  newsletter  in  March  1970.  The 
Newsletter,  together  with  the  Proceedings  of 
the  1st  Colloquium  [1]  and  the  NASTRAN 
Evaluation  Report  published  in  August  1970, 
made  a  significant  contribution  to  dissem¬ 
ination  of  information  among  Navy  NASTRAN 
users. 

(U)  To  further  improve  the  means  of 
sharing  NASTRAN  experience  among  Navy 
users,  to  coordinate  future  Improvements  to 
NASTRAN  as  well  as  developments  of  various 
Input/output  interfaces,  and  to  provide  and 
coordinate  training  and  consulting  service  for 
NASTRAN  users,  the  Navy-NASTRAN 
Steering  Committee  was  organized  in 
September  1970.  At  the  time  of  this  writing 
16  Navy  installations  are  formally  repre¬ 
sented  on  the  Steering  Committee.  Among 
them  are  nine  laboratories,  four  shipyards, 
ONR,  NAVORD,  and  the  Naval  Ship 
Engineering  Center. 

(U)  In  part,  as  a  result  of  the  NASTRAN 
Project's  effort  to  make  NASTRAN  and  the 
information  on  its  use  available  to  the  Navy 
engineers,  the  use  of  NASTRAN  increased 
significantly  in  the  past  year,  especially 
among  NSRDC  engineers  and  also  at  the  Naval 
Underwater  System  Center  and  the  Naval  Air 
Development  Center.  It  has  been  estimated 
that  in  FY  71  the  expenditure  for  NASTRAN 
computer  runs  alcne  at  various  Navy 
activities  amounted  to  $200,000. 


<U)  The  2nd  Navy  NA8TRAK  three  dxy 
Colloquium  was  bold  in  December  1970.  As 
noted  1b  the  Proceedings  Of  tbs  2nd  Collo¬ 
quium,  the  papers  presented  represented 
significant  progress  lathe  evahtatloa  of  the 
program  as  compared  to  tbs  lit  Colloquium  of 
oae  year  earlier,  especially  the  papers  on 
Tttatie  Structural  Analysis,  F-14  Horizontal 
Stabilizer,  ”  "Elasto-PUstlc  Analysis  with 
NASTRAN, "  "Modal  Analysis  of  Deckhouse, " 
and  "Transient  Analysis:  Direct  vs.  Modal  by 
NASTRAN. "  Some  other  papers,  such  as 
Data  deaeration  for  NASTRAN, "  'New 
Element  Definition  Capability  for  NASTRAN,  - 
and  'New  Elements  for  NASTRAN”  represent 
some  accomplished  and  some  planned 
improvements  to  NASTRAN. 

(U)  For  the  complete  text  of  the  papers 
presented  at  both  colloquim,  the  reader  is 
referred  to  the  Proceedings  [1,  2]. 

(U)  Our  exploratory  and  production  use 
of  NASTRAN  to  date  has  enabled  us  to  evalu¬ 
ate  many  options  and  capabilities  of  the  pro¬ 
gram.  Many  more  remain  unexplored;  others 
need  further  evaluation.  However,  as  the 
number  of  users  increases,  bringing  addi¬ 
tional  demands  on  the  program,  other 
capabilities  will  be  evaluated. 

(U)  In  addition  to  the  Navy's  use  of  NAS- 
tran,  a  considerable  contribution  to  the  evalu¬ 
ation  of  the  program  is  continuously  being 
made  by  other  government  activities  who  use 
NASTRAN  in  cooperation  with  the  NASTRAN 
Project  at  NSRDC.  Also,  the  NASTRAN 
User's  Colloquium,  scheduled  by  NASA  for 
13-15  September  1971  and  expected  to  have  the 
widest  representation  of  users  to  date,  should 
enrich  considerably  the  general  store  of 
experience  with  NASTRAN. 

SOME  CURRENT  WORK  AT  NSRDC 

(U)  A  computer  program  such  as  NAS¬ 
TRAN,  designed  primarily  for  large  problems 
and  widely  used,  can  realize  considerable 
cumulative  savings  by  improving  its  computer 
running  time,  however  small  such  improve¬ 
ment  may  be.  NSRDC's  NASTRAN  Project 
has  made  a  significant  contribution  in  this 
field.  A  computer  program  has  been  devel¬ 
oped  which  automatically  performs  a  permu¬ 
tation  of  user-assigned  grid  point  numbers  in 
order  to  reduce  the  bandwidth  of  the  struc¬ 
tural  matrices  arising  in  the  finite  element 
displacement  method.  Since  computer  running 
time  is  proportional  to  the  square  of  the 
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matrix  bandwidth,  *m«  in 
savings  for  ar^sy  atwetaral  analyses.  TUB 
capability  baa  been  operational  as  a,  preproc¬ 
essor  to  JJASTRAN  for  t»w  past  year  and  a 
half  and  Is  Mac  used  at  Nary,  NASA  and 
other  user  centers.  liost  of  our  experienced 
NASTRAN  users  consider  tMs  preprocessor 
iadispensible.  Currently,  NSRDC  Is  working 
on  improving  the  efficiency  of  the  bandwidth 
minimisation  program. 

(U)  Another  area  of  substantial  savings  in 
connection  with  the  use  of  finite  element  com¬ 
puter  programs  is  in  data  preparation.  To 
use  a  program  such  as  NASTRAN  requires 
large  quantities  of  data  consisting  of  point-by- 
poiitt  and  element-by-element  geometric 
description  of  the  structure  being  analysed. 
NSRDC  is  currently  completing  a  preprocess¬ 
or  to  NASTRAN  which  will  automatically  pro¬ 
duce  the  bulk  of  the  data  required  for  the 
analysis  of  submarine  type  structures  taking 
into  account  such  details  as  tapered 
stiffeners,  cut-outs,  and  the  like. 

(U)  It  is  probably  safe  to  state  that  there 
is  no  finite  element  program  in  use  today, 
including  NASTRAN,  whose  library  of  finite 
elements  satisfies  every  structural  analyst. 
There  will  always  be  users  who  would  like  to 
add  their  own  element  to  a  program.  In  the 
case  of  NASTRAN,  because  of  its  wide  use 
and  of  its  excellent  system  design,  a  user- 
oriented  capability  for  adding  new  elements  to 
the  program  is  doubly  desirable.  NSRDC  is 
making  a  substantial  contribution  to  this  goal. 

(U)  To  develop  general  expertise  in 
adding  an  element  into  NASTRAN,  a  3-degree- 
of-freedom  triangle  which  solves  the  steady- 
state  heat  conduction  problem  has  been  added 
to  the  program  and  made  operational  [3].  To 
accomplish  this,  it  was  necessary  to  become 
thoroughly  familiar  with  many  aspects  of 
NASTRAN's  programming  such  as  variables, 
tables,  routines,  structure,  and  restrictions. 

A  number  of  NASTRAN  tables  had  to  be  up¬ 
dated  and  a  number  of  new  subroutines  written. 
These,  then,  had  to  be  properly  inserted  into 
NASTRAN  before  the  new  element  could  be 
used. 

(U)  To  be  of  practical  use  to  the  engin¬ 
eer,  a  facility  for  adding  a  new  element  to 
NASTRAN  must  not  require  the  above  tasks 
whenever  a  new  element  is  to  be  added. 

NSRDC  is  currently  completing  a  preprocess¬ 
or  which  will  generate  the  FORTRAN  lan¬ 
guage  tables  and  routines  required  by  NA3- 
THAN  for  a  new  element.  The  new  element 


definition  capability  is  Mag  tested  and  a 
report  on  the  subject  is  being  issued. 

(U)  Ir.  connection  with  the  work  on  a  new 
element  definition  capability,  NSRDC  has 
received  a  request  from  the  Marshall  Space 
Flight  Center  to  incorporate  Into  NASTRAN  a 
three-dimensional  transient  thermal  analysis 
capability  which  will  interface  directly  with  a 
three-dimensional  structural  analysis.  This 
work  la  in  progress. 

CONCLUDING  REMARKS 

(U)  The  experience  with  NASTRAN  at 
NSRDC  and  other  Navy  laboratories  is  based 
on  three  years  of  active  use  of  the  program. 

To  many  engineers  NASTRAN  was  the  only 
analysis  tool  suitable  for  their  problems. 
Others,  by  the  use  of  NASTRAN,  were  able  to 
avoid  costly  experimentation  and  thus  saved 
money  cn  their  projects.  The  overall  consen¬ 
sus  about  NASTRAN  is  that  it  is  the  most 
comprehensive  program  available  to  the  Navy 
engineers  at  this  time  for  static  and  dynamic 
analysis  of  general  3-dimensional  structures. 
The  many  considerations  given  to  the  user  in 
the  design  of  the  program  and  the  excellent 
documentation  make  it  an  easy  program  to  use. 
The  general  nature  of  the  program  and  its 
availability  tend  to  create  a  broad  base  of 
users,  and  hence,  a  wide  spectrum  of  experi¬ 
ence  with  the  program.  This,  coupled  with  a 
free  exchange  of  information  among  the  users 
through  various  media  including  the  Navy  and 
NASA  Colloquia  and  publications,  helps  to 
accelerate  and  improve  the  mastering  of  the 
program  by  an  individual  user.  In  addition, 
the  support  of  NASTRAN  by  NASA  through  the 
NASTRAN  System  Management  Office  (NSMO), 
with  the  objective  of  insuring  the  future  use¬ 
fulness  of  NASTRAN  by  maintenance  and 
improvements,  makes  it  an  attractive  pro¬ 
gram  from  the  point  of  view  of  investing  time 
and  talent. 
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DISCUSSION 


Mr.  MteyftBgftw  of  gtoMdfafc  3rd 
Naval  District):  Have  you  attempted  to  apply 
NASTRAN  to  DDAM  type  problems? 

Mr.  Matula:  Not  directly  and  no  one  has 
asked  os  to.  Maybe  some  people  did  that  bat  we 
do  not  know  about  it.  The  only  shock  application 
that  I  know  about  was  done  at  the  Naval  Under¬ 
water  Systems  Center,  New  London  Laboratory, 
bat  it  did  not  apply  directly  to  DDAM  specifi¬ 
cations. 

Mr.  Hurchalla  (Pratt  and  Whitney  Aircraft): 
Initially  yon  mentioned  the  newsletter  that  you 
were  thinking  of  publishing.  Will  it  be  strictly 
about  NASTRAN,  and  what  will  its  nature  be? 

Mr.  Matula:  We  are  not  only  thinking  about 
publishing,  we  have  published  four  issues  of  it 
already  I  think.  It  is  a  quarterly  publication 
and  it  deals  predominantly  with  NASTRAN  sub¬ 
jects.  While  it  is  not  restricted  just  to  NAS¬ 
TRAN,  so  far,  it  has  been  predominantly 
NASTRAN. 

Mr.  Hurchalla:  How  does  one  get  on  the 
distribution  list? 

Mr.  Matula:  If  you  are  with  the  government 
there  is  no  problem.  It  you  are  a  contractor, 
and  if  you  can  supply  to  us  a  sponsoring  letter 
from  a  Navy  customer  we  would  put  you  on  the 
mailing  list. 


RESULTS  OF  COMPARATIVE  STUDIES  ON  REDUCTION  CF  SIZE  PROBLEM 


R.  M.  Mains 

Department  of  Civil  and  Environmental  Engineering 
Washington  University 
St.  Louis,  Missouri 


Comparative  solutions  have  been  nade  for  a  uni  for*  cantilever  beam 
represented  by  20  linear  plus  20  rotational  coordinates,  and  for  the 
beaa  represented  by  10  linear  coordinates  obtained  by  kinematic  conden¬ 
sation.  The  lower  five  or  six  frequencies,  mode  shapes,  and  nodal 
effective  aasses  were  not  altered  appreciaoly  by  the  kineaatic 
condensation  operation.  An  eyeball  reduction  of  aass  together  with  a 
static  reduction  of  stiffness  gave  equally  good  results  in  the  lower  nodes. 


MOTIVATION 

In  the  computer  analysis  of  probleas,  the 
tendency  is  to  model  the  system  with  enough 
coordinates  so  that  each  structural  elenent  is 
as  simile  as  possible.  Calculating  the  elenent 
stiffnesses  and  assenbling  then  into  the  systea 
stiffness  matrix  is  the  kind  of  operation  which 
coaputers  do  readily,  and  about  3  ainutes  of 
coaputer  tine  will  produce  a  systen  stiffness 
matrix  of  order  ISO.  It  is  not  unusual  to  start 
with  a  matrix  of  order  several  hundred  or  even 
several  thousand.  The  difficulties  arise  when 
the  remainder  of  the  calculations  are  performed, 
because  static  analysis  requires  matrix  inver¬ 
sion  and  dynamic  analysis  requires  either 
several  inversions  or  the  solution  of  the  eigen¬ 
value  problem.  The  matrix  of  orde.-  150  that 
took  3  minutes  to  assemble  will  require  60 
minutes  to  invert  (with  conditioning  and  double 
precision),  and  90  minutes  for  eigenvalues  and 
eigenvectors.  Because  of  this  high  cost  of 
inversion  and  eigenvalue,  the  author  has  been 
investigating  various  schemes  for  reducing  the 
size  of  problems,  after  stiffness  assembly  and 
before  inversion  or  eigenvalue. 

STATIC  SIZE  REDUCTION 

For  static  problems,  size  reduction  is 
simple  and  straightforward,  but  it  does  require 
at  least  one  inversion  at  reduced  size  (1).* 
First  one  rearranges  the  rows  and  columns  of 
the  stiffness  matrix,  K,  such  that  the  coordi¬ 
nates  to  be  kept  come  first,  as  in  K j  j  below, 
and  the  coordinates  to  be  eliminated  come  last, 
as  in  K22  below. 

*  Numbers  in  parentheses  refer  to  the  biblio¬ 
graphy  at  the  end  of  the  paper. 


ksys 


Kn  Ki2 
*21  K22 


(1) 


Then  if  there  are  no  external  forces  to  be 
applied  to  f2,  with  X  *  displacement  vector  and 
f  *  force  vector. 


‘*11 

*12* 

V 

V 

K2  1 

• 

*22' 

X2 

0 

whence 

X2=-K.J>K21  (3) 

and 

[Kl  1  -  Kj2K?j'  K21]  [X, )  *  [fj]  (4) 

If  there  arc  external  forces  to  be  applied  at  f2, 
then  eq.  (4)  becomes: 

[ K j  j  -  Ki2K22  *K2  j  1[X]  ]  *  [ f  j  ]  -  [ Kj2k22  1  i!  f2  J (5) 
The  reduced  stiffness,  KRED  is 

SEO  -IK,.  -  (6) 

and  by  successive  partitions  and  reductions,  any 

size  stiffness  matrix  can  be  made  small  without 
any  inversions  larger  than  whatever  size  K22  is 
made.  Usually  about  one  digit  of  precision  is 
lost  with  each  successive  reduction,  so  at 
double  precision  (IBM  360)  about  6  successive 
reductions  are  a  practical  limit. 


Preceding  page  blank 
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06) 


DYNAMIC  SIZE  REDUCTION  NY  DCEMNCE 

For  4puaic  problem,  siz*  reduction  is 
complicated  by  tko  inertia  term.  No2,  la  which 
N  ■  mss  sad  «  »  frequency.  As  before,  ebea 
there  ere  so  external  forces  applied  in  f2. 


and  lZn  -  Z12Z22tZ2iHX1]  -  [f,]  («} 

but  I»I*  iwC  •  u2M  (9) 

and  for  C  ■  0  (damping  b  o)  eq.  («)  become: 
l(Ku-B2MI1).(KI2.-2N,2)(r22--2M22j1 


(Ka,-*2^,)]  lx,l  -  [f,]  (10) 

For  u  b  o,  eq.  (10)  is  identical  to  eq.  (4),  as 
it  should  be;  but  for  other  u's  there  is  no  my 
to  avoid  a  separate  computation  for  each  fre¬ 
quency.  The  number  of  frequencies  to  be  used 
can  be  snail  if  the  eigenvalues  are  known, but 
that  is  the  operation  that  is  to  be  avoided. 

DYNAMIC  SIZE  REDUCTION  BY  EIGENVECTORS 

If  the  eigenvectors  were  known,  then  size 
reduction  could  be  easily  accomplished  by  a 
substitution  of  variables  in  the  dynamic 
equation: 

MX  ♦  CX  ♦  KX  -  f(t)  (11) 

Let  X  »  Xo  Y  (12) 

where  XQ  =  a  snail  portion  of  the  eigenvector 

set 

Y  «  a  substitute  variable 
T 

and  premultiply  by  Xq 

then  X  TMX  Y  ♦  X  TCX  Y  ♦  X  TXX  Y  »  X  Tf(t)  (13) 
00  00  00  o 

which  is  IY  ♦  Y  ♦  w  2Y  «  X  T  f(t)  (14) 

o  o  o  v  v 

Now  eq.  (14)  is  reduced  in  size,  the  equations 
are  decoupled,  and  full  detail  is  recoverable 
by  eq.  (12),  This  would  be  perfect  if  there 
were  some  way  to  get  X  economically,  but  there 
is  none  known  to  the  author. 

KINEMATIC  CONDENSATION 


and  prmultiply  by 


{I 


-l 

(-K  t 

12  22 


)] 


to  get 

[(X.i-m2N;i)-(Xi2X221K2i)^(-2Xi2X221H2i) 
♦(w2Nj2X221X2i)-(,*2Ki2K221M22K22*K2i)  JtYi  1 

-lfl-Kl  2*22**21  (17) 


If  MO  expand  eq.  (10)  with  f2  -  0,  we  get: 

l(Ku-«2M1,)-K12(K22-w2M22f*  X21 

♦u2Kl2(K22-a2M22)  Hzi**2N|2(K22-wsH22)  X2i 

-<02Mu(r22-«2N22j1M2,«2  -  fi  (18) 

The  difference  between  the  rigorous  equation, 
(IS),  and  the  approximation  equation,  (17),  is 
that 

X22  replaces  (K22-u2M22)  in  terms  2,3 
and  4 

the  fifth  terms  are  totally  different. 
NUMERICAL  COMPARISONS 

Since  the  comparison  of  equations  17  and  18 
sh<“,  that  Mr.  Guy an' s  proposal  is  not  wathe- 
matically  correct,  the  question  is  then  whether 
it  gives  acceptable  numerical  results  despite 
the  lack  of  rigor.  Hie  author  had  extensive 
data  (3,4)  on  the  cantilever  beam  shown  in 
Fig.  1,  so  the  various  solutions  for  that  beam 
were  used  to  try  Guyan's  proposal. 


40  degrees  of  freedom 
Reduction  to  10  linear  coordinates, 
2Y,  4Y,  6Y  .  20 Y. 


Mr.  R.  J.  Guyan  proposed  a  transform*ion(2) 
which  he  claimed  (without  supporting  data)  would 
reduce  problem  size  without  altering  the  lower 
frequences.  The  proposal  was:  in  eq.  (11) 


*1 

r 

* 

s 

*1 

X? 

(-K22  Krl) 

FIG.  1.  CANTILEVER  BEAM 

Out  of  the  stack  of  calculated  values  for 
the  various  numbers,  three  sets  were  selected 
as  the  most  effective  comparison  of  the 
reduction  schemes.  First,  the  frequencies  for 
the  odd  numbered  modes  from  first  to  ninth  are 
listed  in  Table  1.  In  this  table,  row  1  is  for 
the  theoretical  solution  with  bending  but  no 
shear  or  rotational  inertia.  Row  2  is  the 
theoretical  solution  with  shear  and  rotational 
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CONCLUSIONS 


iantii  as  wll  as  bending.  lows  3,  4  and  5 
arc  for  the  49-degiwe -of-freedon  solution  with 
shear  and  rotatioaal  iaertia,  for  NcCallay's 
coaslstaat  mt,  Archer's  consistent  aass,  aad 
tha  author's  diagonal  aaas.  lows  6,  7  aad  I 
are  for  tha  20-dagraa-of-fraodoa  solutions 
obtained  by  dropping  rotational  inertia  terns 
fron  the  nass  aatricas  and  using  a  stiffness 
nutria  reduced  according  to  eq.  (6).  lows  9, 

10  aad  11  are  similar  to  6,  7  aad  I  except  that 
the  stiffness  was  obtained  fron  inversion  of  the 
deflection  influence  coofficiant  aatrix  for  20 
linear  degrees  of  freedom,  lows  12,  13  aad  14 
aro  for  Guysa's  kiaenstic  condensation  reducing 
40  degrees  of  freedom  to  10  according  to  aq.  (IS) 
aad  eq.  (16).  low  IS  is  for  stiffitess  reduced 
by  eq.  (6)  and  ness  reduced  by  eyeball. 

As  one  studies  Table  1,  it  seens  that  nodes 
1  and  3  show  little  variation  between  row  2, 
which  should  be  "correct,"  aad  all  the  other 
rows.  By  node  7,  the  ordinary  theory  of  row  1 
is  too  high  above  row  2,  and  the  "consistent" 
nass  schemes  are  all  above  row  2  by  about  the 
sane  amount  that  the  diagonal  nass  schemes  are 
below  row  2.  In  a  10-degree -of  free  den  systen, 
the  author  would  not  use  store  than  4  nodes  any¬ 
way,  so  the  variations  at  node  7  and  higher  are 
not  significant  for  practical  use. 

The  second  comparison  of  results  of  kine¬ 
matic  condensation  is  shown  in  Table  2.  These 
data  were  obtained  by  calculating  the  response 
of  each  node  to  100  in/sec  step  velocity  at  the 
base  of  the  cantilever  bean,  and  then  sunning 
the  response  for  each  coordinate  across  1C  aodes. 
Colunn  1  is  for  McCalley's  consistent  nass  and 
40  degrees  of  freedom;  coluans  2,  3  and  4  are 
for  kinematic  condensation  of  40  degrees  to  10 
for  the  various  nass  fomulat'ons;  and  coluan 
S  is  for  the  eyeball  reduction  of  aass  wi-.h 
stiffness  reduced  by  eq.  (6).  The  agreement  is 
remarkably  dose,  with  most  variations  less  than 
0.11.  The  toot  mean  square  was  also  calculated, 
and  it  showed  even  less  variation.  The  implica¬ 
tion  is  that  deformations  calculated  for  shock 
response  will  oe  little  different  whichever 
scheme  of  calculation  is  used.  Since  domina¬ 
tions  vary  but  little,  so  will  the  stresses 
resulting  from  the  deformations. 

The  third  comparison  of  results  of  kine¬ 
matic  condensation  is  shown  in  Table  3.  In  this 
table,  the  members  were  obtained  by  calculating 
the  modal  effective  aass  fer  each  mode,  dividing 
by  the  total  mass,  and  then  accumulating  the  sum 
down  the  column  of  modes.  The  columns  are  the 
same  as  in  Table  2.  One  criterion  for  deter¬ 
mining  the  number  of  modes  to  include  in  a 
calculation  uses  this  accumulated  sum  of  effec¬ 
tive  rtass  ratios  and  some  limit  such  as  0.90  or 
0.95.  Through  the  sum  of  the  first  five  modes, 
there  is  little  difference  between  the  modal 
effective  mass  for  any  of  the  10-degree  solutions 
and  the  40-degree  solution.  There  is  also  little 
difference  between  the  various  10-degree  systems 
all  the  way  through  mode  10. 


Kinsaatlc  condensation,  as  proposed  by 
Guyan,  as  a  naans  far  reducing  tha  also  of  a 
dynamic  analysis  without  altering  appreciably 
the  lower  frequencies  and  node  shapes,  worked 
well  on  the  straight,  uniform  cantilever  bean 
reported  herein.  If  it  had  not  worked  well  on 
this  bean,  then  it  could  net  bo  expected  to 
work  on  non  complicated  practical  problems. 

The  fact  that  It  did  work  well  on  this  bean  is 
no  guarantee  that  it  will  work  well  on  a  non 
conpllcated  problem,  but  at  least  the  scheme 
seens  worth  trying.  One  coepuler  center  (5) 
recently  reported  having  used  kinematic  conden¬ 
sation  to  reduce  1783  degrees  of  frecdoa  to 
125  degrees  of  freedom  before  proceeding  with 
dynamic  analysis. 

The  data  show  that  the  eyeball  nductioa  of 
nass  with  static  reduction  of  stiffness  is  at 
least  as  good  as  any  of  the  other  schemes,  and 
Its  lower  cost  is  in  its  favor. 
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TABLE  1 


COMPARISON  OF  FREQUENCIES 


-  M 

1 

3 

S 

7 

9 

Row  No. 

kwing  only 

THEORY  1 

16.75 

294.0 

952.4 

1987.1 

3398.0 

1 

♦  SHEAR  I  ROYAT 

THEORY  2 

16.69 

277.1 

81S.6 

ISIS. 6 

2309.2 

2 

40  x  40 

f  MCCY 

16.70 

277.6 

826.  S 

1S76.1 

2469.7 

3 

*  SHEAR 

1  ARCH 

16.92 

280.0 

839.9 

1603.7 

2493.8 

4 

♦  ROTAT 

L  RMK 

16.68 

27S.4 

80S.0 

1480.6 

220S.0 

& 

20  x  20 

f  MCCLDil 

17.54 

282.1 

8SS.7 

2604.6 

6 

Seo 

'  ARCLIN1 

17.  S6 

281.2 

848.3 

2524.1 

7 

L  RMRJN1 

17.67 

277.9 

819.8 

■iuil 

2259.1 

8 

20  x  20 

f  M0CLIN2 

16.40 

282.0 

8SS.7 

1651.3 

2604.6 

9 

FROM 

16.42 

281.? 

848.3 

1621.9 

2524.1 

10 

IT1 

L  RMMLIN2 

16.S2 

277  > 

819.8 

1S16.2 

2259.1 

11 

10  x  10 

f  MCCY 

16.69 

277.8 

833.0 

1632.3 

2618.4 

12 

KINEmTIC  . 

1  ARCH 

16.70 

280.1 

847.4 

1664.2 

2642.8 

13 

OONDENS 

.  RM4 

16.67 

275.8 

817.  S 

1SS7.6 

2382.3 

14 

EYEBALL 

RME 

16.63 

272.4 

785.2 

1377.7 

1848.2 

IS 

TABLE  2 


COMPARISON  OF  SUkS  ACROSS  RONS  OF  RESPONSE  TO  100  IN/SEC 


MCCY40  |  MCCY 10  ARCH10 


.06292 
. 16788 
.30101 
.44584 
.59898 
.75369 
.91051 
1.0662 
1.2229 
1.3798 


.05965 

.16822 

.30059 

.44640 

.59888 

.75427 

.91049 

1.0666 

1.2225 

1.3782 


1.0670 

1.2230 

1.3789 


.05986 
.16823 
.30062 
.44641 
. 59888 
.75424 
.91043 
1.0665 
1.2223 
1.3780 


.06060 

.16823 

.30071 

.44650 

.59899 

.75435 

.91052 

1.0666 

1.2223 

1.3779 


TABLE  3 


ACCUMULATED  SUMS  OF  MODAL  EFFECTIVE  MASS  RATIOS 


MCCY40 

MCCY 10 

ARQI10 

(WHO 

RME10 

.6304 

.6295 

.6302 

.6289 

.6278 

.8247 

.8253 

.8259 

.8248 

.8242 

.8948 

.8928 

.8933 

.8925 

.8923 

.9292 

.9264 

.9268 

.9264 

.9272 

.9533 

.9451 

.9451 

.9455 

.9477 

.9680 

.9555 

.9553 

.9564 

.9603 

.9823 

.9609 

.9604 

.9623 

.9679 

.9920 

.9633 

.9627 

.9649 

.9721 

1.0048 

.9642 

.9635 

.9660 

.9739 

1.0153 

.9644 

.9637 

.9663 

.9744 
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At  the 


pmaM  some  results  oa  Guyut’s  redoctioi 
problem  oa  a  tbree-dlmeiwioMllMun.  At  that 
time  we  reported  that  we  did  it  both  way*.  By 
one  method  we  obtained  all  of  the  frequencies 
lor  the  finite  number  of  dynamic  degrees  of  free¬ 
dom,  and  then  ve  reduced  it  by  Guyan’s  redaction. 
We  obtained  good  results  bat  one  of  the  lover 
predominant  modes  was  missing,  and  this  has 
happened  on  more  complex  systems,  be  general 
the  results  are  good  but  some  of  the  important 
modes  Just  do  not  appear.  Bate  you  encountered 
this  in  your  evaluation,  or  do  you  intend  to  look 
into  Oils  further? 


lir.  llains:  No  I  was  not  aware  that  this 
phenomenon  existed,  and  now  that  I  am  aware, 
I  will  certainly  investigate  further  to  see  if  I 
can  make  it  occur  and  if  so  why.  The  fact  that 
it  worked  in  the  problem  that  I  used  certainly 
does  not  mean  that  it  is  generally  applicable. 
This  is  necessary  that  it  work  but  it  is  not 
sirfficient. 


Mr.  Kben  (Bell  Telephone  Laboratories): 
We  have  been  using  this  technique  for  quite  a 
while  and  we  have  done  a  number  of  studies  on 


cantilevered  and  simply-supported  beams.  We 
have  added  one  more  thing,  and  I  think  If  you  go 
through  the  process  you  described  you  could 
also  write  down  the  mass  matrix.  Wc  applied 
the  following  criterion.  The  mass  of  the  point 
eliminated  must  be  at  least  two  orders  of  mag¬ 
nitude  less  than  the  predominant  mass.  In  other 
words  one  could  eliminate  rotary  inertia  in  many 
cases.  We  found  that  it  was  necessary  to  re¬ 
duce,  because  we  did  not  have  a  complete  double  - 
precision  program.  That  Is,  if  we  solved  the 
complete  130  to  140  degrees  of  freedom  prob¬ 
lem,  we  found  that  we  would  get  numerical  in¬ 
accuracies,  and  it  was  necessary  to  reduce  the 
rotary  inertias.  We  found  that  we  could  obtain 


accurate  low  frequencies  by  doing  this. 


Mr.  Mains:  These  problems  tend  to  be  close 
to  ill-conditioned  in  the  first  pise#.  It  fact  a 
well  designed  stroctural  system  should  be  close 
to  singular  and  so  you  have  to  be  careful  what 
you  do  to  it. 

Mr.  Koen:  When  does  one  use  static  rtduc- 
tiosf  We  found  thst  it  is  necessary  to  look  si 
the  mass.  And  if  you  indeed  just  reduce  those 
nodes  which  have  very  low  mass  I  believe  it  can 
be  shown  rigorously  Bud  it  will  work. 

Mr.  Mains;  hi  this  problem  that  I  used,  the 
masses  that  1  reduced  were  the  same  masses 
that  I  was  keeping.  So  it  was  not  a  question  of 
two  orders  of  magnitude,  but  the  same  magnitude. 

Mr,  Koen;  What  was  helping  you  was  the 
frequencies,  as  you  showed,  which  was  interesting. 
But  to  get  back  to  the  former  comment,  I  think 
they  missed  a  mode  because  they  may  have 
eliminated  the  wrong  mass. 

Mr.  Mains;  That  might  be.  When  you  do 
this  form  of  elimination  you  work  on  the  mass 
and  you  arrange  it  so  that  the  total  mass  is  still 
the  same.  S  is  Just  differently  distributed 
throughout  the  system. 

Mr.  Koen;  That  Is  right.  We  take  a  look 
to  see  what  modes  have  small  mass. 

Mr.  Mains;  Well  apparently  if  you  are 
going  to  miss  a  mode  completely  it  means  that 
you  have  loused  up  the  system  somehow  by  dis¬ 
tributing  the  mass  wrongly.  fl  you  put  the  mass 
in  correctly  you  ought  to  be  able  to  keep  all  of 
the  lower  modes.  Isn’t  that  right? 

Mr.  Koen:  Yes,  we  eliminate  the  very  very 
small  mass  terms  which  contribute  to  the  very 
high  frequencies. 

Mr.  Mains:  That  is  very  logical. 


Mr.  Mains:  For  100  or  120  degrees  of  free¬ 
dom  it  is  not  really  necessary  to  reduce,  but  for 
1000  degrees  of  freedom  I  am  pretty  sure  you 
need  to  reduce.  Now  why? 

Mr.  Koen:  E  your  problem  is  ill-conditioned, 
if  you  have  very  large  conditioning  numbers, 
even  E  you  have  5  by  5  or  6  by  6  matrices,  you 
still  may  not  have  enough  precision  in  your 
computer. 


Mr.  Koen:  We  have  run  many  sample  prob¬ 
lems  and  found  it  to  be  good. 


Mr.  Gayman  (Jet  Propulsion  Laboratory): 
We  certainly  agree  with  your  concern  about 
solving  large  order  eigenvalue  problems  and  we 
try  to  avoid  these  wherever  we  can  and  we  have 
been  fairly  successful.  This  is  one  of  the  rea¬ 


sons  we  sponsored  the  development  of  the  Com¬ 
ponent  Mode  Synthesis  a  few  years  back.  We 
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wind  up  solving  mors  smnller-order  eigenvalue 
problems  so  we  retain  some  physical  sense  o t 
what  we  are  doing  with  the  smaller  order 
problems. 

Mr.  Mains:  I  do  not  need  to  answer  that. 

I  agree. 

Mr.  Coale  (Lockheed  Missiles  and  Space 
CoUp"T>‘  T  »m  In  Hi»  B555s 
problems  Just  as  Dr.  Mains  is  and  I  am  most 
interested  in  modal  syntheses.  Bot  I  do  not 
really  believe  there  is  a  panacea  to  be  had  in 
redaction  for  its  own  sake.  We  at  Lockheed 
have  had  Mg  problems,  from  one  to  3000  or 
4000  degrees  of  freedom,  and  we  have  actually 
had  more  problems  with  ill -conditioning  and 
computation  error  in  reducing  than  we  have  with 
direct  solution  of  the  eigenvalue  problems.  We 
happen  to  have  two  eigenvalue  solvers  that  do  a 
very  good  Job  with  large  problems. 

Mr.  Mains;  But  you  only  solve  for  a  few  of 
the  eigenvalues. 

Mr.  Coale:  That  is  all  we  want,  and  we 
check  them  against  problems  for  which  we  know 
the  answers.  Anytime  that  you  have  a  difficulty 
with  a  solution  you  do  what  you  always  did  In 
school,  before  there  were  computers,  you  go 
buck  and  work  a  problem  that  you  think  you 
know  the  answer  to,  and  work  with  it  until  you 
get  It  to  work  before  you  go  to  problems  where 
you  do  not  know  the  answer.  I  believe  that  this 
is  a  good  scheme,  but  so  is  direct  solution.  I 
have  to  say  that  because  a  little  later  this  after¬ 
noon  I  will  present  a  paper  in  which  I  solve  large 
problems. 

Mr.  Mains:  No  need  to  reply  to  that  either. 

Mr.  Workman  (Battelle  Memorial  Institute): 

I  take  exception  to  your  dim  view  of  the  state  of 
the  art  in  numerical  analysis  in  computer  ap¬ 
plication.  We  do  not  solve  nearly  as  large 
problems  as  the  aerospace  industry.  We  have 
solved  problems  of  up  to  2000  by  strictly  Gaus¬ 
sian  elimination  with  iterative  Improvement,  in 
the  static  sense,  and  have  found  no  numerical 
problems.  We  have  a  Control  Data  machine. 
Dynamically,  by  using  Householder’s  method 
followed  by  the  QR  transformation  and  either 
Inverse  iteration  or  however  you  define  the 
eigenvectors,  we  found  total  eigenvalues  for 
systems,  in  our  case  300  or  400,  and  have  found 
no  problems,  no  negative  eigenvalues. 

Mr.  Mains:  The  Householder  technique, 
trldiagonalization,  and  then  forward  elimination 
and  back  substitution  is  the  scheme  that  I  use  for 


my  eigenvalue  routine.  When  I  switched  that 
over  to  the  IBM  300  at  double  precision  I  had  to 
reset  the  gate  on  acceptance  of  the  eigenvalue. 

K  the  difference  between  toe  last  iteration  and 
the  present  iteration  were  smaller  than  10”*  I 
stopped  and  went  on  to  the  next  root.  On  the 
IBM  300,  in  double  precision,  you  get  14  digits. 

I  started  with  10***  and  the  program  Just  looped, 
so  I  backed  up  to  10” and  it  still  looped,  so 
when  I  got  down  to  10”10  it  would  Just  stay 
stable.  So  I  run  with  10*1°  for  my  criterion. 

But  If  I  had  a  Mgger  problem  than  my  present 
limit  of  00 1  am  not  sure  that  I  could  eel  away 
with  10“*°.  I  might  have  to  go  to  10"®  or  10”  \ 
This  is  what  concerns  me.  The  computational 
accuracy  is  limited  because  of  the  physical 
capabilities  of  the  computers. 

Mr.  Workman:  That  is  true  that  the  work 
side  Is  certainly  a  critical  factor  besides  con¬ 
ditioning  number  in  numerical  solution.  But  the 
Control  Data  in  single  precision  Is  the  same  as 
the  IBM  340  in  double  precision.  We  have  ex¬ 
perienced  no  problems  in  300  or  400.  Of  course 
we  used  the  QR  transformation  after  the  tri- 
diagonalization  process. 

Mr.  Mains:  Do  you  get  all  positive  roots? 
Everytime? 

Mr.  Workman:  Yes.  We  have  never  had 
any  problem. 

Mr.  Mains:  Will  your  program  tell  you  if 
you  get  a  negative  root  ? 

Mr,  Workman:  Yes,  it  prints  out  all  of  the 
roots. 

Mr.  Mains:  Yes,  and  you  can  fix  it  up  so 
that  it  prints  out  all  of  the  roots  and  prints 
them  out  in  any  order  you  want  and  without  a 
negative  sign  too,  but  does  the  solution  really 
give  you  no  negative  roots  ? 

Mr.  Workman:  Well  they  are  printed  out 
that  way.  As  you  know  the  Householder  method 
will  put  the  roots  on  the  diagonal  in  ascending 
order  followed  by  the  QR  transformation.  We 
never  have  had  any  problems  with  it,  I  notice 
that  NASTRAN  uses  this  Guyan  reduction  and 
they  use  Givens  transformations  to  find  their 
eigenvalues,  I  would  be  interested  to  know  if 
people  who  have  used  NASTRAN  have  had  any 
problems. 

Mr.  Mains:  You  are  the  first  man  I  have 
ever  met  who  does  dynamic  analysis  and  who 
says  he  gets  all  positive  roots  every  time.  It 
never  happened  to  me  before. 
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llr.  Coyle:  ■  jast  occurred  to  me  that  ve 
have  a  check  oa  oar  program  which  telle  as  at  any 
stage  of  the  calealatlon  of  eigewvalnes,  and  are 
calealate  them  starttag  artth  the  lowest,  hoar 
many  eigenvalues  of  that  matrix  are  below  a 
certain  level.  5  aroold  seem  to  me  that  it  would 
eliminate  the  possibility  of  aegattae  eigenvalues. 

Mr,  Mains:  Well  if  it  told  yen  how  many 
were  below  aero  it  would  certainly  tell  yon. 

Mr.  Coale:  That  is  coanted;  it  does. 

Mr.  Mains:  Good. 
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8B0C1DML  DHIHIC?  OF  FLBEUU  RIB 
bfiPLOXABLI  SPACECRAFT  AMH3UB 
B.  C.  <fn me,  W.  B.  Balia,  Jr.  and  J.  F.  Badges 

1  nrkheed  Missiles  and  Space  'kapugr 
Sunnyvale,  California 


INTRODUCTION 

In  general,  antennas  (e.g..  Fig.  l)  Since  antenna  size  is  growing  (e.g.> 

obtain  higher  electrical  gains  as  the  diameter  Applications  Technology  Satellites  F  4  G  have 

(aperture)  Increases.  However,  as  the  antenna  30  foot  diameter  parabolic  reflectors)  the 

diameter  grows,  it  becomes  necessary  to  stow  it  problems  during  orbital  operations  are  mainly 

in  a  compact  shape  such  that  it  will  both  fit  concerned  with  altitude  stability  aid  control 

within  a  given  shroud  envelope  and  withstand  rather  than  high  dynamic  loads  (as  was  the  cane 

the  launch  and  ascent  loads.  A  current  design  during  launch  and  ascent).  A  possible  excep- 

th&t  achieves  this  function  is  the  flexible  rib  tion  is  the  actual  deployment  sequence  itself, 

deployable  antenna.  This  can  be  graphically 

demonstrated  with  reference  to  Figs. (2-4).  The  The  deployment  of  tne  antenna  can  in¬ 
antenna  structure  in  these  figures  is  used  for  duce  high  dynamic  loads  throughout  the  entire 

demonstration  purposes  only.  In  its  fully  open  antenna  structure  and  also  transfer  a  signifi- 

or  deployed  configuration  the  structure  has  a  cant  amount  of  torque  to  the  spacecraft, 

circular  paraboloidal  shape,. e.g.,  Figs.l  and  4. 

The  main  structural  elements  are  (l)  a  central  The  dynamics  of  the  deployed  configur- 

hub  structure,  (2)  parabolically  curved  ribs  ation  (during  on-orbit  operation)  induces  rath- 

projecting  from  the  hub  and  uniformly  spaced  er  low  loads  into  the  antenna  structure  and 

and  (3)  a  lightweight  reflecting  mesh  stretched  spacecraft  if  the  antenna  motions  are  small  and 

between  the  upper  edges  of  the  ribs  to  form  an  if  there  is  sufficient  spectral  separation  be- 

approximately  paraboloidel  electrical  reflect-  tween  the  open  loop  control  system  frequencies 

ing  surface.  The  cross  section  of  the  ribs  and  the  open  loop  structural  dynamic  frequencies 

con  be  of  complex  structural  shape  (either  open  of  the  antenna.  However,  for  the  on-orbit  Con¬ 
or  closed  section) .  fiturations,  as  well  a?  the  deployment  config¬ 

uration,  of  symmetric  antenna  structures  some 
In  the  ascent  (stowed)  configuration,  unique  problems  arias.  A  symmetric  eigenvalue 

the  ribs  and  mesh  are  wrapped  around  the  hub  problem  arises  and  leads  to  a  number  of  identi- 

and  restrained.  In  space,  the  rib  restraint  is  cal  multiple  roots  of  the  frequency  equation 

removed  (e.g.,  by  a  pyrotechnical  separation  (i.e.,  the  so  called  "multiple  ei gen value" prob- 

event)  and  the  strain  energy  stored  in  the  ribs  lem) .  A  "brute  force"  approach  does  not  work 

powers  the  deployment.  Schematically  this  is  for  this  problem.  That  1b,  entering  the  "pri- 

illustrated  in  Figs.  (2-4).  mitive"  or  "global"mass  and  Btiffness  matrices 
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into  itudud  P-puter  diHmlw  programs  will 
—It  la  wb—n  that  or*  a— nlnfl— g.  3m 
o— put—  simply  omnaot  diattngaiab  the  — i >tl«l 
f— tut—  of  the  type  and  dtfrw  of  structural 


9m  — lutlon  is  to  d— onpo—  tho  "pri- 
dtln1  or  "global"  problem  into  a  n—b—  of 
mllr  "wave"  slxod  problems.  Ibis  la  accomp¬ 
lished  bar  a  Fourier  decomposition  la  tho  dr- 
euafaroatlal  dirmction.  Cm  "lan"  si— d  prob- 
lons  aro  — lved  and  tban  are  tranafarrod  bade 
to  obtain  the  "primitive*  or  "global"  aolution. 
Bim  baaic  theory  for  thia  Fourier  decomposition 
aethod  can  be  found  in  Refa.l  and  2. 

The  paper  eondadee  with  aona  recent 
reaulta  of  analysis  and  testing.  Kapha  si »  will 
be  given  to  the  reaulta  attendant  to  the  deploy¬ 
ment  and  on-orbit  configurations . 

DHaOWfflT  DYNAMICS 

The  deployment  of  a  flexible  rib  an¬ 
tenna  ia  initiated  ty  releaae  of  the  cireunfer- 
sntial  restraint  which  keeps  the  ribs  and  inter- 
folded  neah  in  place  around  the  hub.  A  typical 
design  uses  a  number  of  circumferentially  spac¬ 
ed  doors,  separately  hinged  to  the  hub  struct¬ 
ure,  and  held  in  place  against  the  furled  an¬ 
tenna  by  a  circumferential  cable.  Deployment  is 
initiated  tgr  pyrotechnic  cable  cutters.  Several 
distinct  phases  of  notion  follow. 

Unfurling  Phase 

During  the  first,  or  unfurling  phase, 
the  ribs  progressively  unwrap  from  the  hub.  Ex¬ 
amination  of  high  speed  movies  of  the  deploy¬ 
ment  indicates  that,  in  plan  view,  the  unfurled 
portion  of  each  rib  approaches  a  straight  line 
tangent  to  the  hub.  As  the  ribs  unwrap  from 
the  hub,  tne  "straight"  portion  of  each  rib  be¬ 
comes  longer  until  the  points  of  tangency  reach 
the  roots  of  the  ribs  (e.g.,  Figs.  2  and  3). 

At  this  time,  essentially  all  of  the  strain  en¬ 
ergy  stored  in  wrapping  the  ribs  around  the  hub 
has  been  converted  to  kinetic  energy  of  the 
ribs  and  spacecraft.  Since  angular  momentum  is 
conserved,  a  small  retrograde  motion  is  impart- 
ted  to  the  hub  of  the  spacecraft. 

In  the  analysis  of  the  unfurling 
[base,  it  is  assumed  that  all  ribs  unfurl  in 
[base,  the  unfurled  portion  of  each  rib  is 
assumed  to  remain  rigid  and  tangent  to  the  hub. 
The  hub  and  spacecraft  is  assumed  to  be  a 
single  rigid  body.  Angular  momentum  of  the 
system  is  conserved  and  the  relstive  motion  be¬ 
tween  ribs  and  hub  results  from  release  of  the 
bending  energy  stored  in  wrapping  the  ribs.  A 
sketch  of  a  partially  unfurled  rib,  as  assumed 
in  the  analysis,  is  shown  in  Figure  5. 


9m  me  oood  phi—  of  motion  in  termed 
the  oomnt  phase.  During  the  coast  phase,  cadi 
rib  rotate#  about  the  line  hinge  at  its  root, 
from  a  position  approximately  tangent  to  the  hub 
to  a  fully-deployed  radial  orientation,  this 
pha—  ends  when  tho  rib  strikes  its  alignment 
atop.  Until  the  last  10-20f  of  tho  coast  phase 
the  motion  is  primarly  planar.  During  tho  las t 
portion  of  this  pha—,  nosh  tension  increases 
and  "untwists"  the  ribs,  pulling  them  into  their 
dished  shape. 

In  the  numerical  analysis  of  the  coast 
phase,  only  the  planar  motion  is  considered,  and 
the  ribs  are  assumed  to  re— in  straight  through 
this  final  90°  of  travel,  there  is  no  further 
release  of  stored  energy  during  this  pbaso 
sin—  the  ribs  ere  rotating  freely  about  the 
hinges.  Dus  to  the  changing  geo— try,  however, 
the  angular  velocities  of  the  rlbe  and  the  huh/ 
spacecraft  will  vary. 


the  final  pha—  of  motion  is  the  im¬ 
pact  pha—.  the  ribs  strike  the  stops  at  the 
roots,  and  rebound  is  limited  by  individual  rib 
latches  or  hinge  torsion  springs,  the  kinetic 
energy  of  the  systea  at  lockup  produces  trans¬ 
ient  oscillations  of  the  antenna  and  spacecraft. 
For  an  antenna  who—  axis  lies  along  one  of  the 
spacecraft  principal  Inertial  axes,  the  result¬ 
ant  vibrations  involve  "torsional"  todes  of  the 
antenna. 


Analysis  of  this  phase  of  motion  is 
based  on  conventional  linear  modal  response  and 
superposition,  using  as  initial  conditions  the 
velocity  profile  of  the  rib  and  hub  at  the  end 
of  the  roast  pha—.  Only  the  wave  number  zero 
modes  of  the  system  are  excited  as  a  result  of 
this  pattern  of  initial  velocity  (see  next  sec¬ 
tion)  . 


Deployment  loads  at  lockup  typically 
are  design  loading  conditions  for  rib  hinges 
and  latches  and  portions  of  the  hub  structure. 

A  typical  deployment  history,  showing  the  vari¬ 
ation  of  total  torque  on  die  hub  is  shown  in 
Figure  6. 

DYNAMICS  OF  THE  DEPLOYED  CONFIGURATION 

Flexible  rib  antennas  are  modelled  as 
finite  element  systems  where  each  rib  and  the 
hub  are  treated  as  a  number  of  elemental  beams 
and  the  mesh  as  a  number  of  string  panels.  Rib 
modelling  accounts  for  their  structurally  com¬ 
plex  shape  in  that  they  are,  in  general,  curv¬ 
ed,  tapered  and  of  open  section  with  offset 
section  shear  center,  offset  section  centroid, 
and  offset  mesh  attachment  (e.g.,  Fig.  7). 

Mesh  to  rib  attachment  is  along  the  concave 
edge  of  die  rib.  In  motion,  then,  rib  banding 
and  twisting  are  coupled  and  constitute  a  major 
feature  of  the  structural  behavior.  Local  Car¬ 
tesian  coordinates  were  selected  at  each 
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analytical  point  on  tba  atructura  to  daflno  tha 
di«pl*roa*nt*  with  all  alx  degree*  of  freedoa 
Talnc  allowed  at  aacfa  point. 

From  a  structural  dynaolcs  standpoint 
flexible  rib  antannaa  aim  difficult  to  analyxa 
for  thzaa  important  reasons.  First,  and  aost 
obvious,  a  finite  elaaect  analysis  loads  to  an 
rstrsaaly  largo  degree  of  freedoa  ays  tee.  Iaag- 
lna  an  antenna  with  50  ribs,  each  rib  dividod 
into  five  finite  boaa  sextants,  and  each  analy¬ 
tical  point  allowed  six  local  degrees  of  free- 
doa.  Than,  the  ays  tea  will  have  1800  total  de¬ 
grees  of  freedoa.  Secondly,  and  less  obvious, 
orders  of  aagnituds  in  the  eleaental  stiffness 
and  aass  coefficients  are  extreae.  In  general, 
the  hub  is  stiff  and  heavy,  the  ribs  are  less 
stiff  and  less  aassive,  and  the  aesh  is  weak 
and  lightweight.  Coaputer  analysis  of  such  a 
ays tea  requires  double  precision  in  all  calcu¬ 
lations,  and,  even  then,  nay  be  subject  to 
troublesoae  round  off  errors  if  the  spates  is 
large,  thirdly,  and  least  obvious  but  aost 
difficult  to  analyse  is  the  symmetry  of  the 
flexible  rib  design  lariiigto  a  high  degree  of 
redundancy  and  multiplicity  of  roots.  Compu¬ 
tationally,  eigeneolutions  for  problems  with 
multiplicity  grea  ser  than  about  six  are  impos¬ 
sible  on  coaputers  with  programs  as  they  exist 
today. 

All  three  major  proolema  may  be  avoid¬ 
ed  by  taking  advantage  of  the  structural  sym¬ 
metry  in  a  consistent  and  logical  manner.  Such 
was  done  by  analytically  expanding  the  displace¬ 
ment  vector  in  a  finite  (finite  because  the  num¬ 
ber  of  ribs  is  finite)  Fourier  series  in  the 
circumferential  direction  so  that  the  Fourier 
coefficients  remain  undetermined,  but  the  Four¬ 
ier  trigonometric  arguments  are  selected  to  de¬ 
couple  the  problem.  Furthermore,  the  solution 
obtained  will  be  exact.  Mathematics  of  the 
technique  are  fully  described  in  referenoee  1  and 
2  and  will  not  be  repeated  herein. 

The  Fourier  transformation  produces  a 
set  of  new,  smaller  size,  uncoupled  eigenprob- 
lems  which  are  solved  one  at  a  time  and  each  of 
whicv-  has,  at  most,  a  multiplicity  of  only  two. 
Results  are  then  back  transformed  to  assemble 
the  solution  for  the  primitive  antenna.  Each 
transformed  problem  set  describes  a  "wave  num¬ 
ber"  of  the  antenna,  that  is,  die  rib  mode 
shape  patterns  occur  as  wave  0  -  all  ribs  dis¬ 
place  identically}  vaye  1  -  rib  displacements 
are  coefficients  of  sin  9;  wave  2  -  rib  displace¬ 
ments  are  coefficients  of  sin  2  9;  etc.  9  is 
the  circumferential  angle,  0  to  2  measured 
around  the  antenna. 

Graphic  results  obtained  fo~  a  free-free 
structure)  from  this  technique  follow  in  Fig¬ 
ures  8  (8a-8l)  where  the  wave  number  and  mode 
shape  number  (for  that  wave)a re  labeled  on  each 
figure. 


A  tide  benefit  of  thla  type  of  analyrte  i« 
that  many  "adtaoat  multiple  root aP  are  avoided, 
that  la,  since  the  aesh  ia  ueually  weak  compar¬ 
ed  to  the  riba  and  eonatitutea  the  eleaeot  which 
join*  the  riba,  a  given  aode  in  each  wart  number 
will  have  an  almost  identical  natural  frequency 
but  a  vary  different  aode  shape.  However,  by 
solving  the  problem  in  wave  number a,  it  la  un¬ 
likely  that,  in  a  single  wave  number  type,  there 
will  be  closely  spaced  natural  frequencies. 
Computer  solutions  favor  widely  separated  and 
distinct  eigenvalues  ( frequencies)  in  structural 
problems. 

Once  the  natural  frequencies  and  mode 
shapes  of  the  antenna  are  known,  it  is  possible 
to  build  the  nodal  equation  of  notion  using  os 
nosy  nodes  of  as  asny  types  as  desired.  The  re¬ 
sult  is  then  used  in  a  nodal  superposition  anal¬ 
ysis  where  other  parts  of  the  spacecraft  assemb¬ 
ly  nay  be  added,  and/or  in  a  forced  response  an¬ 
alysis  by  applying  model  forces  and  Including 
modal  damping  parameters.  The  methods  used  fol¬ 
low  the  usual  structural  dynamics  techniques 
except  that  the  analyst  must  remember  that 
the  flexible  rib  antenna  problem  has  already 
been  through  one  transformation  so  that  its  mod¬ 
al  properties  represent  not  the  physical  antenna 
but  the  transformed  one. 

For  the  time  conscious  reader,  using 
the  method  described  herein,  50  mode  shapes  were 
found  for  a  48  rib  reflector  complete  with  hub 
assembly  in  a  4  minute  1108  coaputer  run. 


This  paper  has  presented  the  essential 
features  of  the  structural  dynamic  technology 
problems  associated  with  flexible  rib  deployable 
spacecraft  antennas.  Typical  results  have  been 
presented  that  indicate  very  good  correlction 
with  limited  tests  results. 

Mathematically  modelling  two  antennas 
for  which  test  results  were  available  and  pred¬ 
icting  natural  frequencies  and  mode  shapes  for 
the  structure  with  a  fixed  hub  produced  the 
following  correlations 

First  Natural  Frequency, Hz 
Test  Annlvsl s 

30'  ATS  antenna  1.13  1.12 

14'  test  antenna  2.60  2.68 

Test  results  were  produced  during 
deployment  of  the  structure  in  a  one  g  environ¬ 
ment  by  averaging  values  of  the  "cup  up"  deploy¬ 
ment  and  the  "cup  down"  deployment.  Once  high 
frequency  modes  had  essentially  been  attentuated 
by  damping,  only  the  first  natural  frequency  tor¬ 
sional  mode  remained.  This  mode  was  used  for 
analytical  correlation. 
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Bras  without  toct  results  for  eonpcrl- 
soo,  indications  of  fltxibls  rib  antenus  bahav- 
lor  m/  bo  iaforrod  fro*  tho  oonputed  node 
shapes.  Though  not  clearly  about  on  tho  nodal 
plots  of  Figure  8,  coupling  of  all  dogroos  of 
fr— don  la  pronounced  alnoa  ths  riba  have  off¬ 
set  clastic  axsa  and  tbs  typical  rib  la  weak  in 
torsion,  inong  tho  nodes  presented, Figures 
8(b-l)  show  a  significant  aaount  of  coupling. 
Also  notice  the  clearly  spaced  frequencies  of 
ware  2,  node  3;  ware  3,  node  3|  and  wave  4, 
node  3.  These  closely  spaced  frequencies  con¬ 
tinue  through  all  wave  nunber  sets.  So,  if  the 
designer  wishes  to  know  all  nodes  with  frequen¬ 
cies  below  a  certain  value, he  is  likely  tc  be 
presented  with  an  intense  aaount  of  data)  say, 
the  first  six  or  eight  nodes  fron  each  possible 
wave  nunber.  For  the  48  rib  exanple  shown, 

6  x  (48/2  +  l)  =  150  nodes  with  natural  fre¬ 
quencies  belcv  20  Hs. 
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b.  M.  L.  Gossard  and  W.  B.  Haile,  Jr., 
"Structural  Dynamics  of  Flexible  Rib 
Antennas",  LMSC-A983874,  Lockheed  Missiles 
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FIG.  8  (CONT'D)  TYPICAL  ANTENNA  MODE  SHAPE 
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Dm  problems  created  by  buildup  of  thermal  prestresses  in  a 
separable  spacecraft  fairing  are  considered  in  this  paper.  These 
prestresses  are  produced  V.  \scent  heating  of  the  fairing.  Vhen 
the  fairly;  is  cut  pyrotechn  eally  above  the  ataosphere  into  two 
halves  and  Jettisoned  the  theual  prestresses  seriously  affect 
the  early  post- separation  dynamic  response  of  the  fairing  and  can 
cause  the  fairing  to  hang  up  or  to  bump  the  enclosed  spacecraft. 
The  problem  is  evaluated  and  approaches  to  both  thermal  static 
and  structural  dynamic  analysis  are  outlined.  Some  results  of 
actual  calculations  for  a  large  fairing  are  presented. 


IITOWDOCTirai 

This  paper  treats  the  clamshell- like 
Jettisoning  of  a  space  vehicle  fairing  in  the 
presence  of  thermally- induced  prestresses. 
Unprotected  spacecraft,  designed  to  operate  in 
orbit  or  on  a  space  trajectory,  are  frequently 
too  fragile  to  survive  ascent  through  the  atmos¬ 
phere.  For  protection,  the  spacecraft  is 
enclosed  In  s  fairing  which  is  designed  to 
withstand  the  ascent  environment  (Fig.  la). 

Once  above  the  sensible  atmosphere  the  fairing 
is  separated  by  means  of  pyrotechnic  joints  in¬ 
to  two  halves,  rotated  away  from  the  main 
vehicle  by  compressed  helical  springs,  and  at 
about  a  60*  angle  from  the  vehicle  axis, 
separated  from  the  vehicle  completely  and  jet¬ 
tisoned  (Fig.  lb). 

The  i'airing  in  addition  to  surviving  the 
ascent  in  good  condition,  must  be  built  to 
separate  reliably  and  cleanly.  If  the  fairing 
Joes  rot  separate  or  if  there  is  a  delay  in 
separation  the  entire  launch  may  be  a  failure, 
likewise,  if  the  fairing  intrudes  into  the 
spacecraft  envelope  during  sejaration  and 
trikes  the  spacecraft  unacceptable  damage 
may  occur.  Even  if  damage  or  failure  is 
avoided,  flexible  fairing  oscillations  may 
produce  unacceptable  excitation  of  the  booster 
during  separation.  Full  scale  ground  tests 
are  used  to  evaluate  sejaration  behavior  of 
the  fairing.  However,  these  tests  are  costly 
and  cannot  cover  the  full  range  of  conditions 
to  which  the  fairing  may  be  exposed.  A 
parallel  engineering  analysis  is  therefore 
necessary.  Tills  paper  describes  such  an 
analysis  and  some  of  the  results  obtained. 


Before  discussing  the  problem  In  more  detail  a 
brief  description  of  fairing  geometry  and  con¬ 
struction  Is  In  order.  The  fairing  considered 
in  this  paper  Is  a  light,  ring- stiffened  corru¬ 
gated  shell  structure  composed  of  a  long 
cylinder,  a  double  cone  and  a  spherical  cap. 
Seme  details  of  the  shell  construction  are 
shown  in  Figure  2.  Because  of  the  longitudinal 
separation  Joint  the  presepareted  fairing  is 
not  axisyraaetric.  The  joint  itself  has  no 
moment  carrying  capability.  Along  each  side  of 
the  Joint  runs  a  stringer  to  provide  edge 
stiffening.  Thus  after  separation  the  fairing 
halves  are  composed  of  ring- stiffened  half 
shells  with  longitudinal  edge  stiffeners.  The 
base  ring  at  the  open  end  of  the  cylinder  is 
made  relatively  stiff  both  to  prevent  excessive 
motion  of  the  bottom  corner  of  the  fairing  and 
to  distribute  the  hinge  loads.  Both  bending 
and  torsional  stiffness  of  the  post- separated 
fairing  halves  are  rather  low  because  of  the 
open  cross  section. 

SOURCES  OF  FAIRING  fXCITATION 

A  number  of  loadings  combine  to  produce 
fairing  dynamic  response  after  initiation  of 
separation.  The  primary  driving  force  acting 
on  the  fairing  halves  is  produced  by  the  pre¬ 
stressed  thruster  springs.  The  sudden  release 
of  the  stored  energy  produces  breathing  and 
twisting  motions  in  the  fairing  halves. 

A  contained  pyrotechnic  explosive  which 
separates  the  fairing  from  the  booster  and 
"cuts "  it  into  two  sections  produces  an  Impul¬ 
sive  loading.  This  loading  may  be  radial  or 
tangential  depending  on  the  Joint  design. 
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Detail  at  Base  of  Fairing 
fig.  2.  Space  Vehicle  Fairing  -  Construction  Details 


MOUK  ANALYSIS 


Angr  appreciable  eeount  of  oscillatory  or 
transient  eotloo  of  the  booeter  daring  sapors* 
tion  le  transmitted  through  the  hinges  to  pro¬ 
dace  a  “foundation  excitation"  acting  on  the 
fairing  halves.  Such  a  vehicle  excitation  may 
V  'ijuaed  by  residual  oscillation  after  engine 
>»icloc  or  by  control  system  llait  cycling. 

In  addition  to  the  above,  a  mart  subtle 
excitation  of  the  fairing  can  occur.  During 
ascent  the  launch  vehicle  reaches  supersonic 
velocity  through  the  ataosphere.  As  a  result  a 
strong  bow  shockwave  is  produced  at  the  nose  of 
the  vehicle.  Across  this  shockwave  a  large 
rise  In  temperature  occurs.  Because  the  tra¬ 
jectory  is  curved  and  because  of  steering 
Maneuvers,  the  vehicle  aoves  at  an  eagle  of 
attack  through  the  atmosphere  causing  the  heat¬ 
ing  to  vary  significantly  around  the  eircus- 
ference  of  the  vehicle.  Use  resultant  teupera- 
tures  in  the  fairing  are  a  function  of  the  boss 
and  conductivity  of  aetal  involved  In  oiqr  one 
area,  thermal  resistances  between  assembled 
parts,  and  surface  reflectivity  of  the  fairing 
surface.  In  addition  to  varying  longitudinally 
and  circumferentially  the  temperature  of  the 
fairing  varies  radially  between  the  outer  skin 
and  the  inner  flange  of  the  rings  creating 
gradients  across  the  ring-skin  combination. 

Heating  produces  deflections  and  distor¬ 
tions  in  the  fairing  as  veil  as  internal  pre- 
stresses.  When  the  fairing  is  separated  Into 
two  halves  the  sudden  release  of  tne  thermal 
prestresses  produces  significant  dynamic 
exc ltatlon. 

Prestressing  can  also  occur  because  oi 
manufacturing  Imperfections  and  assembly 
procedures.  This  type  of  prestress  Is  largely 
controllable  or  correctable. 


Significant  Information  concerning  fair* 
lng  behavior  during  separation  con  be  obtained 
through  analysis  of  rigid  fairing  models  and 
non-theranl  flexible  fairing  models. 

However,  for  large  fairings  (diameters  of 
8  feet  or  larger)  all  of  the  previously  mention¬ 
ed  effects  must  be  considered.  Far  this  purpose 
a  finite  element  model  of  the  fairing  is  most 
suitable.  Such  a  representation  is  capable  of 
taking  into  account  various  features  of  the 
fairing  configuration  and  construction  os  shown 
in  fig.  2.  The  model  can  be  used  to  determine 
nodal  behavior  of  the  complete,  preseparated 
fairing.  More  Importantly  the  nodal  behavior 
of  the  postseparated  fairing  halves  (Fig.  lb) 
on  hinges  and  springe  can  be  calculated.  These 
nodes  include  aaarly-rlgid  rotation  about  the 
hinge  line,  bean  notion,  torsional  motion,  and 
shell  modes  of  the  half  co;e- cylinder. 

The  influence  of  ascent  heating  which  pro¬ 
duces  deflections  and  lnternrl  stresses  in  the 
fairing  requires  a  furth*  r,  more  sophisticated 
analysis.  For  this  problem  the  finite  element 
model  of  the  fairing  is  altered  to  permit 
thermal  static  calculations.  Deflections  of 
both  the  preseparated,  complete  fairing  and  t:.e 
postseparated  fairing  halves  must  be  considered. 
Once  the  thermal  static  deflections  of  the 
fairing  have  been  calculated  it  is  possible  to 
formulate  a  thermal  initial  condition  for  use 
in  the  postseparation  dynamic  analysis.  This 
analysis  and  the  results  obtained  are  discussed 
in  the  following  sections. 


(b)  Circumferential  Temperature 
Distribution  Function 


0  .2  .4  x/L  -6  -8  1.0 

(a)  fxingitudinuj  Tosperature  Distribution 


Fig.’  3  -  Fairing  Tanperatures  at  Separation 
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PAIRIHG  TRBWAL  STATIC  BEHAVIOR 

As  previously  sentiooed,  because  of  angle 
of  attack  bistories  and  steering  Maneuvers,  the 
fairing  experiences  asynetric  heating  cireua- 
ferentlally.  Due  to  the  existence  of  localised 
heat  sinks,  i.e.,  rings,  and  tbeneal  resistances 
between  the  corrugation  sheet,  face  sheet,  and 
ring  flanges,  there  are  also  temperature  dif¬ 
ferences  between  the  shell  and  ring  Inner 
flanges  at  the  tine  of  separation,  typical 
longitudinal  and  circuaferential  tenperature 
distributions  are  shown  in  Figure  3. 

The  longitudinal  distribution  changes 
radically  at  the  cone- cone  and  cone-cylinder 
junctions  and  varies  gradually  along  the  length 
of  the  cylinder.  The  circumferential  distribu¬ 
tion  is  specified  by  a  cmxiiwn  and  minimum  at 
each  longitudinal  station.  A  normalized  circum¬ 
ferential  distribution  function  which  may  vary 
at  different  axial  stations  can  be  used  to 
describe  the  skin  temperature  variations  at  any 
circumferential  location. 

Radial  temperature  gradients  can  be  speci¬ 
fied  by  defining  a  second  layer  of  temperatures 
over  the  entire  fairing  in  the  same  manner. 

A  circumferential  distribution  of  tempera¬ 
tures  Is  shown  In  Fig.  4.  In  Fig.  4a  the 
maximum  temperature  point  (wlndwlnd  point)  lies 
in  the  separation  plane  of  the  fairing.  Mote 
that  although  there  is  only  one  maximum,  two 
minimums  occur  at  about  120*  front  the  windward 
side.  Fig.  4b  shows  a  case  where  the  windward 
maximum  temperature  point  occurs  at  an  angle  to 
the  separation  plane  of  the  fairing.  This  is 
termed  a  skewed  temperature  distribution  at 
3kew  angle  <p  . 

The  temperature  distributions  shown  in 
Fig.  3  cause  thermal  deflections  and  stresses 
which  in  large  part  are  relieved  at  separation. 
To  1 imit  the  scope  of  this  paper,  dynamic 
response  due  to  circumferential  skin  temperature 
distributions  only  will  be  treated.  Radial 
temperature  gradients  will  be  assumed  to  be  zero. 
Dynamic  response  due  to  gradients  is  equal 1 y 
important  and  can  be  treated  in  a  similar  manner. 

Without  considerable  experience  with  behav¬ 
ior  of  structures  under  non-uniform  heating 
conditions,  it  is  difficult  to  predict  or  to 
evaluate  the  behavior  of  the  fairing  under  the 
temperatures  of  Figs.  3  and  4.  However,  consid¬ 
erable  insight  into  static  behavior  of  the 
fairing  subjected  asymmetric  heating  can  be 
gained  by  decomposing  the  circumferential 
temperature  distribution  of  Fig.  4  into  Fourier 
component  distributions  and  considering  the 
effect  upon  the  fairing  of  these  individual 
simplified  distributions.  Because  the  problem 
Is  assumed  to  be  mathematically  linear  the 
deflections  produced  in  the  fairing  by  the  in¬ 
dividual  Fourier  component  temperatures  can  be 
r<  combined  to  yield  the  fairing  response  to  the 
original  temperature  distribution.  Any  arbitrary 


circoMfcreat4*!  distribution  of  ttaperaturs  can 
be  expanded  1b  s  series  of  sins  and  cosine 
distribution:. 

F(©)-  »o  ♦  coo#  ♦  bj  sin  ®  4  *2  co*  x 

*  bg  sin  26  ♦ .  These  component 

distributions  ore  shown  In  Fig.  5»  the  first 
or  zeroth  cosine  component  is  s  constant  tenper¬ 
ature  rise  c  lrcmf erent tally .  Fig.  3  shows  this 
to  be  the  najor  part  of  the  elevated  tenperature. 
In  the  case  of  a  constant  circumferential 
tenperature,  the  fairing  (scanning  a  uniform 
coefficient  of  thermal  expansion)  grows  radially 
and  longitudinally  without  other  distortion  and 
without  buildup  of  Internal  stresses.  This 
conponent  distribution  therefore  has  negllbible 
affect  upon  the  separation  process. 

The  cos  0  and  sin  9  components  each 
produce  a  transverse  bending  of  the  fairing  as 
a  beam.  This  bending  always  occurs  away  fren 
the  maximum  temperature  point.  In  spite  of  the 
fact  that  the  fairing  Is  distorted,  no  internal 
stresses  are  built  \ip.  Therefore,  If  the  pre¬ 
separated  fairings  were  heated  with  either  of 
these  two  temperature  components  and  then 
separated,  the  fairing  halves  would  not  be 
excited  dynamically.  Thus  while  this  is  the 
moat  visible  part  of  the  preseparated  thermal 
response,  it  has  no  significance  in  determining 
post  separated  dynamic  behavior. 

The  cos  26  component  is  symmetric  with 
respect  to  both  the  separation  plane  and  the 
perpendicular  ‘backbone”  plane.  If  the  co¬ 
efficient  of  the  cos  26  component  is  positive, 
the  separation  edges  cf  the  half  fairings  are 
raised  in  temperature  while  the  backbones  are 
cooled.  Because  of  differential  expansion  and 
contraction  longitudinally,  the  pose  separated 
half  fairings  would  like  to  bend  away  from  each 
other,  as  shown  in  Fig.  5*  However  since  prior 
to  separation  the  two  halves  are  attached,  they 
react  on  each  other  and  essentially  no  distor¬ 
tion  occurs.  Sizeable  internal  prestresses 
however  do  build  up.  If  the  complete  fairing 
were  heated  with  tnis  component  and  then 
suddenly  separated,  the  fairing  halves  would 
vibrate  about  their  postseparated  static 
equilibrium  positions. 

The  sin  26  component  shows  similar  behavior 
except  that  this  component  represents  a  distri¬ 
bution  skewed  45°  with  resp>ect  to  the  separation 
plane.  In  fact  this  distribution  is  anti¬ 
symmetric  with  respect  to  both  the  separation 
and  backbone  planes.  Because  of  the  two  planes 
symmetry  of  the  fairing,  the  response  is  as  so 
>i:.f.isynmetric  with  respect  to  both  planes. 

c.'ore  separation  the  two  halves  of  the  fairing 
react  on  each  other  t--  effectively  prevent  dis¬ 
tortion.  The  separated  halves  under  this 
distribution  move  sideways  and  twist  as  shown 
in  Fig.  5.  Tills  Fourier  component  is  particu¬ 
larly  significant  in  reducing  clearance  between 
the  fairing  and  the  enclosed  spacecraft.  Higher 
order  Fourier  components  show  similar  character¬ 
istic  behaviors  which  become  more  localized  and 
1  ss  significant  for  overal'  fairing  motion. 
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Figure  4  -  Circumferential  Temperature  Dlatrlbutlooa 


T*c,coad 


Figure  6  Fairing  Thermal  Static  Deflection  -  Iaanetric  View 


(a)  Preeejarated  (b)l'o8t*eparated 


Figure  7  Fairing  Thermal  Static  Reflection  -  Top  View 


Consider  now  the  thermal  itttie  dtOwtioo 
of  the  fleirinj  under  the  «gmtrle  tenpOTture 
distribution  of  3  acting  at  a  20*  skew 
angle.  Ia  Figure  6a  a  three  dimensional 
schematic  drawli«  of  the  ffclrliv  is  shown.  ttteo 
thlc  preseparated  fairing  it  subjected  to 
aeyaetrle  beating,  the  principal  deflections 
are  loryltairtlnal  growth  and  a  "hotdog”  type  of 
beadorer  away  from  the  hot,  windward  side.  In 
addition,  Internal  prestresses  are  created  in 
the  fairing.  Ibis  Is  graphically  Illustrated 
in  Fig.  6b.  This  figure  shows  the  static 
equilibrlun  of  the  two  poeteeparated  fairing 
halves  under  the  saae  teaperatures.  These  two 
halves  could  be  brought  back  Into  Juxtaposition 
by  application  of  edgs  forces  equivalent  to  the 
lnterral  Joint  stresses  in  the  presei^rated 
fairing.  Figures  7a  and  7b  show  an  end  view 
of  the  pre  and  poeteeparated  fairing  under  the 
sene  temperature  distribution.  It  Is  further 
possible  to  look  nt  the  deflections  at  any 
'iross- section  of  the  fairing  as  in  Fig.  8.  This 
figure  shows  the  original  position  of  the  cross 
section  of  the  cold  fairing,  the  corresponding 
position  of  the  heated  pre separated  fairing  and 
the  positions  of  the  two  postseparated  fairing 
halves.  Additionally,  the  spacecraft  envelope 
at  this  cross-section  Is  shown.  All  of  the 
deflections  as  well  as  the  spacecraft  clearance 
have  been  Multiplied  by  a  lector  of  2  In  the 
figure. 


Fig.  8  -  Fairing  Therwal  Static  Deflection 
Crossectlonal  View 


Figure  9  illustrated  more  clearly  the 
Influence  of  the  skew  angle.  Ibis  figure  shows 
the  displacement  of  a  fairing  cross  section 
before  and  after  separation  under  two  different 
heating  conditions.  In  Figure  9a  the  static 
deflection  of  pre  and  post-separated  fairing 
sections  are  shown  when  the  effective  windward 
generator  is  In  the  fairing  separation  plane. 
Figure  9b  depicts  the  corresponding  deflected 
positions  when  the  windward  generator  Is 
rotated  out  of  this  plane.  With  the  s!;ew  angle 
zero  the  symmetric  temperature  distribution  is 
aligned  with  a  plane  of  symmetry  cf  the  fairing 
and  the  displacements  are  also  symmetric  as 
shown.  Note  that  the  windward  edges  of  the 
fairing  move  Inward  toward  the  spacecraft 
before  separation  and  move  In  slightly  farthe- 
after  separation  as  well  as  springing  outwnrd 
tangentially. 

The  behavior  of  the  fairing  under  the 
skewed  temperature  distribution  of  Figure  9b 
is  more  serious.  Here  the  heated  preseparated 
fairing  moves  away  from  the  maximum  tmperature 
point  as  expected.  Upon  separation  one 
separated  edge  moves  inward,  the  other  outward. 
The  edge  which  moves  inward  can  cause  serious 
loss  of  spacecraft  clearance. 


Preseparation  Deflection 
Postseparation  Deflection 

Skew  Angle 
Maximum  Temperature 
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Fig.  9  -  Influence  of  Skew  Angle  on 
Fairing  Deflections 


HeSECA&iUD  DDMIOC  RKSPOMBB  OV  THE 
HEATS)  MXR1KO 

Th*  tuie  approach  to  the  dynamic  response 
analysis  of  the  fairing  under  the  thezmal  pro- 
•trees  consists  of  considering  the  problem  ss 
primarily  a  linear,  free  vibration  problem  with 
specified  Initial  displacement  and  Telocity 
conditions,  and  with  time- varying  excitation 
provided  only  by  booster  transient  notions. 

This  is  accomplished  as  follows:  Displacements 
{utU}  of  the  fairing,  measured  with  reference 
to  a  fixed  coordinate  system,  are  decomposed 
Into  three  pnrts 

lull)}  *  {a*  ttl)*  M  ♦  {HO}  U) 

Here  {tflll)  represents  rigid  body  notion  of 
the  fairing  produced  by  "base  motion"  of  the 
booster.  During  separation  this  notion  is 
transmitted  through  the  hinges  and  thruster 
sprlcgu.  The  second  component  fug)  Is  measured 
from  the  unloaded  static  equilibrium  configura¬ 
tion  of  the  posts epara ted  fairing  with  no  'base 
motion"  present.  In  this  equilibrium  position 
the  thruster  springs  are  not  prestressed  and 
the  fairing  is  at  a  non- elevated  reference 
temperature.  To  obtain  displacements  {ug} , 
the  lower  end  of  the  thruster  springs  are 
moved  to  the  prestress  position.  Since  the 
fairing  halves  are  free  to  move,  this  does  not 
prestress  the  springs  but  causes  the  fairing 
halves  to  rock  backward  on  the  hinges  to  a  new 
equilibria  position.  The  fairing  is  now 
heated  to  the  separation  temperatures  and 
additional  deflection  of  the  fairing  occurs. 

The  resulting  combined  deflection  configuration 
of  the  fairing  from  its  original  equilibrium 
position  is  designated  as  (tig) 

Consider  next  that  the  edge  forces  are  applied 
to  the  longitudinal  and  base  separation  edges 
to  bring  the  fairing  halves  together  in  their 
heated,  preseparated  equilibrium  position.  This 
displacement  configuration  is  designated  as 
and  is  the  same  configuration  as  is 
obtained  by  heating  the  preseparated  fairing 
and  prestressing  the  thruster  springs. 

The  vibration  problem  in  terms  of  the  unknown 
flexible  dynamic  component  W  of  Fq(l)  can 
now  be  expressed  as 

[m]  {&]♦[*>]  (&)♦  WW-MN  (2) 

(ulo)}  :  (u.*}  -{uB}  (3) 

{u(0)}  -  {del  V>) 


Tn  these  equations  [Mjt  [  O  ],awd  [  <  ]  are  the 
mass,  damping,  and  stiffness  matrices  respective¬ 
ly,  of  the  fairing  finite-clement  model.  The 
time-dependent  excitation  which  appears  on 
right  hand  side  of  the  differential  equatic: 
the  result  of  siecified  base  notion  of  the  fa 
ing.  The  displacement  initial  condition 


includes,  as  described  above,  the  effects  of 
both  thruster  spring  pre stress  and  thermal  pre¬ 
stress.  The  velocity  initial  condition  la 
produced  by  the  impulsive  loading  of  the  pyro¬ 
technic  shock  applied  at  the  separation  edges 
of  the  fairing. 

The  equations  above  can  be  transformed  to  modal 
coordinates.  He  neve 

(uptt)}  =  [#»]  (5) 

[ait)}  =  l>]  {*10}  (6) 

Mltl  «•  *  MlStfw1]  M  *  r*J  M* 

{^to>)  *  [#]t[w](kmu»})(8) 

•  WwrtwHM  (o) 


In  these  equations  [0  a]  represents  the  matrix 
of  rigid  body  modes  of  the  fairing  while  the 
normal  modes  are  designated  by  [0  J  .  The 
corresponding  generalized  coordinates  are  fig 
and  . 

In  the  differential  equation,  fljJ  and  KJ 
and [ u)1  J  represent  the  generalized  mass,  damping, 
and  frequency  matrices  where 

*  or  [u][0]  do) 

C53  =  MT  D>][*3  HD 

Matrix  [»]  is  defined  as 

[s]  --  [*]T  [M][Ox]  (12) 

and  represents  the  inertial  coupling  between 
the  constrained  normal  modes  and  the  rigid  body 
modes . 

With  the  required  Information  concerning  the 
structure,  the  initial  conditions,  and  the  base 
motion  available,  Equations  (7-9)  can  be  solved 
for  the  modal  response  of  the  fairing.  The  dis¬ 
placement  response  then  can  be  obtained  from 
Fqs.  (1),  (5),  and  (6).  Internal  stresses  and 
constraint  forces  (in  particular,  hinge  loads) 
can  be  post-calculated  utilizing  the  finite 
clement  model . 

This  is  a  straight  forward  procedure  that  works 
in  certain  cases.  However,  there  is  a  major 
complicating  factor.  The  compi ioation  can  be 
seen  by  considering  Fig.  po.  "Tiis  figure  siiows 
fairing  separation  at  three  different  tern; era- 
ture  skew  angicr.  (cf  Fig.  4).  Consider  first 
separation  at  a  JO*  skew  ancle  (Fig.  10a.) 

Tn  tills  case,  the  ;  ontseparated  equilibrium  of 
tr.e  fairing  under  .eating  and  with  the  thruster 
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preatreat  relaxed  would  be  as  shown  ia  sketch 
(2)  of  Fig.  10a.  The  base  of  the  fairing  halves 
Is  rocked  backward  on  the  hii^jea  but  the  fair¬ 
ings  are  bowed  Inward  by  the  heating.  However, 
when  the  presep&rated  fairing  is  suddenly  re¬ 
leased  and  begins  to  nove  dynamically,  the 
contribution  of  tbc  Bodes  associated  with 
bowing  predestinate  Initially  (being  higher  In 
frequency  than  the  rocking  freque/icy  on  thruster 
springs).  The  fairing  halves  would  like,  there¬ 
fore,  to  behave  as  in  s*etc;.  (3)  with  their 
centers  of  nass  relatively  stationary.  However, 
the  two  halves  Interfere  with  each  other  at  the 
forward  end  and  the  result  Is  an  Initial  notion 
sin  liar  to  sketch  (b).  The  equllibrlus  for 
this  notion  Is  ant  that  shown  is  sketch  (2). 
Eventually  the  rocking  code  cases  into  play 
sufficiently  to  separate  the  fairing  halves, 
but  the  subsequent  notion  ray  be  quite  different 
than  if  no  interference  between  the  fairing 
halves  had  occurred. 

At  a  0*  skew  angle  the  postseparated  equilibrium 
position  is  as  shown  in  sketch  (2)  of  Fig  (10b). 
Tee  fairing  has  a  banana-peel  appearance-- just 
the  opposite  bowing  from  the  J0“  case.  The 
post.cejarated  dynamic  notion  cf  the  fairing 
without  interference  would  involve  motion  as 
shown  in  sketch  (3).  3ecause  of  interference 
between  the  two  halves  and  also  at  the  base  of 
the  fairing,  the  initial  motion  is  more  as 
pictured  In  sketch  (b),  with  an  unzipping  of 
the  fairing,  starting  at  the  tip  and  proceeding 
toward  the  base.  This  cay  occur  rather  rapidly 
followed  by  base  interference  of  longer  duration 
(all  relatively  of  short  duration,  of  course). 
Again  the  subscqu<nt  motion  about  the  equilibrium 
of  sketch  (2)  can  be  drastically  affected  by  tne 
interference 

Finally,  consider  the  case  of  a  U5*  skew  angle. 
Tr.e  sketches  of  Fig.  10c  show  In  this  case  a 
view  of  the  fairing  with  the  separation  plane 
in  the  plane  of  the  paper.  In  their  post- 
sejnrated  equilibrium  position,  the  fairing 
halves  are  rocked  forward  toward  and  backward 
away  from  the  viewer.  In  addition  the  fairing 
halves  are  bowed  sideways,  a:;  shown  in  sketch 
(2).  A3  in  the  other  cases,  upon  sejaraticn 
the  fairing  halves  initial ly  would  like  to  move 
toward  the  positions  c.f  s-.cten  (3).  They  are 
prevented  from  th is  by  an  interlock  ring  at  the 
forward  end  of  the  fairing  and  interference 
occurs  as  in  sketch  (•<).  :.V«ntual  .y  because  of 
the  roe; lag  motion  of  the  fairing  the  forward 
end  of  the  fairing  comes  unlatched  and  motion 
toward  the  equilibrium  of  s  eten  (2)  occurs. 

because  of  the  interference  just  described,  the 
boundary  conditions  on  the  fairing  halves  vary 
during  the  separation  process.  Tr.e  fairing,  at 
any  instant  will  move  toward  an  equilibrium 
position  corresponding  to  the  current  boundary 
conditions.  For  example,  in  Fig.  10a,  the 
fairing  first,  moves  toward  the  equilibrium 
associated  with  a  nose  tip  constraint.  At  a 
certain  time,  termed  the  transition  time,  the 
fairing  suddenly  starts  moving  toward  a  new 
tip  free  equil ibrium  condition. 


Hie  approach  used  to  solve  this  problem  la  to 
utilize  aquations  (l)  -  (12)  presents!  previous¬ 
ly  but  t-  Monitor  certain  of  the  constraint 
forces.  Mien  the  transition  tine  occurs,  as 
signaled  by  s  change  in  sign  of  these  forces, 
the  calculation  lo  stopped  and  the  problem 
reinitialized,  using  new  fairing  nod  as  and  a 
new  equilibria  condition.  Hie  calculation  la 
then  restart.  This  process  can  be  repeated 
several  tines.  If  several  transitions  occur  or 
to  simulate  a  continuous  variation  In  the  con¬ 
straints  on  the  fairing. 

The  equations  for  the  1th  phase  of  the  nutlon 
can  be  expressed  as  follon: 

For  tlao  Interval  *  l  « 

{«*«))  *  (Ufe)  «{&#)}  (13) 

(vcuH^Hv”)  (no 

ffitt)}  “[#*]{ V*)}  <J5) 

CclHWdWC-i‘11%}*  t-.'ll’ul 
=  -t»0(vl  <16) 

to  ((,.,» *  r«;f 

It i-.)}  1 f*if  Oil*  [«1{*  « t-.>}  (16) 

Hie  notation  in  these  equations  is  the  same  as 

used  previously,  except  that  subscripts  i  have 
been  added  to  Indicate  the  particular  phase  of 
the  separation  process  being  considered. 

As  can  be  seen  In  Fig.  1C,  which  considers  only 
three  Illustrative  cases,  a  variety  of  inter¬ 
ference  problems  may  require  evaluation.  For 
many  of  these,  the  transition  time  is  not 
immediately  obvious.  In  particular,  when  a 
continuous  change  of  constraints  occurs,  only 
an  approximation  to  the  actual  motion  can  be 
obtained. 

Consider  the  case  of  Figure  10b  where  fairing 
Interference  with  the  base  occurs.  >•  .uoablish 
an  analytical  basis  for  boundary  condition 
change  and  to  have  a  single  criteria  to  monitor 
it  car;  be  assumed  that  when  the  moment  produced 
by  the  base  reaction  forces  about  the  axis  con¬ 
necting  the  hinges  etianges  sign,  the  base 
boundary  conditions  should  be  switched  from 
constrained  to  free. 

Tne  base  moment  can  be  calculated  directly  by 
determination  of  the  base  constraint  forces  and 
integration  of  their  moment  about  the  hinges. 
Alternatively,  and  perhaps  more  conveniently, 
the  moment  equilibrium  about  the  hinges  shows 
that  this  base  moment  is  equal  to  the 

mccient  of  the  inertia  forces  acting  on  the  fair¬ 
ing  minus  the  moment  of  the  thruster  spr'ng 
forces. 
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or  la  aatrlx  rotation 
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m  {#«*}  la  tba  rigid  body  rotat 
about  the  hinge  line.  Making  use  of 
and  (15),  we  can  Obtain  for  the  base  1 
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■ere 

Isa*  {rtg^}  [«]{**} 


la  tba  rigid  body  rotation  node 
e  line.  Making  use  of  Bts  (1*0 
an  Obtain  for  the  base  moment 


”*  (23) 

Dlls  font  for  the  base  cement  Is  nore  directly 
suitable  for  determination  In  connection  with 
the  dynamic  response  calculation. 


nUKOG  HE8KM6B  BrAUJATH* 

In  tbe  previous  section,  several  special  eases 
of  fairing  separation  ware  considered.  As 
Illustrated  by  figure  10b  these  Included  temper¬ 
ature  distribution  skew  angles  of  0*,  %5*,  and 
90*.  In  practice  these  precise  conditions 
seldom  occur,  typically,  on  an  ascent  trajec¬ 
tory,  because  of  dispersion  tbe  vladwtrd 
generator  nay  lie  anywhere  within  15*  of  the 
nominal  location*  which  Is  usually  Itself 
skewed.  Ote  notion  at  arbitrary  skew  angle 
resenblea  a  combination  at  those  esses  discussed 
previously,  with  tbe  influence  of  the  sin  20 
end  cos  JO  components  dominating  the  response 
from  the  point  of  view  of  clearance  reduction. 

A  typical  case  night  be  a  5*  nominal  skew 
angle,  with  a  maximum  possible  skew  of  20*  on 
a  dispersed  trajectory. 

Consider  then  the  case  of  a  20*  skew  angle. 
Figures  6  through  6  have  already  Shown  the 
corresponding  pre  and  postseparsted  fairing 
thermal  deformations.  Figure  11  displays  the 


TIME  —SECONDS 


Fig.  11  Post  Separated  Radial  Motion  of  t»  Pairing  frige  Joint 
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(•dial  action  of  u  cdgi  point  of  tte  powt- 
Mpntd  fairing.  This  point  Is  located 
roughly  at  the  midpoint  of  the  fairing's  cylin¬ 
drical  section .  The  response  considered  la  this 
figure  Is  due  to  thnraal  effects  end  thruster 
prestress  only  (no  base  notion  or  pyrotechnic 
shock). 

The  five  diiplnceneat  histories  of  Figure  11 
represent  two  1 Incur  end  three  bi- linear  dynamic 
response  osees.  The  linear  eases  correspond  to 
the  two  extreme  base  conditions.  These  art  (l) 
the  fairing  la  free  of  interference  constraints 
throughout  the  notion,  and  (2)  the  base  is 
permanently  constrained  against  translational 
displacements . 

The  three  bi-llnear  cases  represent  response 
with  transition  fron  constrained  to  free-base 
conditions,  occurring  at  different  transition 
times.  Aa  explained  In  the  previous  section, 
the  8K«ent  of  the  base  constraint  forces  Is 
monitored  for  »  change  In  sign.  If  the  tine  at 
which  this  occurs  Is  designated  as  t^,  the  three 
bi-llnear  cases  of  Figure  U  correspond  to  tran¬ 
sition  times  of  t|p  0.3  tg,  and  1.6  t^.  Several 
transition  times  are  considered  because  basing 
transition  on  the  total  base  moment  is  only  an 
approximation.  The  postseparated  base  Joint  can 
take  compression  but  not  tension.  Because  of 
the  skew  angle,  the  fairing  is  excited  in 
torsion.  Consequently,  the  fairing  upon  separa¬ 
tion  first  pushes  against  the  base  on  both  sides, 
then  lifts  off  at  one  side,  followed  by  liftoff 
of  the  ottier  side,  and  complete  separation  from 
the  base.  Tne  base  moment  is  therefore  only  an 
approximate  measure  of  the  base  constraint.  In 
Figure  11,  tff  occurs  at  O.Oo  second. 

It  Is  remarkable  that  while  the  first  phase 
motion  lasts  less  than  0.1  second  (compared  to  a 
time  cf  nearly  1  second  considered  In  Figure  1 1 ) 
it  produces  Ararat ic  changes  lc  the  overall 
response.  The  explanation  of  this  lies  in  two 
facts:  \i)  the  base-con3traint  causes  more  of 
the  stored  potential  energy  to  be  fed  into  the 
low- frequency  antisymmetric,  torsional  and  side¬ 
way  inodes  than  Is  the  case  for  a  free-base 
initial  condition  and  (2)  the  frequencies  of  the 
lowest  antisymmetric  moles  for  a  free-base  con¬ 
dition  arc  lower  by  a  factor  of  six  than  the 
corrcsjonling  nodes  for  the  base- constrained 
fairing.  Thus  in  the  bi- linear  case,  vr.erc  Vue 
base  of  the  fairing  is  initia  ly  constrained. 

More  energy  is  fed  into  the  antisymmetric  nodes 
of  the  fairing,  which  contribute  most  heavily  to 
the  radial  edge  motion  shown  in  Figure  11.  During 
first  phase  motion  the  velocity  of  t  cue  modes 
builds  iin  rapidly.  At  transition  a  f.;rt  er 
amplification  occurs.  The  Kinetic  energy  of  t-.e 
1 ow- frequency  antisymmetric  rodes  is  transferred 
primarily  to  the  corresponding  modes  of  the 
fairing  with  an  unconstrained  base.  However, 
because  these  nodes  nave  much  lower  frequencies, 
the  same  energy  is  reflected  in  much  r i -her 
amp!  Ituder. . 


To  illustrate  this  point,  a  review  of  aa  actual 
example  is  convenient.  FWr  a  specific  fairing 
the  lowest  two  utUgaaetrlc  modes  contain  1.5 
and  7.3  in-lb  of  potential  energy  when  the  linear 
assumption  la  used  for  the  dynamic  response 
computation.  That  is  to  say,  the  fairing  base 
is  sssiaed  to  be  free  at  the  Instant  of  separa¬ 
tion.  Moot  of  the  stored  energy  gees  Into 
higher  nodes  which  may  be  symmetric  or  anti¬ 
symmetric  with  respect  to  the  fairing's  planes 
of  sjbmcU'j.  On  the  ether  hand,  when  the  same 
fairing  starts  its  motion  with  a  constrained 
base,  the  lowest  anticyametric  code  contains 
lho  in- lb  of  potential  energy,  then  boundary- 
condition  transition  occurs,  this  energy  is  fed 
into  antisymmetric  post- transition  notion  of  the 
fairing. 

Moreover,  since  the  expansion  of  the  first  san- 
e trained-base  antisymmetric  mode  in  terms  of 
unconstrained  antisymmetric  modes  is  primarily 
a  linear  combination  of  the  first  two  of  the 
latter  modes,  a  substantial  part  of  the  energy 
goes  into  these  two  modes.  Specifically,  in 
the  example  under  consideration,  the  transferred 
energies  are  23*5  and  3 9  in-lb.  This  is, 
respectively,  17  and  5.5  tiiues  the  energy  that 
is  stored  in  these  antisymmetric  modes  in  the 
linear  case.  Thus  the  bl- linear  response 
computation  shows  an  'overshoot''  factor  of  about 
five  with  respect  to  the  linear  response. 

These  dynamic  response  studies  indicated  that 
since  the  base  constraint  condition  has  suen  a 
dramatic  effect  on  clearance  between  the  fairing 
and  spacecraft,  it  is  advantageous  to  fly 
trajectories  where  the  windward  generator  has  a 
DO*  skew  angle  with  respect  to  the  separation 
plane.  While  this  condition,  as  was  described 
before,  produces  interference  near  the  tip  of 
the  fairing  with  the  potential  of  binding,  it 
causes  very  i ittle  reduction  in  spacecraft 
clearance.  Knowing  about  the  interference 
forces  allows  one  to  design  for  then.  Shall 
assist  springs  placed  at  the  tip  of  th«  fairing 
and  low  friction  sloping  surfaces  at  tne  contact 
joint  are  used  to  eliminate  the  possibility  of 
permanent  binding. 
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DYNAMIC  HAVE  PROPAGATION  IN  TRANSVERSE  LAYERED  COMPOSITES 


C.  A.  Ross,  J.  E.  Cunningham,  and  R.  L.  Sierakowski 
Aerospace  Engineering  Department 
University  of  Florida 
Gainesville,  Florida 


A  method  is  developed  for  experimentally  determining 
stress  pulse  attenuation  across  a  single  composite  lamina 
in  a  solid  epoxy  rod.  The  attenuation  factor  is  found  to 
be  a  function  of  the  initial  pulse  shape  and  amplitude. 
Experimental  results  are  compared  with  an  analytical  model. 
The  practical  implications  of  the  initial  results  provide 
an  insight  into  the  prospective  fracture/failure  damage 
occurring  within  composite  materials  subject  to  dynamic  load. 


INTRODUCTION 

One  of  the  principal  problems 
encountered  in  dynamic  loading  condi¬ 
tions  is  that  of  determining  how  short 
duration  pulses  are  propagated  through 
solid  materials.  That  is,  in  impact 
processes,  energy  can  be  transmitted 
large  distances  from  the  point  of 
impact  by  stress  waves  which  can  pro¬ 
duce  considerable  damage  at  remote 
distances  from  the  impact  point.  Thus, 
in  order  to  predict  and  control  the 
type  and  extent  of  the  fracture  phe¬ 
nomenon,  as  well  as  other  forms  of 
damage  occurring  during  impact  and 
impulsive  loading  processes,  knowledge 
of  the  behavior  of  stress  waves  in  the 
material  is  of  importance. 

In  recent  years,  considerable 
attention  has  been  focused  on  the 
potential  use  of  composite  type  mater¬ 
ials  for  vaiious  design  applications 
due  to  the  wide  flexibility  offered  for 
materials  selection  to  fit  a  particular 
design  application.  While  considerable 
investigation  of  the  behavior  of 
composites  subjected  to  static  loadings 
has  been  reported  on,  less  attention 
has  been  devoted  to  studies  associated 
with  predicting  the  behavior  of 
composites  under  dynamic  loadings. 

Thus,  while  such  questions  as  speed, 
attenuation,  and  dispersion  of  stress 
waves  in  homogeneous  metals  have  been 


investigated,  less  knowledge  is  avail¬ 
able  on  the  behavior  of  such  waves  in 
composites.  Some  initial  investiga¬ 
tions  into  the  behavior  of  stress 
pulses  in  axially  reinforced  rods  have 
been  studied  experimentally  by  [1,2], 
in  layered  plates  by  [3,4]  and  in 
bonded  rods  using  dissimilar  materials 
in  [5]. 

In  previous  investigations  the 
attenuation/dispersion  of  stress  pulses 
due  to  impact  in  long  uniaxial  compos¬ 
ite  rods  has  been  found  to  be  dependent 
on  many  parameters  such  as  pulse 
length,  specimen  geometry,  ir,.tial 
pulse  amplitude,  initial  pulse  shape, 
and  volume  fraction  of  the  reinforcing 
constituent  [6].  For  monolithic 
materials,  where  internal  friction  is 
low,  pulse  height  may  decrease  due  to 
dispersion  of  the  pulse  and  in  mater¬ 
ials  where  internal  friction  is  sig¬ 
nificant,  pulse  height  change  can  be 
attributed  to  energy  loss  as  well  as 
geometric  dispersion.  In  composite 
materials  the  effects  of  the  constitu¬ 
ents  as  well  as  the  overall  synergistic 
effects  can  be  of  importance.  Further, 
stress  pulse  propagation  in  trans¬ 
versely  reinforced  composites  is 
further  complicated  by  the  reflection 
and  transmission  of  the  pulse  at  the 
interfaces  of  the  matrix  and  composite 
lamina . 
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In  the  present  paper  studies  of 
tbs  attenuation/dispersion  hie  to 
iepact  generated  pulses  as  opposed  to 
dispersion  of  ultrasonics  with  changes 
in  frequency  is  investigated.  The 
basic  objective  of  the  present  research 
is  to  study  the  effect  of  a  single 
transverse  lamina  on  a  stress  pulse 
propagating  in  a  monolithic  material. 
This  objective  was  accomplished  by 
observing  pulse  amplitude  attenuation 
in  long  rod  specimens  containing  a 
single  transverse  composite  lamina.  An 
analytical  prediction  based  on  one 
dimensional  stress  pulse  propagation  is 
developed  and  graphical  as  well  as  tabu¬ 
lar  results  are  presented. 


SPECIMEN  FABRICATION 

Based  upon  previoue  experimental 
work  and  experience  in  fabricating  a 
stainless  steel  filament  epoxy  matrix 
coapos i te  system  (2,6,7,81,  this  type  of 
composite  was  chosen  as  the  basic  exper¬ 
imental  model.  The  long  bar  specimens 
were  cast  in  a  mold  designed  to 
accommodate  a  gate  with  attached  wire 
grid  as  shorn  in  Pig.  1.  The  grids 


Fig.  1  MOLD  ASSEMBLY 

consisted  of  continuous  strands  of  type 
304  soft  stainless  steel  wire.  [The 
grid  was  wound  on  the  gate  using  a  lathe 
assuring  proper  spacing  of  filaments. 
This  procedure  resulted  in  a  known 
volume  fraction  of  filaments  within  the 
given  lamina.]  Further,  the  grid  and 
mold  were  cleaned  and  degreased  using 
trichlorethy lene  vapor  before  casting. 

A  mold  release  agent  was  applied  to  the 
mold  and  additional  cleaning  of  the 
grid  was  accomplished  using  a  dilute 
acid  solution  followed  by  a  neutraliz¬ 
ing  agent. 

The  epoxy  used  as  the  rod  materi¬ 
al  was  Shell  Epon  828  resin  mixed  with 
12  parts  of  shell  400-A  hardener  to  100 


parts,  by  weight,  of  resin.  The  resin 
was  preheated  to  1S0*F  then  thoroughly 
mixed  with  hardener  and  degassed  in  a 
vacuum  (one  inch  Bg)  for  twenty  minutes. 
The  mixture  was  then  placed  in  the  sold 
and  cured  at  150*F  for  3  hours.  Upon 
removal  .'row  the  mold  the  specimen  is 
machined  to  a  0.35  x  0.35  inch  square 
cross  section  rod.  A  schematic  of  a 
finished  specimen  is  shown  in  Fig.  2. 


Pig.  2  FINISHED  SPECIMEN 
EXPERIMENTAL  PROCEDURE 

The  finished  specimens  were 
instrumented  using  BLH  FAE-06J-1236 
etched  foil  strain  gages,  as  shown  in 
Fig.  2.  The  active  gage  was  placed  in 
a  bridge  circuit  as  shown  in  Fig.  3. 

It  was  found  necessary  to  limit  the 
current  in  the  strain  gage  to  less  than 
five  miliamperes  due  to  the  low  con¬ 
ductivity  of  the  epoxy.  Small  ampli¬ 
tude  square  pulses  were  generated  in 
the  specimens  by  impacting  it  with  a 
three  inch  long  epoxy  projectile  of 
the  same  cross  sectional  dimensions  as 
the  specimen.  Pulse  shape  and  wave 


Current 

Limiting 


Fig.  3  STRAIN  GAGF,  BRIDGE  CIRCUIT 
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Fig .  4  SCHEMATIC  OF  TEST  APPARATUS 
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propagation  speed  were  monitored  using 
the  strain  gage  output  connected  to  an 
oscilloscope.  A  schematic  showing  the 
test  apparatus  is  shown  in  Fig.  4. 
Preliminary  tasts  were  performed  using 
a  gas  gun,  as  described  in  (7],  to 
propel  a  round  projectile  against  a 
round  specimen;  however,  the  simpler 
system  shown  in  Fig.  4  permitted  the 
use  of  a  square  projectile  and  a  square 
cross  section  rod.  Most  specimens  were 
instrumented  with  two  equally  spaced 
strain  gages  located  at  both  sides  of 
the  lamina.  In  these  cases  the  first 
pulse  was  used  to  trigger  the  oscillo¬ 
scope  by  the  internal  trigger  mode  and 
with  proper  adjustment  the  major  por¬ 
tion  of  the  pulse  was  recorded.  The 
second  strain  gage  was  then  recorded 
on  the  other  beam  and  in  turn  gave 
pulse  shapes  both  before  and  after  the 
lamina.  Typical  pulse  shapes  showing 
the  initial  compressive  pulse  and  the 
first  reflected  tensile  pulse  are 
shown  in  Fig.  5.  Many  reflections 
showing  pulse  height  attenuation  are 
also  shown  in  Fig.  6.  The  oscillo¬ 
scope  traces  were  recorded  using  a 
Polaroid  camera  attachment. 


RESULTS  AND  DISCUSSION 

The  pulse  propagation  speed  was 
calculated  using  the  data  shown  in 
Fig.  6.  Selecting  the  initial  com¬ 
pressive  peak  as  a  reference,  and  by 
accurately  measuring  the  rod  length  and 
time  between  peaks  the  pulse  propaga¬ 
tion  speed  was  calculated  for  the 
second,  fifth,  and  tenth  traverses  of 
the  rod.  These  results  are  given  in 
Table  I. 


Fig.  5  INITIAL  COMPRESSIVE  AND 

TENSILE  PULSES.  BEFORE  AND 
AFTER  LAMINA. 


Reproduced  from 
best  available  copy. 


Fig.  6  ATTENUATION  CURVE 
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The  amplitude  attenuation  0  is 
defined  as  the  natural  log  of  the  pulse 
amplitude  ratio  divided  by  the  rod 
length  traversed  between  the  two  pulses. 
Using  the  rod  length  and  the  initial 
pulse  amplitude  the  attenuation  is 
defined  as 


D  = 


(1) 


Amplitude  attenuation  values  as 
defined  by  Eq.  (1)  were  also  calculated 
for  n  =  2,5,10  and  are  given  in  Table  I. 
This  same  data  is  shown  in  graphical 
form  of  Fig.  7.  These  data  points  may 
be  fitted  to  an  analytical  curve  given 
as 


D(n)  =  ye"6n  +  a  .  (2) 

Calculated  values  of  a  are  given  in 
Table  I  and  indicated  on  the  right  side 
of  Fig.  7.  The  variation  of  the  ampli¬ 
tude  attenuation  factor  D  with  n  is 
considered  to  be  related  to  the  dis¬ 
persion  occurring  in  the  high  frequency 
components  of  the  square  pulse  during 
the  first  feu  reflections.  This  dis¬ 
persion  may  account  for  the  increased 
pulse  propagation  speed  with  increasing 
number  of  reflections  as  seen  in  Table 
I.  The  aforementioned  dispersion 
phenomena  has  been  obtained  experimen¬ 
tally  in  the  boron  epoxy  specimens 


described  in  [9]. 

The  differences  between  the 
attenuation  numbers  (D  and  a)  of  the 
monolithic  rod  and  rods  having  composite 
lamina  are  assumed  to  be  attributed 
solely  to  the  lamina,  i.e.  any  attenua¬ 
tion  due  to  geometry  and  end  effects 
would  be  present  in  both  type  specimens. 
Based  on  this  assumption  the  attenuation 
of  the  pulse  upon  passage  through  the 
lamina  is  defined  as 

6  =  (aj  -  ae)l  (3) 

The  attenuation  factor  6  is  de¬ 
fined  in  this  manner  in  order  to  elimi¬ 
nate  any  dependence  on  the  reflection 
number  n.  Using  the  values  of  a  for 
n  -  »  eliminates  the  first  term  of 
Eq.  (2)  end  6  may  be  redefined  as 

P 

«  -  U) 

Values  of  f>  are  given  in  Table  I 
and  P/P-  as  a  function  of  the  number  of 
filaments  per  lamina  are  shown  in  Fig. 8. 
The  value  of  6  should  be  independent  of 
the  number  of  reflections  for  a  given 
equal  initial  pulse  amplitude  and  this 
may  be  shown  to  be  reasonably  true, 
within  experimental  error,  by  subtrac¬ 
tion  of  the  curve  obtained  for  the 
epoxy  rod  from  the  curves  of  the  rods 
containing  a  lamina.  These  results  are 
omitted  from  Fig.  7  for  clarity. 
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n  Number  of  Reflections 


Fig.  7  ATTENUATION  FACTOR  D  AG 
A  FUNCTION  OF  n. 
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Fig.  8  PERCENT  OF  STRAIN  AMPLITUDE 
TRANSMITTED  THROUGH  LAMINA 


An  analytical  node 1  based  on  one 
dimensional  pulse  propagation  theory  is 
shown  as  the  solid  curve  in  Fig.  9. 

This  derivation  is  omitted  from  the 
present  paper  for  brevity.  The  model 
takes  into  account  the  reduction  of 
pulse  propagation  speed  with  increasing 
filament  content  of  transversely  rein¬ 
forced  composites  as  shown  analytically 
by  [10]  and  verified  experimentally  for 
steel  epoxy  composites  [11] .  The  pre¬ 
ceding  observation  accounts  for  the 
analytical  prediction  of  zero  attenua¬ 
tion  for  a  lamina  having  an  area  frac¬ 
tion  of  approximately  6C% ,  Due  to  the 
difficulty  in  fabricating  a  specimen 
with  this  type  lamina  this  point  has 
not  been  verified  experimentally.  How¬ 
ever,  experimental  data  for  axial  rein¬ 
forced  specimens  [6]  tends  to  show  a 
minimum  value  at  approximately  this 
same  volume  fraction. 


CONCLUSIONS 

In  the  current  study  it  has  been 
found  possible  to  fabricate  a  simple 
single  lamina  specimen  which  can  be 
used  to  yield  useful  data  for  investi¬ 
gation  of  combined  system  effects  on 
pulse  propagation  in  transverse  layered 
composites . 

The  one  dimensional  analytical 
model,  advanced  on  the  basis  of  experi¬ 
mental  data  obtained,  appears  to  give 
reasonable  results  for  the  specimens 
tested  and  may  be  used  to  predict 
attenuation  effects  for  composite 
materials  such  as  plates  and  trans¬ 
versely  reinforced  rods  or  beams. 


Grid  Wires  Per  Inch 


Fig.  9  ATTENUATION  NUMBER  FOR  A 
SINGLE  LAMINA  VS.  NUMBER 
OF  WIRES  PER  INCH. 
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However,  Additional  study  aad  research 
is  necessary  before  one  ay  adapt  this 
aetbod  to  composites  having  closely 
packed  lamina. 

The  practical  implications  of  the 
initial  results  obtained  here  provide 
insight  into  the  prospective  failure/ 
fracture  damage  occurring  within 
composite  type  materials  subjected  to 
dynamic  loading. 
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NOMENCLATURE 

A  peak  to  peak  amplitude  of  the 
initial  compressive  pulse  and 
first  tensile  reflection, 
arbitrary  units 

A  peak  to  peak  amplitude  of  nth 
compressive  pulse  and  nth  re¬ 
flected  wave,  arbitrary  units 

D  amplitude  attenuation  value, 

inches-! 

I  length  of  specimen,  inches 

n  number  of  reflected  pulses 

PQ  amplitude  of  pulse  before  passing 

through  the  lamina,  arbitrary 
units 

P  amplitude  of  oulse  after  passing 

through  the  lamina,  arbitrary 
units 

a  value  of  attenuation  number  D 

after  many  reflections  (n  -  ®) , 
inches'! 

ag  number  for  solid  epoxy  rod 

a^  number  for  rod  with  lamina 

3 , y  arbitrary  constants 

5  attenuation  number  for  a  single 

lamina . 
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R-W  PLANE  ANALYSIS  FOR 
VULNERABILITY  OF  TARGETS  TO  AIR  BLAST 


Peter  S.  Weetine 
Southwest  Research  Institute 
San  Antonio,  Texas 


This  paper  suggests  the  usd  of  a  general  equation  for  defining  the 
vulnerability  of  any  target  to  an  air  blast  wave.  Engineers  often 
determine  a  charge  weight  versus  standoff  distance  isodamage  curve 
for  complex  targets  by  conducting  many  experiments.  Because  the 
form  of  this  equation  is  now  known,  many  less  experiments  are 
needed.  This  simple,  but  yet  reliable,  formula  could  also  be  used 
as  a  code  for  storing  explosives  in  the  vicinity  of  houses,  highways, 
aircraft,  etc.  Test  data  from  a  variety  of  different  targets  includ¬ 
ing  aircraft,  cantilever  beams,  trucks,  antennae,  cylinders,  and 
houses  are  used  to  demonstrate  the  validity  of  this  equation. 


INTRODUCTION 

Whenever  an  explosive  charge  is  detonated 
in  the  vicinity  of  an  airplane,  house,  antenna, 
truck,  or  other  structure,  an  air  blast  wave  is 
emitted  which  is  capable  of  causing  significant 
damage.  Complex  analytical  structural  analy¬ 
sis  procedures  do  exist  which  can  be  used  to 
estimate  the  level  of  damage  imparted  to  a  tar¬ 
get  by  an  air  blast  wave;  however,  the  use  of 
these  procedures  requires  numerous  engineer¬ 
ing  assumptions  with  the  inevitable  consequence 
that  they  are  used  only  to  predict  damage  to 
rudimentary  structural  components  such  as 
plates  and  beams.  Provided  that  a  complex 
target  can  be  idealized  as  a  plate  or  beam,  the 
intensity  of  a  blast  wave  which  initiates  perma¬ 
nent  damage  can  usually  be  estimated  by  using 
analytical  computer  programs  for  structural 
response.  Whenever  these  programs  are  ex¬ 
tended  to  predict  the  magnitude  of  permanent 
deformation,  they  become  very  unwieldly  and 
generally  offer  only  the  crudest  of  damage  in¬ 
tensity  estimates  when  the  structure  is  com¬ 
plex. 

To  circumvent  these  difficulties,  engi¬ 
neers  often  resort  to  experimental  techniques. 
Tests  are  generally  conducted  by  placing  a 
charge  in  the  vicinity  of  a  target  and  detonating 
it  to  create  an  air  blast  wave  which  damages 
the  structure.  Usually  a  team  of  "assessors" 
looks  at  the  target  and  decides  if  it  has  been 


damaged  ao  that  it  can  not  function.  If  the 
assessors  are  evaluating  the  damage  imparted 
to  a  house,  they  classify  the  damage  accord¬ 
ing  to  different  categories.  For  example,  the 
British  |1]  refer  to  such  classes  of  damage  to 
brick  houses  as-  A  damage  -  complete  demoli¬ 
tion;  B  damage  -  50%  to  75%  of  brickwork  de¬ 
stroyed  or  unsafe;  C  damage  -  partial  collapse 
of  roof,  partial  demolition  of  one  or  two  walls, 
load  bearing  members  damaged;  D  damage  - 
minor  structural  damage,  partitions  and 
joinery  wrenched;  and  E  damage  -  10%  of  glass 
broken.  A  similar  technique  for  characteriz¬ 
ing  the  damage  imparted  to  aircraft  [2]  has 
been  used,  the  A  through  K  kill  categories.  If 
the  assessors  feel  the  target  has  not  been  ade¬ 
quately  damaged  to  prevent  it  from  performing 
a  mission  or  functioning,  another  charge  is 
detonated  at  a  location  several  paces  closer  to 
the  target  so  that  a  more  severe  level  of 
damage  can  be  evaluated. 

The  data  obtained  in  these  damage  assess¬ 
ment  experiments  are  usually  plotted  on  a 
graph  of  standoff  distance,  R,  versus  charge 
weight,  W,  Ideally,  if  enough  data  can  be  ob¬ 
tained,  the  R-W  curve  has  isoclines  of  con¬ 
stant  levels  of  damage,  isoclines  for  A,  B,  C, 

D  and  E  damage  to  a  house  or  for  A  through  K 
damage  to  an  aircraft. 

Obviously,  cost  is  a  serious  drawback  to 
this  empirical  approach,  A  new  target  must 
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tx.  dimi|«d  uch  tin*  inofttr  charge  weight 
is  tried  so  one  can  obtain  an  additional  data 
point  on  the  R- W  curve.  Because  die  target  is 
usually  a  complex  structure  such  as  an  air¬ 
plane.  truck,  or  antenna,  the  costs  escalate 
rapidly  as  additional  data  points  are  obtained. 

The  purpose  of  this  paper  is  to  present  an 
equation  which  can  be  used  to  define  the  entire 
R- W  curve  for  any  structure,  provided  that 
three  or  more  experimental  data  points  exist 
which  define  a  constant  level  of  damage  in  die 
target's  R-W  plane.  Under  certain  limiting 
conditions,  less  than  three  data  points  can 
exist.  This  equation  has  the  form 

A  V 

R=/  B*  *  {U 

V1  +  w+W 

where  A.  B,  and  C  are  coefficients  to  be  deter¬ 
mined  from  three  or  more  experimental  data 
points. 

In  subsequent  discussion,  we  will  show 
that  Eq.  (11  and  special  variations  on  it  (such 
as  when  B”  and/or  are  very  small  or  when 
B^/W  or  C6/W2  is  very  large  relative  to  the 
other  terms  in  the  denominator)  can  be  used  to 
accurately  define  air  blast  isodamage  curves 
in  the  R-W  plane  for  complex  targets. 

THEORETICAL  BASIS  FOR  R-W 
RELATIONSHIP 

To  understand  why  Eq.  (1)  is  appropriate, 
one  must  understand  the  concept  of  the  pres¬ 
sure-impulse  diagram  (P-1  diagram)  as  applied 
to  the  determination  of  isodamage  curves  for 
structures  loaded  by  an  air  blast  wave.  This 
concept  can  be  illustrated  simply  by  consider¬ 
ing  a  qualitative  model  such  as  a  single- 
degree-^f-freedom  elastic  system  loaded  with 
a>.  »,lr  blast  wave.  Figure  1  illustrates  this 
rudimentary  model.  A  mass  M  is  attached  to 


a  rigid  support  by  a  spring  with  a  linear  spring 
rata,  K.  At  sosna  time  which  wa  arbitrarily 
will  call  time  aaro,  a  transient  force,  p(t),  as 
shown  in  Fig.  1,  is  applied  to  file  mass.  The 
force  will  be  characterised  by  its  maximum 
amplitude,  P,  and  a  duration  of  characteristic 
time,  T.  We  will  assume  that  the  maximum 
damage  Imparted  to  fills  system  will  be  asso¬ 
ciated  with  file  maximum  deflection  of  the 
spring,  Xqkx.  One  obtains  a  solution  for 
Xm.«  as  a  Ruction  of  the  other  four  para¬ 
meters  (M,  K,  P,  and  T)  by  (1)  writing  file 
second-order  differential  equation  which  de¬ 
fines  the  motion  of  the  mass,  (2)  solving  this 
differential  equation  for  its  complementary  and 
particular  solutions,  (3)  substituting  the  bound¬ 
ary  conditions  for  the  mass  being  initially  at 
rest  into  file  equation,  (4)  differentiating  the 
resulting  expression  to  obtain  the  velocity 
which,  when  set  equal  to  aero,  gives  the  time 
when  the  deflection  is  a  maximum,  and  (S)  sub¬ 
stituting  the  time  of  maximum  deflection  into 
the  transient  expression  for  displacement  to 
determine  as  a  function  of  M,  K,  P,  and 

T. 

Unfortunately,  an  exolicit  expression  for 
Xmax  c*n  not  be  written  Lecause  this  problem 
can  not  be  solved  by  a  closed  form  solution; 
nevertheless.  Fig.  2  graphically  presents  a 
two-dimensional  space  which  is  a  complete 
solution  to  this  problem. 

In  Fig.  2  the  solution  for  the  maximum  de¬ 
flection  is  a  two-parameter  space  of  non- 
dimensional  numbers.  The  ordinate  is  a  nor¬ 
malized  deflection  obtained  by  dividing  the 
maximum  deflection,  Xmax,  by  the  static  de¬ 
flection,  P/K.  The  abscissa  in  Fig.  2  is  a 
nondimensional  time  obtained  by  dividing  the 
duration  of  the  load,  T,  by  the  response  time 
of  the  structure,  Vm/K.  For  both  very  long 
and  very  short  nondimensional  times,  the  solu¬ 
tion  approaches  two  different  asymptotes.  The 
asymptote  for  long  durations  of  loading  is 
illustrated  by  a  dashed  line  in  Fig.  2  and  has 


Figure  1,  Single- Deg ree-of- Freedom  Elastic 
Model  Loaded  With  an  Air  Blast 
Wave 
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Fig.  Z.  Maximum  Response  to  Force  Pulse 


been  labeled  the  asymptote  (or  the  "quasi¬ 
static  loading  realm".  The  equation  for  this 
asymptote  is 

Xma*  =  2  |  (2) 

We  call  this  loading  realm  the  quasi- static 
loading  realm  because  the  maximum  deflection 
is  independent  of  the  duration  of  loading.  This 
deflection  does  not  equal  the  static  deflection; 
however,  it  is  directly  proportional  to  the 
static  deflection. 

On  the  other  hand,  the  response  of  this 
system  to  a  blast  load  asymptotically  ap¬ 
proaches  a  different  limit  whenever  the  dura¬ 
tion  of  loading  is  very  short  relative  to  the 
period  of  structure.  The  equation  for  this 
asymptote  is 

x  .  izn  f3) 

max  '  Vkm  '  ’ 

because  the  nondimensional  deflection  in¬ 
creases  linearly  with  the  nondimensional  time 
in  this  loading  reaim.  We  term  this  loading 
realm  the  "impulsive  loading  realm"  because 


the  response  of  a  system  depends  upon  the  im¬ 
pulse  imparted  to  the  structure,  PT.  and  is 
independent  of  either  the  peak  applied  load  or 
the  duration  of  loading. 

This  concept  whereby  maximum  deflection 
is  dependent  upon  the  peak  applied  load  for 
long  durations  of  loading  and  upon  the  impulse 
for  short  durations  of  loading  is  more  than  a 
theoretical  concept.  Many  different  investi¬ 
gators,  the  earliest  of  whom  was  apparently 
J.  Sperrazza  [3],  have  applied  this  concept  to 
numerous  studies  determining  the  vulnerabil¬ 
ity  of  complex  targets  to  air  blast  waves.  We 
shall  show  that  Eq.  (1)  for  the  vulnerability  of 
targets  in  the  R-W  plane  approaches  the  ap¬ 
propriate  asymptotes  for  both  the  quasi-static 
and  impulsing  loading  realms. 

QUASI- STATIC  LOADING  REALM 

The  duration  of  a  blast  wave  is  longer  for 
large  explosive  charges  than  for  small  explo¬ 
sive  charges.  If  W  in  Eq.(l)  becomes  very 
large  relative  to  the  coefficients  B  and  C,  the 
denominator  in  Eq.  (1)  approaches  unity.  This 
observation  demonstrates  that  Eq,  (1)  becorr.es 
Eq,  (4)  for  blast  waves  from  extremely  large 
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explosive  charge*. 

R  =  AW1/S  (4) 

We  have  already  demonstrated  that  for 
large  explosive  charges  the  response  of  a 
structure  can  be  given  by  Eq.  (2).  For  any 
given  structure  (a  constant  value  of  K),-£q.  (2) 
shows  that  a  constant  level  of  deformation  im¬ 
plies  a  constant  intensity  of  peak  applied  pres¬ 
sure.  Those  who  are  familiar  with  Hcpkinsorf s 
Law  [4]  for  scaling  the  peak  applied  pressure 
imparted  to  a  target  realise  that,  under  sea- 
level  ambient  conditions,  peak  pressure  is  a 
function  of  a  single  parameter,  the  standoff 
distance  divided  by  the  charge  weight  to  the 
1/3  power,  as  shown  in  Eq,  (5). 

p  ■  ' (Vt»)  <51 


so  close  that  die  loading  is  caused  by  momen¬ 
tum  in  the  explosive  products  from  the  charge 
rather  than  by  a  shock  wave  propagated  in  air. 
W.  E.  Baker  [5]  has  shown  that  normally  re¬ 
flected  impulse  imparted  to  a  target  which  is 
very  close  to  an  explosive  charge  is  directly 
proportional  to  charge  weight  divided  by  the 
standoff  distance  squared  as  shown  in  Eq.  (8) 

w 

U-7  (8) 

R2 

However,  Eq.  18)  is  Eq.  (7)  whenever  1  is  a 
constant  as  it  would  be  in  the  impulsive  load¬ 
ing  realm.  Hence,  we  observe  that,  for  very 
strong  targets  in  the  impulsive  loading  realm, 
Eq,  (1)  approaches  the  appropriate  limits. 

If  C^/W2  predominates  in  the  denominator 
of  Eq.  (1)  for  small  explosive  charges,  Eq.  (1) 
becomes  Eq.  (9). 


Because  we  are  developing  lsodamage  curves 
in  the  quasi- static  loading  realm,  the  peak 
pressure  is  a  constant  for  any  given  target 
undergoing  a  constant  magnitude  of  deforma¬ 
tion^  Hence,  Eq.  (5)  is  actually  Eq,  (6). 

— 7;r  =  f'^(P)  =  constant  (6) 

wl/3 

However,  Eq.  (6)  is  identically  Eq.  (4),  if  the 
constant  equals  A.  This  in  turn,  is  the  limit¬ 
ing  case  of  Eq.  (1)  for  large  explosive  charges. 
Thus,  we  observe  that  Eq.  (1)  approaches  the 
appropriate  asymptote  for  the  quasi- static 
loading  realm  which,  in  turn,  is  the  appro¬ 
priate  asymptote  for  large  explosive  charges. 

IMPULSIVE  LOADING  REALM 

Short  durations  of  loading  relative  to  the 
period  of  a  structure  are  caused  by  small  ex¬ 
plosive  charges.  We  have  already  seen  in 
Eq,  (3)  that  for  short  durations  of  loading,  the 
magnitude  of  deformation  for  any  given  struc¬ 
ture  (constant  values  of  K  and  M)  is  dependent 
upon  only  the  impulse.  Eq,  (1)  is  capable  of 
approaching  one  of  two  different  limits  for 
small  values  of  charge  weight.  Either  the 
term  B^/W  or  C^’/W2  predominates  in  the 
denominator  of  Eq.  (1)  whenever  VV  becomes 
small.  If  B^/W  predominates,  Eq.(l)  be¬ 
comes  Eq,  (7), 

R  -  W>/2  (71 

Eq,  (7)  is  the  appropriate  limit  for  very  strong 
targets.  By  strong  targets,  we  imply  that  the 
target  is  very  close  to  the  explosive  charge. 


R  = 


(I)*2'5 


(9) 


Eq.  (9)  is  the  limit  for  a  very  weak  target  in  the 
impulsive  loading  realm.  This  limit  is  the 
same  as  the  limit  for  the  impulse  in  an  acoustic 
wave  which  is  given  by  Eq.  (10). 


I  a 


W2/3 

R 


(10) 


The  impulse  in  an  air  blast  wave  approaches 
the  acoustic  limit  whenever  the  wave  is  far 
from  the  source.  Very  weak  structures  will 
be  located  at  a  large  distance  from  the  explo¬ 
sive  source;  therefore.  Eq.  (10)  is  valid  for 
very  weak  structures  in  the  Impulsive  loading 
realm.  We  have  already  indicated  that  a  con¬ 
stant  level  of  damage  in  the  impulsive  loading 
realm  implies  a  constant  value  of  impulse. 
Setting  the  impulse  1  equal  to  a  constant  in 
Eq.  (10)  makes  Eq.  (10)  equal  to  Eq.  (9).  Thus, 
we  see  that  Eq,  (1)  is  also  capable  of  approach¬ 
ing  the  appropriate  limit  for  a  very'  weak  tar¬ 
get  in  the  impulsive  loading  realm. 

EQUATION  (1)  APPLIED  TO  THE 
VULNERABILITY  OF  TARGETS 

We  have  demonstrated  that  Eq.  (1)  ap¬ 
proaches  the  appropriate  theoretical  limits  for 
small  explosive  charges  and  for  large  explo¬ 
sive  charges.  We  are  now  ready  to  see  this 
equation  applied  to  specific  problems  where 
insufficient  experimental  data  exist  on  a  com¬ 
plex  target  to  define  an  isodamage  curve  in  the 
R-W  plane.  All  experimental  data  come  from 
a  report  by  O.  T.  Johnson  [6],  Johnson  accu¬ 
mulated  data  on  thirteen  different  targets; 
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w«  will  demonstrate  the  applicability  of  Eq.  (1) 
by  applying  it  in  detail  to  fin  of  these  targets. 
Usually  air  blast  vulnerability  data  are  classi¬ 
fied  "Confidential";  however,  to  keep  this 
paper  unclassified,  we  will  delete  such  infor¬ 
mation  as  the  type  of  target  being  attacked 
(other  than  to  mention  an  aircraft,  antenna, 
truck,  etc.),  the  degree  of  damage  being  con¬ 
sidered,  and  the  direction  of  the  attack  on  the 
target.  These  and  other  classified  details  are 
superfluous  information  which  can  be  deleted 
from  our  discussion  without  compromising  the 
validity  of  the  results. 

The  first  problem  being  considered  is  the 
vulnerability  of  a  truck  to  air  blast  damage. 
This  problem  illustrates  the  use  of  Eq,(i)  in 
its  most  general  form.  Included  in  Table  I  for 
this  problem  is  Eq.  (1)  where  A  is  equal  to 
6.481,  3°  is  equal  to  45.06,  and  is  equal  to 
6045.  Four  experimental  data  points  were 
used  to  determine  this  target's  coefficients. 
Also  shown  in  Table  I  are  comparisons  of  ob¬ 
served  and  calculated  standoff  distances  for 
this  target.  We  observe  that  the  average 
error  is  apparently  random  in  sign  and  only 
equal  to  5.5%.  Because  Eq.  (1)  is  valid  for 
both  smaller  and  larger  expiosive  charges,  it 
should  define  the  entire  R-W  plane  for  this 
target. 

Special  cases  of  Eq.  (1)  occur  whenever  the 
coefficients  or  equal  zero.  Table  II 
presents  experimental  data  for  an  aircraft 
which  has  been  damaged  by  an  air  blast  wave. 
Note  that  the  coefficient  equals  zero  in  this 
illustrative  example.  This  result  indicates 
that  the  aircraft  is  a  strong  structuial  target 
whose  vulnerability  in  the  impulsive  loading 
realm  approaches  a  limit  established  by  Eq.(7X 
There  have  been  six  experimental  data  points 
used  to  determine  the  two  coefficients  in 
Table  II.  Very  little  scatter  occurs  when  one 
compares  calculated  standoff  distances  to  ob¬ 
served  standoff  distances;  the  average  error  is 
only  0.52%. 


In  Table  111,  we  present  data  for  an 
antenna  whose  vulnerability  is  defined  by  the 
special  case  in  which  the  B^  equals  zero  in 
Eq.  (1).  This  target  is  obviously  a  weak  struc¬ 
ture  whose  standoff  distance  relationship  in 
the  impulsive  loading  realm  is  determined  by 
Eq.  (9).  Four  experimental  data  points  were 
used  to  compute  the  two  coefficients  in  Table 
111.  Very  little  error  can  be  noted  in  any  of 
the  results  when  one  compares  calculated  and 
observed  standoff  distances. 

Under  some  conditions,  one  may  have  ex¬ 
perimental  data  on  the  vulnerability  of  a  target 


which  was  obtained  only  in  the  quasi- static 
loading  realm  or  only  in  the  impulsive  loading 
realm.  When  this  situation  arises,  one  must 
modify  Eq.  (1)  by  using  either  Eq.  (4)  if  the 
data  are  in  the  quasi- static  loading  realm  or 
Eq.  (7)  or  (9)  if  the  data  are  in  the  impulsive 
loading  realm.  The  fourth  target  is  one  of 
these  cases.  This  target  is  an  aluminum  right 
circular  cylinder  3  inches  in  diameter,  9  inches 
long,  and  0.022  inch  thick.  Such  a  shell  struc¬ 
ture  has  a  very  high  natural  frequency,  or 
conversely  a  very  short  natural  period,  which 
causes  the  response  of  this  structure  to  fall  in 
the  quasi- static  ioading  realm  even  though  the 
energy  release  is  relatively  small.  Under 
this  circumstance,  a  single  coefficient.  A,  de¬ 
fines  the  vulnerability  of  this  target  to  any 
charge  weight  larger  than  the  smallest  charge 
found  in  Table  IV.  We  observe  that  the 
scatter  in  experimental  results  is  relatively 
small,  especially  when  one  realizes  that  the 
crushing  of  cylinders  usually  exhibits  large 
experimental  scatter.  The  equation  presented 
in  Table  IV  to  define  the  vulnerability  of  this 
cylinder  is  Eq.  (4)  which  should  not  be  used  for 
explosive  charges  less  than  8.5  pounds,  as  the 
response  of  this  structure  to  smaller  charges 
would  eventually  fall  into  other  loading  realms. 

In  Table  V,  we  present  vulnerability  data 
for  another  aircraft.  These  data  fall  exclu¬ 
sively  in  the  impulsive  loading  realm.  Be¬ 
cause  this  aircraft  is  a  strong  structure, 

Eq.  (7)  with  its  single  coefficient,  A/B,  defines 
the  R-W  plane  for  any  charge  weight  less  than 
the  maximum  charge  weight  found  in  Table  V. 
Once  again,  very  little  scatter  is  observed  in 
experimental  results  whenever  one  compares 
calculated  to  observed  standoff  distances.  The 
results  presented  in  Table  V  can  be  used  for 
any  charge  weight  less  than  3,000  pounds,  but 
should  not  be  used  for  larger  explosive  charges 
as  the  response  of  this  system  to  larger 
charges  will  eventually  be  placed  in  another 
loading  realm. 


One  obtains  a  curve  fit  to  Eq.  (I)  by  solv¬ 
ing  for  the  A,  B^,  and  coefficients,  using  a 
least- squares  cur  e  fit.  A  least- squares  curve 
fit  is  obtained  by  rearranging  Eq.  (1)  to  form 
Eq.  (11). 

(^)a6'(‘*0)  B<>-(w)c6  w  m) 


In  matrix  form,  Eq.  (11)  may  be  written  as 
Eq.  ( 1 2). 
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[A‘l 

B6 

J 
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TABLE  IV  .  Jx9x. 022-loch  CYLINDER 
R  =  4.6*W1/J 


W  (lb.) 

Percent 

Error 

8.5 

9-0 

9. 55 

6.i 

115.0 

26.0 

22.1 

16.6 

900.0 

45.0 

44.3 

1.6 

2200.0 

60.0 

59.8 

0.3 

Avg.  6. 2 

TABLE  V  -  AIRCRAFT 
R  =  1.728  W1/2 


W  (lb. ) 

Rob.(ft-» 

Rc.l(ft*> 

Percent 

Error 

8.0 

5.0 

4. 90 

2.04 

20.0 

7.5 

7.  75 

3.33 

38.0 

10.2 

10.65 

4.41 

100.0 

16.5 

17.28 

4.73 

450.0 

37.0 

36.65 

0. 95 

3000.0 

103.0 

94.7 

8. 76 

Avg. 

4.04 

If  one  uses  a  shorthand  notation  to  the  effect 
that  Eq.  (12)  is  Eq.  (13), 

f AJ  [C]  =  [W]  (13) 

then  a  least- squares  fit  for  the  coefficients  in 
the  C  matrix  can  be  obtained  from  Eq.  (14) 

[c]  »  [aTa]‘  1  [at]  [w]  (14) 

where  the  superscript  T  implies  the  transform 
matrix  and  the  superscript  -1  implies  the  in¬ 
verse  matrix.  This  procedure  was  used  to  ob¬ 
tain  the  coefficients  in  the  preceding  examples. 
The  curve  fit  can  be  weighted  towards  either 
the  impulsive  iuading  rea.m  or  the  quasi- static 
loading  realm  by  respectively  dividing  Eq.  (11) 
or  multiplying  Eq.  (11!  by  W  to  obtain  (15) 
for  a  least- square!  fit  in  the  impulsive  loading 
realm  or  Eq.  (16)  for  a  least- squares  fit  in  the 
quasi- static  loading  realm. 

[£]  A‘ •  (w)  e6-(^)  c‘  1151 

A6  -  (W)  B6  -  (1.0)  C6  =  W2  (16) 


Least- squares  fits  to  Eqs.(ll),  (15)  and  (16) 
were  obtained  in  addition  to  least- squares  fits 
to  these  equations  with  the  B  and  C  coefficients 
equal  to  zero  in  order  to  obtain  the  most  accu¬ 
rate  curve  fits  for  these  targets. 

If  significant  scatter  occurs  in  a  limited 
number  of  experimental  data  points,  curve 
fitting  Eq.  (1)  to  the  experimental  data  can  re¬ 
sult  in  negative  B  or  C  coefficients.  Eq.  (17) 
for  the  data  from  Table  IV  is  an  example  of 
such  a  result. 

n  4.600  W1/3 

'  A  78,68  6S9,7\l/6 

V  '  ,v  +  W2  / 

Unfortunately,  an  equation  such  as  (17)  has 
vertical  asymptotes  or  specific  positive  valuer 
of  W  at  which  the  denominator  of  the  equation 
goes  to  zero  and  the  standoff  distance  ap¬ 
proaches  infinity.  For  example,  Eq.  (17)  has 
an  infinite  R  for  a  positive  W  of  approximately 
10.  Obviously,  such  a  result  is  meaningless. 
Although  one  might  conclude  that  the  curve  fit 
was  excellen.  if  one  only  compared  calculated 
values  of  R  to  experimental  values  of  R,  the 
conclusion  would  be  invalid.  Whenever  these 
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negative  coefficient*  arise  from  a  least  squares 
fit  to  Fq.  (1),  we  have  to  realine  diet  more  ex¬ 
perimental  data  points  are  needed  if  we  are  to 
have  a  three-parameter  fit,  or  we  must  try 
various  one-or  two-parameter  fits  to  the  exist¬ 
ing  data. 

Table  Vi  presents  curve  fits  using  Eq.  (1) 
and  variations  thereon  to  experimental  data 
from  all  thirteen  targets  studied  by  O.  T, 
Johnson  [6J.  In  addition  to  the  results  pre¬ 
sented  in  the  previous  five  tables.  Table  VI 


presents  curve  fits  from  Eq.  (1)  and  varia¬ 
tions  thereon  to  experimental  data  on  more 
aircraft,  wire  gages,  various  tip  deflections 
on  aluminum  cantilever  beams,  overturning 
data  on  a  cylinder,  and  additional  crushing 
data  on  cylinders.  The  last  column  in  Table 
VI  presents  the  average  percentage  error 
for  the  experimental  data  on  these  target*. 
We  can  observe  that  the  overall  average 
accuracy  for  these  errors  on  thirteen  targets 
equals  5.8%. 


TABLE  VI  -  SUMMARY  OF  RESULTS  FROM  i3  DIFFERENT  TARGETS 


t  -i 

Type  of 

Vulnerability 

Average 

Structure 

Equation 

Percentase  Error 

i 

Aircraft 

R  =  2.03  Wi/2 

5.89 

2 

Aircraft 

R  =  1.728  W»/2 

4,04 

3 

Aircraft 

8.748  W1/3 

*  jTTMIIp/* 

1.98 

4 

Aircraft 

R  r  1.720  W1/z 

4. 26 

5 

Wire  Gauger 

11.45  W1/3 

R  -  /1  +  14S.5\l/6 

9. 10 

V  w  / 

6 

Cantilever  Al.  Beams 
(5"  deflection) 

8.859  W1/3 
.  756.  9\  1/6 

10.95 

\  W2  I 

7 

Cantilever  Al.  Beatne 
i  (10"  deflection) 

8.868  W*/ 3 
‘  /,.  77,17)1/6 

11.  1! 

8 

Truck* 

6.481  W1/3 

K  *  /,  .  45.06  ,  6045 \  1/6 

5.45 

\  w  wzj 

9 

Antennas 

6.  295  W*/3 
'  (,  ,  103.8)  1/6 

1.95 

\  wZ  / 

10 

Overturning  Cylinders 

7.995  W1^ 

,  112.  2\  1/6 

2.  15 

1 1 

Crushing  Cylinders 
(3"  x  8.  62"  x  .019") 

4.633  W^3 

R  '  l\  .ilM)  1/6 

\  W2  / 

3.  70 

12 

Crushing  Cylinders 
(3"  x  9.  00"  x  .006") 

17. 16  wl/3 
'  286^9)  1/6 

8.  70 

13 

Crushing  Cylinders 
(3"  x  9.00"  x  .022") 

R  ••  4.60  W,/3 

6.  20 

Avg.  5. 81 
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MEANING  OF  PREVIOUS  STUDIES 


rwlm*. 


O.  T.  Johnson  [6]  mad*  an  empirical  oh* 
serration  in  which  be  suggested  that  the  R-  W 
plane  might  be  defined  by  n  one 'parameter 
curve  fit  given  by  Eq.  (18). 

R  =  AW°*435  (18) 

This  study  indicates  that  the  0.433  exponent 
on  W  in  Eq.  (18)  is  a  compromise  exponent 
falling  between  the  0.  333  exponent  that  is  valid 
in  the  quasi- static  loading  realm  [see  Eq.  (4)] 
and  the  0. 500  exponent  for  strong  structui  es 
in  the  impulsive  loading  realm  [see  Eq.  (7)’  or 
the  0. 667  exponent  for  weak  structures  in  the 
impulsive  loading  realm  [see  Eq.  (9)].  Because 
there  are  only  moderate  differences  in  the 
0.435  exponent  and  these  other  exponents, 
Johnson  concluded  that  Eq.  (18)  could  be  used 
without  causing  large  errors.  Table  VO  is 
Johnson's  procedure  applied  to  the  target  in 
Table  IV. 


A  second  criticism  of  Johnson's  procedure 
is  that  it  is  incapable  of  predicting  a  change  in 
failure  modes  in  any  target.  For  example,  the 
wing  of  an  airplane  will  fail  as  a  beam  when 
loaded  by  a  blast  wave  from  very  large  nuclear 
explosive  charges.  On  the  other  hand,  this 
same  wing  loaded  by  a  blast  wave  from  small 
chemical  explosive  charges  will  fall  locally  by 
shredding  panels  and  damaging  stiffiners. 
Because  Johnson's  procedure  has  the  same 
numerical  exponent  on  W,  he  can  not  change 
failure  modes.  Even  if  Johnson  concluded  that 
he  could  have  two  separate  coefficients  in  front 
of  W  for  different  failure  modes,  his  solutions 
would  give  parallel  lines  on  a  log-log  plot  of  R 
vs.  W.  These  parallel  lines  could  never  inter¬ 
sect;  hence  a  structure  according  to  his  solu¬ 
tion  could  not  change  from  one  failure  mode  to 
another  failure  mode.  Eq.  (1)  can  be  used  to 
determine  different  failure  modes  in  the  same 
structure.  Separate  groups  of  coefficients 


TABLE  VII  -  JOHNSON'S  PROCEDURE  APPLIED 
TO  TARGET  IN  TABLE  IV 

R  =  2.  82  W°-  435 


w  (lb. ) 

R  .  (ft.) 

obu 

R  .  (ft*  ) 
cal 

Percent 

Error 

8.5 

9.0 

7.  16 

25.7 

115.0 

26.0 

22.23 

16.9 

900.0 

45.0 

54. 42 

20.9 

2200. 0 

60.0 

80.  28 

33.8 

Avg.  24.  3 

Notice  that  in  Table  Vll  the  error  is  signifi¬ 
cantly  greater  than  in  Table  IV.  even  though 
both  targets  are  for  a  one-parameter  curve  fit. 
In  addition,  the  largest  error  in  Table  Vll 
occurs  for  the  smallest  and  largest  charge 
weights.  Thii<  result  indicates  that,  if  John¬ 
son's  equation  were  extended  to  even  smaller 
or  larger  charges,  the  error  would  become 
greater  and  greater.  One  can  also  see  a  syste¬ 
matic  error  in  Table  Vll  rather  than  the  ran¬ 
dom  error  which  is  apparent  in  Tables  1 
through  V.  Johnson's  procedure  averages  the 
standoff  distance  for  a  charge  weight  in  the 
middle  of  his  experimental  test  results,  but  it 
gives  less  and  less  accurate  results  as  one 
moves  further  away  uom  the  average  charge 
weight.  If  Johnson's  procedure  is  applied  to 
data  from  the  "knee"  of  the  R-W  curve,  that  is, 
from  the  region  where  both  pressure  and  im¬ 
pulse  apply,  it  can  give  fairly  accurate  results; 
however,  the  error  will  compound  as  one  then 
enters  the  impulsive  or  qua3i- static  loading 


would  be  needed  for  each  failure  mode;  never¬ 
theless,  the  solutions  are  capable  of  inter¬ 
secting  so  that  different  modes  of  failure  are 
critical  for  different  magnitudes  of  energy  re¬ 
lease. 

Our  criticism  of  Johnson's  approach  is  not 
intended  to  mean  that  his  technique  should 
never  be  used.  If  one  only  has  a  single  data 
point,  and  wishes  to  make  only  a  small  extrap¬ 
olation  in  experimental  results,  Johnson's  ap¬ 
proach  can  be  used  without  causing  large 
errors.  But,  whenever  three  or  more  data 
points  exist,  Eq.  (I)  should  be  used  as  it  is 
more  accurate  and  approaches  appropriate 
theoretical  limits. 

The  Armed  Services  Explosive  Safety 
Board  has  the  mission  of  determining  what  are 
safe  standoff  distances  around  all  explosive 
storage  facilities.  This  organization  [7]  uses 
Eq.  (4)  for  the  qua  si- static  loading  realm  to 
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compote  the  maxi  mom  quantity  of  explosives 
that  can  be  stored  in  a  facility  close  to  a  road, 
runway,  oil  storage  tank,  house,  etc.  Ob* 
viously,  the  use  of  Eq.  (4)  by  this  organisation 
should  be  criticised  because  it  is  only  valid 
for  one  of  the  loading  realms.  In  all  fairness 
to  the  ASESB.  this  writer  recognises  that  they 
are  aware  of  this  limitation  in  using  Eq.  (4); 
nevertheless,  the  present  U.  S,  codes  on  the 
storage  of  explosives  have  never  been  changed. 
Eq.  (1)  or  a  variation  thereon  would  be  far 
superior  for  determining  what  constituted  ap* 
propriate  standoff  distances  for  various  com¬ 
plex  targets  in  the  vicinity  of  explosive  storage 
facilities. 

The  British  [1]  use  a  code  which  is  a  vari¬ 
ation  on  Eq.  (1)  to  determine  how  much  explo¬ 
sive  can  be  stored  in  the  vicinity  of  brick 
houses.  The  British  possess  a  large  amount  of 
air  blast  damage  data  on  structures  as  a  con¬ 
sequence  of  their  being  under  bombardment 
during  World  War  II.  These  data  were  used  to 
empirically  obtain  Eq.  (19)  which  is  valid  for 
b.  k  house  isodamage  curves  on  the  R-W 
plane. 


K  wl/3 
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Eq.  (19)  is  a  special  case  of  Eq.  (1),  when  B 
equals  zero.  A  brick  house  is  probably  a  weak 
structure:  hence.  Eq.  (19)  should  be  valid.  The 
British  insert  different  values  of  K  into  Eq.(19) 
for  different  levels  of  damage.  For  example, 
a  K  of  9.9  is  used  to  define  complete  demoli¬ 
tion  of  the  house.  Class  A  damage,  and  a  K  of 
140  is  used  when  only  10%  of  the  glass  is 
broken.  Class  E  damage. 

Although  the  British  use  only  one  value  of 
C  for  all  levels  of  damage  in  Eq,  (19)  we  should 
not  presuppose  that  all  targets  would  have  a 
single  B  or  C  coefficient  for  different  levels  of 
damage.  Targets  6  and  7  in  Table  ,fl  are 
curves  for  data  from  identical  cantilever  alum¬ 
inum  beams  which  have  been  loaded  to  give  dif¬ 
ferent  intensities  of  response.  Structure  6  is 
for  an  isodamage  level  with  5  inches  of  perma¬ 
nent  tip  deflection,  whereas  structure  7  is  for 
an  identical  beam  undergoing  10  inches  of  re¬ 
sidual  tip  deformation.  These  structures  do 
not  have  the  same  B  and  C  coefficients  in  their 
denominators.  This  observation  indicates  that 
we  should  not  presuppose  that  a  given  structure 
has  a  constant  value  of  the  coefficients  B  or  C 
for  all  levels  of  damage. 


SUMMARY 

la  this  paper,  aa  aquation  which  can  ba 
us  ad  for  da  tarmining  the  form  of  Bio  R-W 
plana  for  constant  levels  of  damage  from  air 
blast  waves  imparted  to  complex  targets  has 
been  presented.  This  equation  has  three  co¬ 
efficients  in  it  which  must  be  determined  from 
experimental  data.  We  have  shown  that  a 
theoretical  basia  exists  for  using  an  equation 
with  this  format.  The  equation  has  been  ap¬ 
plied  to  vulnerability  data  from  a  variety  of 
targets  to  •  .nonstrate  its  applicability. 

This  charge  weight- stando.''  equation  can 
not  be  used  to  define  the  vul  '.erability  of  tar¬ 
gets  at  altitude  fro.-  i  data  obtained  at  sea  level. 
The  P-I  diagram  mutt  be  used  to  determine 
vulnerability  under  altitude  conditions.  When 
used  at  sea  level  conditions.  Eq.  (1)  will  define 
isodamage  curves  for  complex  targets.  Under 
certi.in  special  conditions,  the  three-para¬ 
meter  fit  becomes  a  two-parameter  fit.  If  all 
experimental  data  for  a  target  lie  completely  in 
the  impulsive  loading  realm  or  completely  in 
the  quasi- static  loading  realm,  a  one-para¬ 
meter  curve  fit  can  be  used  to  determine  the 
vulnerability  of  a  target  over  a  limited  range 
in  charge  weights. 

Presently,  the  U.  S.  co  s  for  the  storage  of 
explosives  uses  a  one-parameter  fit  which 
applies  only  to  the  quasi- static  loading  realm. 
Experimental  data  could  be  used  redefine  the 
quantity  distance  tables  in  terms  of  the  three 
coefficients.  A.  B  and  C  in  Eq.  (1)  to  present  a 
more  accurate  relationship  for  relating  charge 
weight  and  standoff  distance  in  the  storage  of 
■xplosives. 
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PERFORM;  A  COMPUTER  PROGRAM  TO  DETERMINE  THE  LIMITING  PERFORMANCE 
OF  PHYSICAL  SYSTEMS  SUBJECT  TO  TRANSIENT  INPUTS 


Walter  D.  Pilkey  and  Bo  Ping  Wang 
Department  of  Aerospace  Engineering  and  Engineering  Physics 
University  of  Virginia,  Charlottesville,  Virginia  22901 


PERFORM  is  a  user-oriented  computational  capability  for  the 
evaluation  of  the  limiting  performance  of  multi-degree-of- 
freedom  dynamic  systems.  Appropriate  systems  are  those  for 
which  certain nfiaximum  response  variables,  e.g.,  peak  acceler¬ 
ations,  stresses,  or  displacements,  are  to  be  minimized  while 
other  maximum  response  variables  are  bounded.  The  user  pro¬ 
vides  system  equations  of  motion  in  which  those  portions,  e.g., 
isolators,  of  a  system  to  be  evaluated  have  been  replaced  by 
functions  of  time.  Sets  of  constraints,  objective  functions, 
and  possible  transient  inputs  are  also  user  prescribed.  PERFORM 
then  automatically  computes  the  limiting  performance  character¬ 
istics.  These  characteristics  can  be  employed  in  the  evaluation 
phase  of  systems  design  by  informing  the  systems  engineer 
whether  or  not  his  preliminary  design  scheme  is  feasible  and 
will  guide  him  in  appropriate  modifications  as  the  design  pro¬ 
ceeds  and  in  the  selection  of  optimal  hardware. 


iNT°a«mo» 

This  paper  describes  the  computa¬ 
tional  capability,  PERFORM,  for  the 
evaluation  of  the  limiting  performance 
of  transient  dynamic  systems.  With  this 
computer  program  the  designer  is  able  to 
determine  on  the  basis  of  response 
specifications  alone  the  feasibility  of 
his  proposed  design;  moreover  he  can 
monitor  and  measure  his  success  during 
the  design  process  itself.  This  is 
possible  because  the  capability  provides 
-triu'Tii-itirj  II*  I’l*  Tilirjlij 
best, 'that  is,  the  limiting,  design  con¬ 
cept.  Without  the  characteristics  of 
the  limiting  design,  the  evaluation  of 
proposed  designs  can  be  made  only  by 
performing  a  multitude  of  analyses  for 
each  candidate  design. 

The  deve  .  ipment  of  PERFORM  has  been 
an  effort  to  place  one  aspect  of  real- 
world  systems  design  on  an  analytical 
basis.  This  is  needed  because  so  much 
of  tne  physical  design  process  is  an  art 
rather  than  a  science.  PERFORM  makes  it 
possible  in  certain  areas  of  transient- 
loaded  mechanical,  structural,  and  con¬ 
trol  systems  to  approach  a  design 
directly  from  the  design  criteria  with 


to  ».  perticaU’' 

concept.  Naturally  design  implies 
optimal  design  since  the  ultimate  aim 
of  the  system  designer  should  be  to 
attain  the  wherewithal  to  deduce  and 
implement  concepts  so  that  the  design 
criteria  arc  met  in  an  optimum  fashion. 

PERFORM  is  designed  for  use  in  an 
engineering  problem-oriented  form.  The 
user  need  only  prescribe  system  equa¬ 
tions  of  motion,  sets  of  constraints, 
objective  functions,  classes  of  possi- 
*  Ii  .'TtpUlmi,  ’Brxi  *  lirvJ- Ilt  it  114,  7rr- 
formance  characteristics. 

CAPABILITIES  OF  PERFORM 

PERFORM  is  a  computer  program  that 
can  be  used  to  determine  the  limiting 
performance  characteristics  of  a  dynam¬ 
ic  system  subject  to  transient  loading. 
The  concept  and  formulation  of  the 
limiting  performance  problem  is  con¬ 
sidered  in  detail  in  Ref.  1,  wherein 
particular  emphasis  is  given  to  shock 
isolation  systems.  The  example  prob¬ 
lems  mentioned  in  this  paper  provide  an 
indication  of  the  range  of  applications 
of  PERFORM. 


Preceding  page  blank 


The  dynamic  system  can  be  described 
and  input  to  PERFORM  using  the  first  or 
second  order  equations 
•  - 

s  *  As  ♦  Bu  ♦  D?k  qj 

Mq  ♦  Cq  ♦  Kq  ♦  Uu  «  FFk 

in  which  u  is  a  vector  of  time  varying 

functions,  called  control  or  isolator 

forces,  that  have  replaced  portions  of 

the  physical  system.  A,  B,  D,  M,  C,  K, 

U,  F  are  coefficient  matrices.  ~3  and-^ 

are~vectors  of  response  variables,  e.g., 

displacements,  stresses,  accelerations. 

7.  is  a  forcing  function  vector  where 
** 

the  subscript  indicates  the  ►.  set  of 
forcing  or  loading  functions.  This 
allows  the  system  to  encounter  alternate 
sets  of  disturbances  which  might  occur 
with  equal  probability. 

The  acceptable  equations  of  motion 
appear  to  be  linear.  In  fact,  however, 
they  are  "quasilinear"  since  those  por¬ 
tions  of  the  system  replaced  by  u  can  be 
linear,  nonlinear,  active,  or  passive. 
The  remainder  of  the  system  must  be 
linear  as  must  the  overall  kinematics. 

The  user  must  place  his  equations 
in  or.e  of  the  forms  of  Eqs.  (1).  The 
non-zero  elements  of  the  matrices  A,  B, 

D  or  M,  C,  K,  U,  F  are  then  entered  as 
Inputs.  This  Is  accomplished  by  identi¬ 
fying  the  matrix,  e.g.,  M  MATRIX,  and 
then  specifying  an  element  and  its 
value,  e.g.,  i,  j,  and  M^..  Elements 

not  entered  are  assumed  to  be  tero. 

PERFORM  finds  the  characteristics, 
including  u  and  tradeoffs  between 
optimal  response  variables,  of  the 
dynamic  system  such  that  bounds_on  some 
of  the  response  variables  s  or  q  or  con¬ 
trol  forces  u  are  not  violated  while  the 
maximum  (or  minimum)  in  time  of  other 
elements  of  s  or  q  are  minimized  (or 
maximized). 

Regardless  of  the  form  (first  or 
second  order)  used  to  describe  the  equa¬ 
tions  of  motion,  the  formats  for  the 
objective  function  and  constraints  are 
the  same.  In  the  case  of  the  second 
order  equations,  a  state  variable  vector 
s  is  established  as 

5  ■  [j]  ' 

Any  linear  combination  of  state  varia¬ 
bles,  derivatives  of  state  variables,  or 
control  forces  can  be  used  as  an  objec¬ 
tive  function.  In  the  case  of  the 
system  described  by  second  order  equa¬ 
tions,  these  become  linear  combinations 
of  accelerations,  velocities,  displacc- 


aents,  and  control  forces.  The  objec¬ 
tive  function  is  input  to  PERFORM  as 

PXls  ♦  FX2u  ♦  PX37k  (3) 

where  PX1.  PX2,  and  PX3  are  coefficient 
matrices.  If  more  than  one  row  of  the 
matrices  of  Eq.  (3)  contains  non-zero 
elements,  then  the  peak  values  in  time 
of  the  vectors  resulting  from  the  mean¬ 
ingful  rows  are  to  be  compared.  PERFORM 
minimizes  (maximizes)  the  maximum 
(minimum)  of  the  peak  values. 

Constraints  may  be  placed  on  state 
variables,  derivatives  of  state  varia¬ 
bles,  and  control  force's.  The  general 
form,  which  i-  again  linear,  is 

71  <  Yls  ♦  Y2u  ♦  Y3lk  '  70  (4) 

where  11,  Y2,  are  coefficient  matri¬ 
ces  and  7C,  70  are  lower  and  upper  bound 
vectors.  Constraints  can  be  imposed  ct 
every  time  of  the  response  or  at  specif¬ 
ic  times. 

In  summary,  PERFORM  accepts  system 
equations  of  the  form  of  Eq.  (1).  For 
prescribed  initial_conditions,  PERFORM 
then  computes  the  u  vector  such  that  the 

max  | PXls-  ♦  PX2u  +  PX3 7k  |  (5) 

is  minimized  (or  snii  |  |  is  maximized) 
while  the  constraints  of  Eq.  (4)  are 
satisfied.  Any  linear  combination  of 
s,  u,  and  Tk  can  be  tabulated  or  plotted 

versus  time.  A  tradeoff  curve  between 
the  maximum  objective  function  and  any 
particular  constraint  can  be  generated 
by  varying  the  bounds  on  that  constraint 

PERFORM  SYSTEM  DESCRIPTION 

PERFORM  is  a  u/stem  of  several 
programs,  the  functions,  inputs,  and 
outputs  of  which  are  outlined  here. 
Figure  1  is  the  PERFORM  system  flowchart 
Detailed  descriptions  and  documentation 
for  PERFORM  are  given  in  Ref.  2.  The 
three  separate  system  programs  PREPROC 
(Pre-processor),  MPS/360  (linear  pro¬ 
gramming  system),  POSTPROC  (Post-proc¬ 
essor)  are  represented  by  rectangular 
boxes. 

•PREPROC 

The  pre-processor  program  (PRE¬ 
PROC)  places  the  problem  as  specified  by 
the  user  in  a  linear  programming  format. 
The  outputs  of  this  program  include  the 
data  necessary  to  get  the  results  from 
the  post-proccsscr ,  the  MPb'360  linear 
programming  problem  input,  and  a  report 
on  the  pre-processor  itself.  PREPROC  is 
written  entirely  in  FORTRAN. 
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Fig.  1  -  PERFORM  system  flowchart 


•  MPS/360 

Mathematical  Programming  System 
(MPS)/  2CC  is  an  IBM  software  package 
capable  of  efficiently  solving  extremely 
large  linear  programming  problems.  Most 
other  comi.ierciall ,  available  linear  pro¬ 
gramming  systems  accept  MPS/360  input 
and  hence  are  compatible  with  PERFORM. 
Tlu  input  to  MPS/360  is  the  linear 


programming  problem  output  of  PREPROC. 

As  indicated  in  Fig.  1,  PERFORM  is 
organized  such  that  PREPROC  and  POSTPROC 
are  to  be  run  on  local  computers  while 
MPS/360  can  be  ’■’un  at  the  most  conven¬ 
ient  computer  center  where  MPS/360  or  an 
equivalent  linear  program  is  available. 
Naturally  all  of  PERFORM  can  be  run  on 
the  same  computer  if  MPS/360  is  avail¬ 
able  locally. 
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•POSTPROC 

The  post-processor  program  pro¬ 
duces  the  final  report  of  the  problem 
solution.  The  tradeoff  diagrams  and 
trajectories  requested  by  the  user  are 
tabulated  or  plotted  in  appropriate 
form.  This  program  is  written  entirely 
in  FORTRAN. 

TECHNICAL  DESCRIPTION 

The  limiting  performance  problem  is 
formulated  as  a  linear  programming  prob¬ 
lem.  The  details  of  the  formulation  are 
given  in  Ref.  2.  The  unknown  control 
forces  are  discretized  in  time.  Inte¬ 
gration  of  the  equations  of  motion  for 
known  disturbances  yields  the  response 
(state)  variables  as  linear  combinations 
of  the  control  forces.  The  objective 
functions  and  constraints  are  then 
formed  from  these "response  variables  and 
hence  are  also  linear  functions  of  the 
discretized  control  forces.  The  limit¬ 
ing  performance  problem  then  can  be 
formulated  as  a  linear  programming 
problem. 

A  single  solution  of  the  system 
equations  suffices  to  establish  the 
linear  programming  problem.  This  is  in 
contrast  to  most  structural  optimization 
schemes  which  involve  multiple  analyses 
of  the  system  dynamics.  The  dimension 
of  the  linear  programming  problem 
depends  on  tl  a  number  of  controllers, 
the  number  ot  time  intervals,  and  the 
number  of  sets  of  forcing  fi  notions.  It 
is  independent  of  the  degrees  of  free¬ 
dom  of  the  .vstem, 

APPLICATIONS 


•  4 


i 
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Fig.  2  -  Single-degree-of-freedcm 
shock  isolation  system 

If  -my  is  sit  equal  to  f,  this  is  in  the 
format  (Eq.  (1))  accepted  by  PERFORM. 

Suppose  the  lowest  possible  peak 
acceleration  of  the  mass  (z)  is  sought 
if  the  relative  displacement  (x)  between 
the  mass  and  the  base  is  bounded.  Then 
the  objective  function  (Eq.  (3))  is 
given  by  z  =  u/m,  with 


■[;]• 


The  constraints  are  of  the  form  of  Eq. 
(4),  that  is, 

^  =  ‘Xmax  -  *  i  Xmax  8  711  « 

with  Xmax  prescribed. 


PERFORM  is  designed  to  be  used  to 
establish  the  limiting  performance 
characteristics  of  a  variety  of  dynamic 
systems.  It  is  particularly  appropriate 
for  the  study  of  shock  isolation  sys¬ 
tems  [1].  Several  applications  of  PER¬ 
FORM  are  outlined  in  this  section. 

•  Single-Degree-of-Freedom  System 

Consider  a  single-degree- of- 
freedom  shock  isolation  system  (see  Fig. 
2).  Since  this  system  has  been  so 
tfiOTV-egfiiy  -5t  iji <  <i  *1  jfcwhert ,  t.g., 

Ref.  1,  it  is  included  here  only  to 
illustrate  the  use  of  PERFORM  in  the 
study  of  the  limiting  performance  of  a 
familiar  system.  The  equation  of  motion 
is  given  by 

m  *  u  =  0  (6) 

with  initial  conditions  z(0)=z(0)=0.  The 
kinematic  relation  is  z=x+y.  This  gives 

mx  +  u  =  -my  .  (7) 


Typical  results  appear  as  in  Fig. 
3.  At  the  users  request,  PERFORM  auto¬ 
matically  computes  and  plots  the  limit¬ 
ing  performance  or  tradeoff  curve  of 
Fig.  3a.  Details  of  the  interpretation 
and  use  of  this  type  of  curve  are  dis¬ 
cussed  at  length  in  Ref.  1.  For  a  given 
constraint  value,  it  is  not  possible  for 
an  isolator  to  be  designed  for  the  pre¬ 
scribed  disturbance  that  exhibits  a  peak 
acceleration  less  than  that  on  the 
limiting  performance  curve.  Fig.  3b 
shows  a  time  response  history  for  an 
optimal  isolator  at  a  designated  con¬ 
straint  level. 

•  M alt i-Degree-of-Freedom  Shock 
Isolation  System 

Using  quite  nonrestrictive 
assumptions,  systems  of  the  sort  shown 
in  Fig.  u  can  be  treated  using  PERFORM. 
Here  the  goal  is  to  ccs.^ute  the  limit¬ 
ing  performance  in  terms  of  peak  accel¬ 
erations  while  several  relative  dis¬ 
placements  are  bounded.  This  problem 
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Response  ?  Normalized  Performance 


time 


Normalized  Constraint  <“*}*! /“x!y|) 
Limiting  performance— A  tradeoff  diagram 


b.  Optimal  time  trajectories 
Fig.  3  -  Typical  output  of  PERFORM 


Incasement 


Motions 


- 1 

Fig.  4  -  Multi-degree-of- freedom — ^ 
isolation  system 


was  considered  in  Ref.  3  and  extended 
in  Ref.  2,  where  numerical  results  are 
given  for  a  multi-degree-of-freedom 


system  with  multiple  objective  func¬ 
tions. 

•  Other  Applications 

The  applications  of  PERFORM  to 
the  design  of  mechanical  systems  ai<e 
numerous.  The  following  descriptions 
are  of  typical  applications,  all  of 
which  are  treated  in  detail  in  Ref.  2. 

The  Sewall-Parrish-Durling  ten- 
degree-of- freedom  model  [4]  for  the 
lateral  response  of  a  high  speed  train 
subject  to  lateral  or  rolling  inputs  is 
formulated  in  Ref.  2  in  teins  of  limit¬ 
ing  performance  by  replacing  some  or  all 
of  the  suspension  configurations  (Fig. 
5a)  bygeneral  isolator  forces.  Both 
three— isolator  and  eleven— Isolator 
models  are  considered.  The  objective  is 
to  minimize  lateral  accelerations  while 
bolster  spring  deflections  are  bounded. 

The  helicopter  rotor  isolation 
problem  of  Ref.  5  is  also  suitable  for 
a  limiting  performance  study  (Fig.  5b). 
Here  the  multiple  isolator  system  DAVI 
for  vertical  transient  loadings  can  be 
replaced  by  four  control  forces  to  give 
four  equations  of  motion  in  the  PERFORM 
format.  Here  the  control  force  defini¬ 
tions  include  the  mass  of  the  isolators 
themselves.  The  optimal  isolator 
behavior  can  be  computed  to  minimize 
the  peak  linear  and  angular  accelera¬ 
tions  of  the  fuselage  while  bounds  on 
the  motion  across  the  isolator  svstem 
are  not  violated. 

Another  design  problem  that  should 
ue  neateo  from  a  limiting  performance 
standpoint  is  the  question  of  lading 
protection  in  freight  cars  (Fig.  5c). 

The  usual  approach  to  this  problem  is 
that  of  analyzing  the  system  response 
for  a  particular  cushion  or  absorber 
configuration  [6],  With  PERFORM  the 
potential  protection  given  the  lading  by 
the  cushion  is  computed  regardless  of 
the  cushion  configuration.  In  partic¬ 
ular,  the  problem  of  minimizing  the  peak 
force  transmitted  to  the  lading  while 
the  cushion  travel  distance  is  bounded 
cfR_be  treated  from  the  standpoint  of 
limiting  performance. 

Such  control  problems  as  that  of 
minimizing  the  lateral  drift  of  a 
launch  vehicle  from  a  reference  trajec¬ 
tory  along  a  flight  path  can  be  ap¬ 
proached  as  a  limiting  performance  prob¬ 
lem.  The  formulation  of  Ref.  7  for  this 
problem,  including  bounds  on  the  magni¬ 
tude  of  bending  moments,  can  be  placed 
ip.  a  PERFORM  format. 

Finally,  a  max-min,  rather  than  a 
min-max,  problem  is  considered  in  Ref. 8. 
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Fig.  5  -  Various  suspension 
system  situations 

The  problem,  control  of  a  pressurized- 
wster  nuclear  power  plant,  as  given  is 
suitable  for  solution  by  PERFORM.  Spe¬ 
cifically,  the  goal  is  to  maximize  the 
minimum  pressu 'e  of  a  pressurizer  while 
constraints  are  placed  on  maximum  pres¬ 
sure  and  several  responses.  Also, 
terminal  constraints  are  given  on  temp¬ 
erature  and  its  rate  of  change. 

CONCLUSIONS 

A  computational  capability,  PERFORM, 
for  the  evaluation  of  the  limiting  per¬ 


formance  of  transient  dynamic  systems 
has  been  developed  and  is  described  in 
this  paper.  This  capability  is  intended 
to  be  used  by  a  designer  to  detendne 
the  feasibility  of  the  proposed  design 
specifications.  Thus  PERFORM  is  intend- 
eo  to  be  a  design  tool. 

In  addition  to  the  use  of  PERFORM 
to  scrutinize  design  specifications, 
this  capability  can  be  used  during  the 
actual  design  process  to  measure  the 
relative  success  of  proposed  designs. 
This  is  accomplished  by  comparing  the 
response  of  proposed  designs  with  the 
characteristics  of  the  theoretically 
best  design  provided  by  PERFORM.  0 
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Thi«  paper  will  dlaeusa  ttt  dynamic  characteristics  of  flexible  Anal 
tracking  antenna  structure*  subjected  to  global  motor  stepping  torques. 

The  structural  dynamic  technology  problms  encountered  are  approached 
froa  both  the  analysis  and  test  point  of  view.  The  analytical  tech¬ 
niques  and  aseuspti'ws  are  thoroughly  delineated.  The  correlation  and 
application  of  this  analysis  ws  than  used  to  dstenaiiK  the  nost 
relevant  test  data  asslall  itlcn,  test  techniques,  and  lnstruaeate1  Ion 
requirements.  This  study  will  point  out  sane  of  the  typical  problems 
encountered  In  the  design,  analysis  and  test  of  deployable  antennas 
(fixed  or  flexible  rib)  that  are  mounted  from  spacecraft  on  rather 
large  flexible  boons  end  are  excited  by  control  forcing  functions  to 
accurately  position  the  system.  Some  of  the  problems  that  are  encountered 
in  the  analysis  and  test  such  as  gear  backlash,  backup  structure  flexi¬ 
bility,  tero  "g"  simulation,  Instrumentation  noise,  gear  sties*  and 
fntlguo,  etc.  are  discussed. 


IKHCHXJCTIO* 

Preliminary  analysis  of  antenna  structures  is 
presented  showing  the  techniques  used  to  else 
boons  and  antennas  and  the  restrict Ions  Imposed 
on  the  analysis  such  as  weight  limitations, 
stowed  space  limitations,  motor  torques,  and 
step- force  torque  frequency  range?.  Baaed  on 
these  preliminary  analysis  the  anvenua  and 
support  structure  sectional  properties  are 
determined.  Also,  the  natural  frequencies  and 
modes  shapes  are  defined  and  the  structural 
response  levels  are  determined  for  purposes  of 
stress  analysis  and  test  Information. 

Antennas  are  complicated  structures  whose 
dynamic  response  can  not  be  completely  defined 
by  analysis.  Therefore,  the  analysis  must  be 
supported  by  a  comprehensive  test  program. 

This  paper  vlll  fully  define  the  test  set  up 
required  to  accurately  determine  the  structural 
oscillations  that  are  encountered  during 
antenna  positioning.  Considerations  made  in 
antenna  suspension  such  as  attach  cable  lengths 
and  c.  g.  locations  to  best  simulate  tero  "g" 
are  explained.  The  selection  of  the  type  of 
instrumentation  and  data  recording  devices  used 
and  the  considerations  that  were  made  in  choos¬ 
ing  than  Is  presented.  Beth  accelerometer  and 
photographic  measurements  were  obtained  for  a 
typical  configuration  and  excellent  correlation 
exists  between  these  measurements.  Some  of  the 


problems  encountered  with  accelerometer •  and 
their  respective  integrating  devices  are 
described.  Photographic  techniques,  their 
applications  for  this  structure  and  their 
results  and  shartcomli^s  are  also  described. 

IXie  to  the  antenna’s  oscillatory  motion  and 
Impact  loads  from  gear  backlash,  the  stepper 
motor  gear  train  is  subjected  to  repeated  loads 
and  stresses.  These  repeated  loads,  the  manner 
In  which  they  were  measured  during  test  and 
their  statistical  distribution  and  number  of 
cycles  are  described.  Because  of  this  cyclic 
motion,  a  gear  fatigue  analysis  was  conducted 
and  considerations  and  effects  of  tooth  surface 
finish,  load  applications,  etc.  are  elaborated 
upon.  To  determine  the  lifespan  of  this  particu¬ 
lar  antenna  stepper  -.otor  gear,  a  simulated 
extended  life  test  was  conducted.  The  test  set 
up,  torque  simulator,  and  gear  vear  versus  time 
vlll  be  described. 

ANALYSIS 

Prior  to  the  final  design  of  structures  (in  this 
case  an  antenna  structure)  that  are  exposed  to 
periodic  forcing  functions,  an  analysis  of  the 
expected  frequencies  and  responses  Is  conducted. 
Since  this  antenna  system  Is  positioned  by  step¬ 
ping  torque  motors  that  apply  short  duration, 
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periodic  oquora  ware  pulses,  a  djmsalc  oodol 
analysis  wi  necessary  to  determine  the  uynemie 
loads  imposed  on  the  structure.  These  loads 
vert  then  used  to  arrive  upon  a  feasible  pre- 
11a Inary  design.  This  design  was  then  eaplogred 
to  study  the  dynamic  properties  of  such  ays  tees. 

Mien  the  antenna  system  stepper  aotors  position 
the  antennas,  short  duration  pulses  are  applied 
In  the  pitch  and  roll  direction.  There  were 
seven  pitch  rates  that  varied  from  0.5  to  11 
pulses  per  second  and  three  roll  rates  of  O.flO, 
1.5,  and  2.0  pulses  per  second.  Because 
antenna  systems  have  weight  Units,  the  nodal 
snelysie  of  the  antenna  shoved  that  In  order  to 
tune  the  natural  frequencies  to  exceed  the 
pulsing  frequencies  by  a  reasonable  margin  the 
weight  would  become  excessive.  Therefore,  the 
antenna  could  not  be  designed  to  exceed  the 
glnbal  pulsing  frequencies.  The  resonant  fre¬ 
quencies  were  determined  by  analysis  and  the 
resulting  loads,  deflections  and  stresses  were 
low  and  not  design  critical.  However,  because 
the  gear  train  tolerances  of  the  pulsing  motor 
could  not  be  represented  accurately  in  the 
dynamic  model,  the  actual  displacements  of  the 
antenna  asstxbly  could  not  be  determined  prior 
to  the  dynamic  response  test. 

A  finite  clement  model  for  the  modal  analysis 
was  made  ae  shown  in  Figure  1.  The  model  con¬ 
sisted  of  11  node  points  (6  degrees  of  freedom 
each)  connected  by  10  straight  beame.  The  beams 
have  flexibility  in  both  bending  axes,  torsion al 
and  axial  flexibility.  The  stiffness  properties 
for  beams  connecting  node  1-2,  2-3,  >4  and  4-5 
were  derived  from  the  cross-sectional  properties 
of  the  hardware.  The  stiffness  properties  of 
the  beams  connecting  node  1  with  nodes  10  and 
11  reflect  the  same  flexibility  as  obtained  from 
static  testa. 

A  step  force  test  was  made  on  the  platform 
assembly  (the  beam  connecting  the  antennas)  to 
determine  the  individual  frequencies  of  the  3 
foot  dish  and  its  feed  assembly  and  the  2  foot 
dish  and  feed.  The  frequencies  obtained  from 
the  tests  are  shown  In  Table  I.  The  frequencies 
were  uBed  to  determine  the  stiffness  of  the 
beans  connecting  nodes  5  through  9  in  the  finite 
element  model. 

A  parameter  study  was  made  to  determine  the 
effect  of  varying  the  boom  stiffness  on  the 
frequency  of  the  system.  The  results  are  shown 
in  Table  II.  Case  I  is  the  actual  value  of  the 
boom.  Cases  III  and  IV  were  selected  to  deter¬ 
mine  the  stiffness  necessary  to  raise  the  fre¬ 
quency  above  1 5  Hz  in  order  to  exceed  the  high¬ 
est  pitch  pulsing  frequency  of  11  Hz  by  a  factor 
of  1.5.  The  increased  size  and  weight  of  the 
boon  necessary  to  obtain  this  frequency  was 
considered  prohibitive. 

The  toierance  of  the  gear  train  (backlash)  of 
the  pulsing  motor  could  not  be  adequately  repre¬ 
sented  in  a  linear  dynamic  model.  Hie  actual 
time  histories  of  the  acceleration  and  displace¬ 
ment  of  the  d'shes  could  not  be  accurately 


determined  by  this  analysis.  Although  the 
actual  deflections  could  not  be  determined,  the 
effects  on  sexism  deflections  expected  due  to 
chaises  in  sui  end  stiffness  could  be  ascertained. 

The  pulsing  motor  torque  was  applied  to  the 
yinfcal  point  of  the  dynsalc  model  and  maxima 
displacements  were  ccnputed  for  various  mass  and 
stiffness  changes.  81nce  the  largest  displace¬ 
ments  were  obtained  with  e  pitch  Input  torque, 
this  input  torque  wn*  used  in  the  parsneter  study. 
The  changes  in  maximal  deflections  due  to  changes 
in  platform  stiffness  end  boon  stiffness  are 
shown  in  Table  HI.  Deflections  were  compiled 
with  the  3  foot  antenna  both  closed  end  open  to 
determine  the  affect  an  the  deflection.  The 
change  is  shown  in  Table  n. 

The  modal  analyses  Indicated  that  the  antenna 
assanbly  pulsing  frequencies  were  in  the  see 
range  as  the  structural  resonant  frequencies. 
Further  analysis  also  revealed  that  with  the 
existing  weight  constraints  of  the  antenna  these 
resonant  frequencies  could  not  be  significantly 
increased.  The  modal  deflections  were  computed 
and  were  found  to  be  no  more  than  several  minutes 
of  arc.  These  facts  were  all  well  borne  out 
during  dynamic  response  testing  and  it  was  con¬ 
cluded  that  the  modal  analysis  was  an  extremely 
valuable  tool  throughout  the  study  and  early 
design  phase. 

TEST  SUSPENSION  SY3T01 

To  determine  the  approximate  amount  of  oscilla¬ 
tory  .espouse  of  the  antenna  system  to  the  gimbal 
motor  input  piteh  and  roll  torques,  a  preliminary 
test  setup  was  devised  and  instrumented  to  deter¬ 
mine  the  highest  response  pulsing  fequency.  This 
setup  was  done  In  such  a  manner  that  the  pitch 
axis  was  parallel  to  the  floor.  When  this  test 
was  conducted,  the  accelerometer  and  photographic 
data  clearly  revealed  that  the  gravity  force  had 
an  adverse  effect  on  the  dynamic  oscillation  of 
the  antenna  system  (i.e.,  as  the  unit  pitched 
farther  over  the  magnitude  of  the  oscillations 
increased).  However,  this  data  indicated  that 
the  maximum  oscillations  occurred  in  the  pitch 
direction  at  or  near  the  pitch  rate  of  4  Hz  and 
the  roll  pulse  rates  did  not  contribute  signifi¬ 
cantly  to  the  oscillations. 

Based  on  the  preliminary  test  data,  it  was 
determined  that  a  more  sophisticated  test  mini¬ 
mizing  gravity  effects  should  be  conducted.  This 
was  accomplished  by  suspending  the  antenna  system 
in  such  a  manner  that  the  pitch  axis  would  be 
perpendicular  to  the  floor  to  minimize  the  effect 
of  gravity  on  the  dynamic  oscillations.  This 
allowed  pulsing  only  in  the  pitch  direction, 
which  the  preliminary  test  showed  to  be  more 
severe  than  the  roll  pulse  response.  In  addition, 
a  much  more  complete  and  accurate  instrumentation 
and  photographic  technique  ’was  devised.  Gimbal 
gear  torque  loads  were  also  required  from  this 
test  because  of  questions  that  were  raised  con¬ 
cerning  gear  tooth  failure  and  wear. 
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Tte  majNMlon  Ay* Xm  ttet  vu  «Md  for 
syvt«m  dynsnic  r—potiM  teat  U  Aon  la  Flfnt 
2.  CMU  itatgr  of  ttl<  Illustration  akon 
ttet  tte  point  B  evlllng  attacteeat  nooda  to  ba 
tinetly  over  tea  gtebal  pitch  axl*  or  a  torque 
load  ia  applied.  Obviously,  tte  hitter  tte 
ceiling  attach  point  baccuw,  tte  anallor  tte 
torque  eonponant  la  if  tte  trite  is  Misaligned. 
It  wa  agreed  ttet  with  vary  careful  allgmect 
and  center  of  gravity  location  by  transits,  a 
thirty- five  foot  calling  height  would  ba  adequate, 
lb  keep  tte  natural  frequencies  of  tte  attach 
cables  as  lor  as  pocilble  (0.50  Ks  or  lass)  a 
0.2$  pound  par  inch  spring  was  installed  to  tte 
cable  near  tte  ceiling.  A  detail  step  by  step 
procedure  was  devised  teat  used  transits  to 
accurately  determine  tte  c.g.  of  tte  antenna 
tymtm. 


ACCKLBOtHRB  THJT  DATA  ACQDXSITIOg 

Tan  aecderoMters  (Kisler  type  fllfl)  were  in¬ 
stalled  on  tte  antenna  agrsten  at  the  locations 
shown  in  Figure  2.  These  locations  were  chosen 
to  determine  various  critical  ooclllatlon 
amplitudes  and  resultant  torque  leads  due  to 
glbbal  pitch  nut  ion. 

Tte  toque  load  on  tte  rteal  gear  was  deter¬ 
mined  by  dueling  tte  acceleratlooe  of  various 
acceleraaetera  aa  follows: 

10  10  ^ 

2  Fj  •  14  -  2 

i»l  iFl 

Thus,  tte  total  moment  about  tte  pitch  axis  was 
derived  from  the  various  Bass  accelerations  and 
aonent  arms  of  the  antenna  structure.  This  was 
achieved  by  channeling  the  accelerometer  re¬ 
sponse  through  a  sub  and  difference  network. 


The  antenna  deflection  data  waa  determined  by 
the  use  of  integration  and  sub  and  difference 
networks.  For  example,  to  determine  the  rela¬ 
tive  rotation  of  the  3  foot  dish  feed  with 
respect  to  the  3  foot  dish,  the  accelerometer 
signal  given  below  waa  twice  Integrated  through 
the  Integration  network. 


where  ®„  «  Min.  of  Arc  of  Channel  B 

g  =  386  in/sec2 

subscript  numbers  refer  to 
accelerometer  location 
(See  Figure  2) 


The  angular  excursions  of  all  the  other  critical 
locations  on  the  antenna  were  Integrated  in  a 
similar  manner. 

Following  a  specific  test  procedure  the  test 
specimen  was  pulsed  at  seven  different  pitch 
rates  and  oscillograph  and  magnetic  tape  data 
was  recorded.  The  measurements  that  were 
recorded  on  the  oscillograph  are  shown  In 


TWblo  IT. 

Analysis  of  tte  oscillograph  readings  consistsd 
of  reading  tte  maximum  peak  value  aucouptcrad 
during  sack  plus  rjA  minus  pitch  dlraetftoa  for 
aach  of  tte  sera/,  pitch  rates  faulting  in  a 
total  of  fourteen  values  for  aach  channel  of 
data.  Tte  maxis  a  minutes  of  are  for  tte  various 
pitch  rates  are  t.-ill  even  though  these  values 
contained  a  considerable  amount  of  electrical 
noise  ia  all  data  channels  except  Channel  A. 

The  assist  peak  value  of  cadi  channel  and  its 
respective  pitch  rats  is  soassrissd  in  Tbble  V. 

It  can  be  seen  by  comparison  of  signal  to  noise 
levels  ttet  tte  noise  level  nay  contribute 
significantly  to  the  measured  rotations. 

This  analysis  of  the  oscillograph  date  stem 
ttet  tte  rlyntli:  oscillations  encountered  during 
trucking  operations  arc  snail  even  whe*.  the 
noise  level  le  included  in  tte  peak  rotation 
values. 

The  torque  loads  on  the  sector  gear  were  ob¬ 
tained  from  tte  accelcroneter  date  by  reeding  a 
sample  of  pitch  axis  torques  over  an  extended 
tine  span.  The  Poisson  Approximation  method  was 
then  used  to  arrive  at  s  distribution  of  tte 
number  of  cycles  of  different  torque  levels  ttet 
the  antenna  system  la  expected  to  experience 
during  Its  use.  These  torque  distributions  and 
cycles  (Tbble  VI)  were  used  for  the  sector  gear 
fatigue  analysis. 

PHOTOGRAPHIC  TEST  DATA  ACQUISITICS 

TO  obtain  additional  dynamic  response  data,  high 
speed  motion  pictures  were  taken  of  the  specimen 
during  the  dynamic  response  test.  The  photo¬ 
graphic  Information  waa  also  to  be  used  for 
comparative  purposes  with  the  accelerometer  data 
because  of  the  known  noise  problems  wl-h  the 
amplification  of  low  accelerometer  voltages 
encountered  during  the  snail  antenna  oscillation*. 

Ifering  the  aligsnent  of  the  antenna  system,  high 
speed  cameras  were  Installed  in  the  celling  loft 
In  such  a  manner  that  pitch  rate  dynamic  oscilla¬ 
tions  could  be  photographed.  Several  targets 
were  located  on  the  specimen  to  photographically 
record  the  various  motions  of  the  antenna 
system.  The  optical  target  locations,  and  their 
respective  numbers,  that  were  used  for  the 
analysis  of  the  dyramlc  oscillations  are  Illus¬ 
trated  in  Figure  3.  The  film  speed  used  for 
analysis  was  one  hundred  frames  per  second  to 
be  assured  enough  points  would  be  measured  to 
define  the  complete  cyclic  motion  of  the  speci¬ 
men.  This  frame  speed  was  based  on  a  maximum 
expected  specimen  oscillation  frequency  of  20  Hz. 

The  test  was  conducted  according  to  a  detailed 
procedure  with  the  high  speed  cameras  recording 
the  pulse  rate  data.  After  a  cursory  look  at 
the  accelerometer  data,  the  pulse  rates  that 
were  considered  to  be  the  most  critical  were 
selected  and  the  photographic  data  of  these 
rates  was  analyzed.  The  pulse  rates  that  were 
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selected  far  aoalysls  vara  A,  7,  and  n  Be. 
lb*  machine  umA  to  read  th*  photographic  data 
mu  a  Carter  Kla  Analyser  which  meaanres  dis- 
tanec*  fraa  th*  rcfcraac*  target  to  th*  Boring 
target*  (l.«.,  target*  #1,  #2,  and  #3)  In  the 
X  and  f  plane.  Baaed  on  the  geometxy  of  the 
distance*  fro*  the  pitch  axis  of  rotation  to  the 
varloua  target*,  the  equation*  of  the  angular 
rotation*  of  each  target  were  derived.  These 
equation*  were  written  ao  that  the  angle  change 
per  frane  (l.e.,  *•),  as  well  as  the  cumulative 
angle  (l.e.,  9C)  for  each  target,  was  determined. 
Also,  the  relative  angular  change  per  frame  wae 
ascertained  for  the  3  foot  dirt  with  respect  to 
its  feed  and  for  the  3  foot  dirt  feed  with 
respect  to  the  2  foot  dirt. 

A  computer  program  was  written  and  the  angular 
oscillations  of  the  various  targets  were  printed 
In  the  standard  computer  format.  Eight  different 
angular  measurements  were  printed  far  each 
picture  frame  rend.  A  description  of  the  pr  nt- 
out  data  far  the  various  targets  la  shown  In 
Dable  vn.  A  plot  routine  of  this  data  was  also 
made  to  show  a  time  history  of  the  angular  move¬ 
ment  of  the  antenna  system.  One  example  of  the 
tine  history  plots  of  photographic  data  for  a 
pulse  rate  of  A  pulses  per  second  Is  shown  in 
Figures  A  and  3.  The  first  plot  (l.e..  Figure 
A)  shows  the  change  in  angle  of  each  target 
versus  tine.  Due  to  reader  error  and  lens  dis¬ 
tortion  sane  emulative  data  error  occurs.  This 
emulative  error  Is  well  Illustrated  after  2400 
Billiseconds  In  Figure  A.  Ideally,  if  there 
were  no  emulative  errors  all  three  targets 
would  very  nearly  be  the  iwt*  value  after  2400 
Billiseconds.  The  total  angular  rotations  of 
each  target  are  not  Identical  but  the  Important 
magnitudes  of  oscillations  far  each  pitch  pulse 
are  very  well  described.  The  relative  angular 
rotations  of  targets  1,  2  and  3  (l.e..  Figure  5) 
describe  the  angular  differences  between  critical 
antenna  structural  locations. 

The  maximum  peak  angular  oscillations  measured 
from  the  photographic  data  for  pulse  rates  of 
A,  7,  and  11  Hs  are  listed  In  Table  VIII.  Tnis 
shows  that  the  highest  singular  rotation  measured 
occurs  on  the  3  foot  dish  at  a  pulsing  frequency 
of  A  H*. 

In  order  to  obtain  an  overall  comparison  of  the 
photographic  and  accelerometer  test  data,  refer 
to  Table  IX.  This  data  shows  some  of  the  varia¬ 
tions  of  angular  rotation  in  the  two- data 
gathering  techniques.  Because  of  the  electrical 
noise  observed  from  the  accelerometer  data,  it 
was  decided  that  it  was  less  accurate  than  the 
photographic  data.  This  comparison  of  both  data 
techniques  shows  the  worst  single  amplitude 
oscillation  that  was  measured  was  9-26  minutes 
of  arc  and  the  highest  relative  rotation  was 
9.51  minutes  of  arc  at  a  pulse  rate  of  A  Hz. 

FATIGUE  ANALYSIS  AND  EXTENDED  LIFE  TEST 

Due  to  the  many  variables  that  may  influence 
fatigue  failure  such  as  surface  finish,  load 
application,  environment,  etc.,  any  fatigue 


analysis  of  ever  the  simplest  parts  Is  an 
appradaatlen  at  best.  Therefore,  the  fatigue 
analysis  defining  the  specified  life  of  a  very 
complicated  antenna  systac  gear  train  under 
Inject  load  conditions  la  extremely  difficult 
to  achieve  with  any  reasonable  accuracy.  For 
this  reason,  simulated  service  testing  or  actual 
service  testing  will  provide  the  aoet  reliable 
data  for  particular  applications. 

A  simulated  service  test  prior  to  the  design  of 
a  gear  system  may  be  more  accurate  but  It  Is  not 
only  Impractical  but  In  many  cases  nay  be 
lm,*ssible  because  of  schedule  conaltnents, 
budget  restrictions,  etc.  Bren  though  the 
fatigue  analysis  Is  an  approximation,  it  Is 
aost  certainly  an  essential  part  of  any  pre¬ 
liminary  design  of  this  nature.  To  beet  illus¬ 
trate  these  differences  between  the  analysis  __ 
and  the  tsst  date,  both  a  fatigue  analysis  and 
an  extended  life  test  was  conducted  on  the 
'  antenna  gear  train  systm.  The  particular  gear 
of  concern  was  the  aluminum  allcqr  (7075*T65U ) 
sector  gear. 

The  calculated  gear  root  static  stresses,  based 
on  the  torque  loads  determined  from  the  dynamic 
response  test,  are  shown  In  Table  VI.  These 
stresses  Included  variables  such  as  impact 
factors,  scatter  factors,  stress  concentration 
factors,  and  contact  ratios  that  either  have  to 
be  assumed  or  based  on  sane  prior  experience. 

The  values  of  these  variables  are  primarily 
determined  by  the  individual  doing  the  analysis 
and  his  evaluation  of  the  gear  loading  con¬ 
ditions  and  service  requirements.  By  the 
application  of  the  Minor  theory  of  linear  cumu¬ 
lative  fatigue  damage  to  an  appropriate  S-N 
plot,  the  expected  service  life  of  the  antenna 
sector  gear  wae  determined. 

This  analysis  showed  that  the  sector  gear  would 
exceed  Its  spectnsn  life  of  3,  500  cycles  by 
approximately  170  per  cent. 

After  fabrication  of  the  sector  gear  system  a 
life  test  fixture  was  made  in  such  a  manner 
that  the  sector  gear  would  experience  similar 
inertias  and  frequencies  as  seen  on  the  actual 
system. 

Accelerometers  were  placed  on  the  inertia  simula¬ 
tors  and  the  pulse  rate  was  varied  until  the 
maximum  torques  were  obtained.  These  maximum 
torques  were  recorded  at  the  pitch  pulse  rate 
of  9  Hz.  The  torque  values  were  then  recorded 
on  the  oscillograph  for  a  long  enough  period  to 
achieve  enough  data  points  for  a  suitable 
torque  distribution.  This  data  was  then  ana¬ 
lyzed  and  the  number  of  stress  reversal  cycles 
for  various  torque  ranges  was  determined.  (See 
Table  X). 

The  extended  life  test  was  then  conducted. 
Periodic  checks  of  the  amount  of  wear  was 
recorded  after  AO,  80,  120,  and  160  hours  of 
testing.  A  comparison  of  the  amount  of  the 
gear  backlash  wear  is  tabulated  in  Table  XI. 

As  shown,  the  life  test  of  the  sector  gear  after 
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160  hours  of  testing  showed  so  Increase  in  back¬ 
lash  of  only  2.6  Minutes  of  are.  Most  of  this 
wear  occurred  In  the  first  Mo  to  80  hours  of 
test  which  leads  one  to  believe  that  Most  of  the 
wear  Is  In  anoothlng  the  rough  points  aid  high 
spots  on  the  gear  teeth. 

After  160  hours  (approximately  5  x  106  pulsing 
cycles)  of  s initiated  service  testing,  the  test 
was  stopped.  The  sector  (-ear  was  then  inspected 
and  there  was  no  evidence  of  fatigue  damage, 
cracks,  fretting,  etc.  Thus,  It  sure  than 
•  -ceeded  its  requirements  of  3500  pulsing  cycles. 
.  ie  extended  life  test  data  was  then  analyzed  In 
the  same  earner  as  described  In  the  fatigue 
analysis  dlrcusslon. 

The  fatigue  analysis  data  Indicated  gear  failure 
after  approximately  5  x  10?  applied  cumulative 
cycles  and  the  life  test  data  analysis  showed  , 
that  the  sector  gear  was  subjected  to  1.8  x  10° 
cumulative  cycles  without  failure.  Thus,  the 
fatigue  analysln  was  very  conservative  and 
resulted  In  a  conservative  design  for  this 
application.  Conservative  design  for  the  antenne 
gear  train  was  desirable  in  this  case  because 
the  additional  reliability  -/as  achieved  with  an 
insignificant  weight  penalty,  and  low  gear  wear 
and  backlash  requirements  imposed  some  conserva¬ 
tism  In  the  design. 


This  study  revealed  that  gear  via r  may  be 
examined  In  great  detail.  The  determination  of 
the  torque  loads  and  life  cycle  testing  was 
relatively  easy  to  perform.  However,  interpre¬ 
tation  and  application  of  these  results  was  a 
more  difficult  task.  This  gear  train  analysis 
etphasizes  the  fact  that  present  day  knowledge 
of  fatigue  of  complicated  systems  Is  not 
sufficiently  advanced  to  permit  design  for  a 
specified  life  witnin  close  limits.  It  must  be 
noted  that  simulated  service  testing  and  actual 
service  testing  may  provide  the  most  reliable 
data  for  particular  applications. 

CONCLUSIONS 

This  paper  has  described  the  pertinent 
structural  dynamic  aspects  of  analyzing,  design¬ 
ing  and  testing  of  a  typical  boom  mounted  space¬ 
craft  tracking  antenna  system.  Analysis  and 
tests  to  define  dynamic  structural  perturbations 
from  stepper  motor  forcing  functions.  Instru¬ 
mentation  and  data  gathering  problems  and 
techniques,  and  the  effects  of  cyclic  loading 
on  stepper  motor  gear  wear  and  fatigue 
characteristics  were  delineated.  As  the  use 
and  concepts  of  flexibly  mounted  tracking 
antenna3  increase,  these  structural  dynamic 
problems  are  of  significant  Importance  to  the 
overall  mission  and  performance  of  spacecraft 
antenna  systems. 


TABLE  I 

STEP  FORCE  PLATFORM  FREQUENCY  DATA 


Location 

Step  Force 
Direction 

Direction  of 
Measurement 

1st  Mode 

f  (Hz) 
n 

2'  Dish  A  Feed 

Pitch 

Pitch 

6-7 

2'  Dish  A  Feed 

Pitch 

Roll 

8 

2 '  Di 3h  A  Feed 

Roll 

Pitch 

20 

2 '  Dish  A  Feed 

Roll 

Roll 

7 

3’  Di3h  A  Feed 

Pitch 

Pitch 

12-14 

3'  Dish  A  Feed 

Roll 

Roll 

42 

3’  Dish  Feed  Tip 

j.  to  feed 

X  to  feed 

18-19 
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TABLE  XX 


-a* MUHai  1 


*1 

=2 

10 

Case 

"tst 

(lb- in2) 

(1) 

(lb- in2) 

(2) 

lb-le?) 

X 

3-27 

.722  X  106 

.207  X  107 

•505  X  106 

IX 

3-7 

.916  X  106 

.253  *  107 

.612  X  106 

IXX 

17.7 

.50  X  108 

.50  X  10® 

.124  X  108 

IV 

18.2 

.10  X  10? 

.10  X  10? 

.124  X  108 

(X)  ELj^  -  Bending  stiffness  in  plane  of  nodes  1,  2,  and  3 

(2)  EU  -  Bending  atlffneaa  noraal  to  plane  detemlned  by 
*  nodes  1,  2  and  3 


TABLE  HX 


STIfmaS  PARAMETER  8TOPT 

PITCH  AXIS  RESPONSE  CHANGE 


CASE 

2*  DISH 

3'  DISH 

OPEN  ANTENNA 

0 

0 

CLOSED  ANTBHA 

-30 

-60 

500  INCREASE  PUT.  STIFFNESS 

♦10 

-7> 

1000  INCREASE  PUT.  STIFFNESS 

-70 

-.50 

500  INCREASE  BOOM  STIFFNESS 

-160 

-220 

INPUT  -  4  PUISES/SECOND 


TABLE  IV 

OSCILLOCTAFH  MEASURBCBn’S  RECORDED  DURING 
THE  AMTHOTA  DXNAMIC  RESPONSE  TESTS 


Measurement 

Channel 

Units 

Value  Measured 

Symbol 

A 

in-lbs 

Total  Moment  about  Pitch  Axis 

h 

B 

Min.  of  Arc 

Relative  Rotation  of  3  ft  Dish 

3' 

F/D 

C 

Min.  of  Arc 

Feed  to  3  ft.  Dish 

relative  Rotation  of  2  ft  Dish 

2’ 

F/D 

D 

Min.  of  Arc 

Feed  to  2  ft.  Dish 

Absolute  Rotation  of  3  ft  Dis.i  Feed 

3’ 

F 

E 

Min.  of  Arc 

Absolute  Rotation  of  3  ft  Dish 

3’ 

D 

F 

Min.  of  Arc 

Absolute  Rotation  of  2  ft  Dish 

P.' 

D 

0 

Min.  of  Arc 

Absolute  Rotation  of  2  ft  Dish  Feed 

2' 

F 

H 

Min.  of  Are 

Relative  Rotation  of  3  ft  Dish  Feed 

3* 

F/2> 

F 

I 

Min.  of  Arc 

to  2  ft  Dish  Feed 

Relative  Rotation  of  3  ft  Dish  to 

3’ 

D/2' 

D 

2  ft  Dish 
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TABLE  T 


HUmm  PM  TAIflE  AMP  AVgAOI  WISE  Ugg. 
gW  PITCH  TOME  RATE 


A  ?  h 

(ln-lbe) 

B  3'  F/D  (Min) 

C  2'  F/D  " 

D  3*  F  " 

E  2'  D  " 

F  2'  D  " 

G  2*  F  ■* 

H  3'  F/2*  F  (Min) 
I  3'  D/2*  D  " 


Nut.  Peak  Value 
Fulae  Bate 

7  Pulaea/Sec. 

A 

7 

5 

k 

k 

V 

k 

k 


Maxima  Paak 

Mean  Peak 

Value 

■olae  Lerel 

5k  Tnalgnlf  leant 


6.76 

k.05 

9.k6 

k.06 

5.52 

l.kl 

6.75 

3-59 

5.53 

3.5k 

k.50 

2.63 

5.kO 

2.32 

7.80 

$.28 

TABLE  VI 

DfllAHIC  RE3P0B8E  TEST 
PITCH  AXIS  TORqLT.  LOAD  DISTRIBUTIOH 


TORQUE 
(In- Lb) 

CICLE3 

STRESS 

(pal) 

0-8 

3.661* 

5,820 

9-16 

6,668 

11,650 

17-21* 

3,568 

17,k50 

25-32 

l,lll* 

23,300 

33-UO 

1*17 

29,100 

l*l-l*8 

95 

3k,  900 

1*9-56 

18 

1.0,750 

57-61* 

1* 

1*6,600 
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k 

9.26 

2.86 

2.10 

9.51 

3.21 

7 

h.jk 

2.99 

5.25 

It. 89 

4.81 

11 

3-54 

3.91 

7.13 

3.80 

5.83 

A91  =  Target  #1  angular  rotation  -  3'  Dish 

A  0,,  =  Target  #2  angular  rotation  -  3'  Dish  Feed 

a  9^  °  Target  #3  angular  rotation  -  2'  Dieh  Feed 
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TABLE  IX 


Pulse  Rate 
Pulses/Sec 


4 


7 


11 


Pitch 

Position 

(Degrees) 


0 

15 


mmol  mg  vAiaa  or  paoroamme  abd 
aocelerokemr  a ata  from  kgram  anwoc 

RJBPOMBB  TEST 

jtow  Peek  Value  (Kin,  of  Arc) 

Value  Highest 

Measured  Photo  Accel.  Values 

(See  TtUe  V)  (See  Sable  VI n)  (See  table  V) 


3’  a 

9.26 

6.75 

9.26 

3’  F 

2.86 

4.0 

*4.0 

2*  F 

2.10 

4.5 

*4.5 

3*  F/D 

9.51 

6.76 

9.51 

3’  F/2'F 

3.21 

5.4 

*5.4 

3*  D 

4,74 

4.28 

4.74 

3*  F 

2.99 

2.72 

2.99 

2*  F 

5.25 

3.0 

5.25 

3*  F/D 

4.89 

5-14 

*5.14 

3'  F/2*F 

4.8l 

3-78 

4.8l 

3'  D 

3.54 

5.63 

*5.63 

3'  F 

3.91 

3.20 

3-91 

2'  T 

7.13 

2.70 

7.13 

3'  F/D 

3.80 

5*94 

*5.94 

3'  F/2'F 

5.83 

3.78 

5.83 

Indicates  the  accelerometer  data  gave  the  highest  value 

TABLE  X 

BtTBBDH)  LITE  TEST  PITCH 
GIMBAL  SaCTOB  GEAR  TORQUES 


Torque  Range 
(in- lb) 


Complete  Reversals 
Per  Hour _ 


0-10 
11  -  15 
16-20 
21  -  25 


7,250 
1,  350 
2,670 
180 


TABLE  XI 

EXTENDED  LIF^  TEST  PITCH  SECTOR 
GEAR  BACKLASH  MEASUREMENTS 


Gear  Backlash  Measurement 

_ (Minutes  of  arc) _ 

Start  After  After  After  After 

4o  Hr s.  80  Hrs.  120  Hrs.  150  Hrs. 


8.3 


10.3  10.5  10.8 


10.9 


8.3  9-2 


9-9  10.8  10.8 


199 


KE 


201 


55 


Cm 

O 


50. 

45. 

40. 

35. 

30. 

25 

20 


i  15 

3 

EO 


10 


i  5 

o 

0 

-5 


§ 


8 

6 

4 


S  2 

35 

s0 


W 

8-2 


-4 

-o 

-8 

"10 
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SKIPS  PROBLEMS 


DETERMINATION  OF  FIXED-BASE  NATURAL  FREQUENCIES  OF  A 
COMPOSITE  STRUCTURE  OR  SUBSTRUCTURES  (U) 


C.  Ni,  R.  Skop,  and  J.  P.  Layher 
Naval  Research  Laboratory 
Washington,  D.C. 


A  general  technique  for  determining  the  fixed-base  natural  fre¬ 
quencies  of  an  in  situ  or  laboratory  mechanical  structure  or  substruc¬ 
ture  is  presented.  These  frequencies  are  obtained  semianalytically 
through  a  series  of  response  measurements  and  by  utilizing  the  invari¬ 
ance  properties  of  the  mobility  elements  of  the  structure  under  inves¬ 
tigation.  The  analysis  is  based  on  an  arbitrary  conceptual  lumped  mass 
model  of  an  n  degrec-of-freedom,  undamped  linear  time -invariant  sys¬ 
tem,  but  the  technique  derived  from  this  analysis  is  also  applicable  to 
continuous  structures.  An  extension  of  the  method  to  damped  linear 
time- invariant  systems  is  made  to  study  the  feasibility  of  its  application 
in  real  structures.  The  fixed-base  natural  frequencies  of  the  lowest 
two  modes  of  a  beam  on  three  supports  are  determined  by  theoretical 
calculations,  a  standard  resonance  test,  and  the  semianalytical  tech¬ 
nique  presented  in  this  paper.  A  comparison  of  the  results  shows  the 
applicability  and  usefulness  of  the  method  described  herein. 


INTRODUCTION 

As  a  result  of  recent  developments,  the 
application  of  matrix  analysis  to  the  solution  of 
dynamic  problems  of  large  composite  struc¬ 
tures  has  become  widespread.  The  division  of 
a  composite  structure  into  mutually  coupled 
substructures  with  constraints,  is  one  of  the 
essential  steps  in  this  analysis.  These  con¬ 
strained  substructures  are,  in  turn,  treated 
separately  to  produce  results  that  are  then  syn¬ 
thesized  to  obtain  the  dynamic  properties  of  the 
total  composite  structure.  Methods  of  struc¬ 
ture  synthesis  are  categorized  according  to  the 
applied  internal  boundary  conditions  among  the 
divided  substructures:  the  displacement  method 
primarily  emphasizes  the  matching  of  internal 
boundary  displacements,  and  the  force  method 
basically  considers  the  equilibrium  of  inter¬ 
action  redundant  forces.  Among  the  developed 
methods  reported  to  date,  a  displacement 
method  treated  by  Kurty  [1|  is  particularly  in¬ 
teresting  in  certain  engineering  applications. 

In  his  method,  a  composite  structure  is  divided 
into  fixed-base  (or  fixed-constraint)  substruc¬ 
tures.  The  dynamic  problem  of  the  total  com¬ 
posite  structure  is  then  reduced  to  the  solution 
of  two  separate  problems: 


(1)  The  dynamic  problem  of  the  fixed- 
base  substructures. 

(2)  The  mechanical  coupling  between  the 
adjacent  substructures. 

This  division  is  advantageous  in  the  treatment 
of  composite  structures  consisting  of  functional 
substructures.  Normally,  the  spatial  configu¬ 
ration  of  a  functional  substructure  is  well  de¬ 
fined,  and  the  imposed  fixed-base  constraint 
isolates  the  particular  substructure  from  its 
surroundings.  Consequently,  the  obtained  dy¬ 
namic  properties  of  this  substructure  are  inde¬ 
pendent  of  space  and  time,  and  such  data  car  be 
of  permanent  value  in  engineering  practice. 
Parallel  but  independent  to  this  treatment,  the 
determination  of  fixed-base  natural  frequencies 
has  been  studied  both  theoretically  and  experi¬ 
mentally  [2|-[5j  at  the  U.S.  Naval  Research 
Laboratory. 

In  order  to  design  a  structure  which  under¬ 
goes  dynamic  loading,  a  knowledge  of  the  natural 
frequencies  of  free  vibration  of  the  structure  is 
required.  Two  commonly  used  approaches  for 
determining  the  fixed-base  natural  frequencies 
of  a  structure  are: 
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(1)  Analytical  approach:  This  approach 
requires  modeling  the  structure  under 
study.  In  general,  the  modeliu*  prob¬ 
lem  is  very  complicated  and  virtually 
relies  on  individual  experience  and  in¬ 
tuitive  judgment. 

(2)  Experimental  approach:  This  approach 
is  essentially  a  structure  resonance 
method.  By  sweeping  a  range  of  ex¬ 
citing  frequencies,  the  resonance  mode 
of  the  structure  is  actually  excited  by 
the  applied  oscillatory  force  at  the 
given  fixed-base  supporting  condition. 
The  fixed-base  natural  frequencies  ci 
the  structure  are  identified  by  the 
resonance  frequencies.  This  method 
fails  when  the  supporting  bane  becomes 
flexible. 

The  acquisition  of  information  concerned  with 
the  fixed-base  natural  frequencies  is  made  dif¬ 
ficult  by  the  induced  uncertainties  and  the  limi¬ 
tations  of  these  two  methods. 

These  limitations  are  overcome  by  a  semi- 
analytical  method  for  determining  the  fixed- 
base  natural  frequencies  of  composite  struc¬ 
tures  which  has  recently  been  developed  [6]. 

The  structure  dynamic  response  measurements 
at  the  constraints  of  the  substructure,  and  the 
invariance  properties  of  the  total  structure,  are 
used  to  determine  the  substructure's  true  fixed- 
base  natural  frequencies.  The  mathematical 
analysis  is  based  on  a  "Conceptual  Lumped 
Mass  Model"  to  derive  expressions  for  special 
functions  in  terms  of  measurable  physical 
quantities.  These  quantities  are  the  appro¬ 
priate  dynamic  responses  of  the  structure  and 
the  applied  forces.  Such  special  functions  con- 
iain  the  information  of  the  fixed-base  natural 
frequencies  of  the  divided  substructures  and 
the  natural  frequencies  of  the  total  structure. 

By  proper  deduction  from  those  special  func¬ 
tions,  the  fixed-base  natural  frequencies  of  the 
substructure  under  consideration  can  be  con¬ 
cluded. 

A  "Conceptual  Lumped  Mass  Model"  is  a 
lumped  mass  model  without  actually  modeling 
the  real  structure.  The  advantage  of  this  con¬ 
cept  is  to  hy-pass  the  complicated  modeling 
problem  and  allow  us  to  approach  a  continuous 
model  with  ease.  Furthermore,  in  doing  this, 
point-wise  measurement  in  experiment  become 
rigorously  justified.  The  results  derived  from 
this  method  are  actuai  physical  quantities  of 
the  substructures  or  the  total  structure  consid¬ 
ered  as  a  whole. 


The  experimental  verification  of  this  semi- 
analytical  method  not  only  provides  a  definite 
way  to  obtain  the  fixed-base  natural  frequencies 
desired,  but  also  proves  the  applicability  of  the 
lumped  mass  model  itsel*,  In  general.  Such 
proof  consolidates  the  mau  tx  analysis  of  com¬ 
posite  structures  on  its  basic  1'ieoretical 
ground. 


THEORETICAL  ANALYSIS 

A  steady  state  solution  is  used  to  develop  a 
semianalytical  method  for  the  determination  of 
fixed-base  natural  frequencies  by  shake  test. 
Generalized  coordinates  in  configuration  space 
and  matrix  representation  of  a  dynamic  struc¬ 
ture  are  used  in  this  theoretical  treatment.  The 
analysis  is  based  on  an  arbitrary  undamped, 
linear  time-invariant,  conceptual  lumped  mass 
model.  An  extension  of  this  method  to  cases  of 
small  linear  damping  is  then  validated  (Appen¬ 
dix). 

The  governing  differential  equation  of  an  n 
degree -of-freedom  dynamic  structure  has  the 
general  form 

[M]{q}  +  [Kl  {q}  =  {F ( t )}  .  (1) 

For  an  applied  sinusoidal  force 

F(t)=  f  sin &it  (2) 

the  steady  state  solution  of  equation  (1)  has  the 
general  form 

<q)  =  {q  sin  t  ♦  <t>))  (3) 

where  <t>  is  the  relative  phase  or  the  associated 
response  with  respect  to  the  applied  force.  For 
undamped  systems,  (4>  run,  m  0,  1,  . . . )  equa¬ 
tion  (3)  becomes 

(q)  =  <q  cos  <t>  sin  O  (4) 

and  the  spatial  part  of  equation  (1)  becomes 

(-ojJ[M]  »  [Ki.(qcosp)  -  {f}  (5) 

or 

t  ~  [Kl  J  ’q  sin  t)  -  {1}  (6) 

where 


<  q  cos  -  q  sin 

for  steady  states. 
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The-  linear  operator  in  equation  (6) 

m  =(-«m  ♦  i»i) 

Lb  defined  as  tbe  mechanical  impedance  matrix. 

For  a  nondegenerate  ay  stem,  the  imped¬ 
ance  matrix  hae  a  rank  n  and  its  inverse  exists 

[zf'lzj  =  [ZHZ]*'  =  [il  .  W 

By  a  linear  transformation,  equation  (6)  :an  be 
written  as 

{q  *in  =  [1]  {?)  .  (8) 

whern 

»]  =  [zf  ‘  (9) 

is  defined  as  the  mobility  matrix  of  the  system. 


can  be  calculated  from  directly  measurable 
physical  quantities,  Le.t  tbe  response  and  force 
amplitudes  and  tbe  relative  phase  between  them. 
Equation  (9)  shows  that  the  lements  of  the  mo¬ 
bility  matrix  can  be  expressed  in  terms  of  co- 
factors  of  the  impedance  determinant  and  the 
impedance  determinant  itself 


It  is  evident  that,  for  a  given  structure,  the 
mobility  elements  are  functions  of  the  exciting 
frequency  alone.  In  other  wrjrds,  the  mobility 
elements  are  invariant  physical  quantities  of 
the  dynamic  structure  with  respect  to  space  and 
time.  They  are  independent  of  the  condition 
whether  the  resonance  modes  of  the  equipment 
substructure  are  excited  or  not.  Therefore,  one 
may  obtain  the  necessary  mobility  elements  ex¬ 
perimentally  and  construct  tbe  resonance  con¬ 
dition  for  the  determination  of  the  fixed-base 
natural  frequencies  of  a  substructure. 


Any  mechanical  structure  can  be  described 
by  three  coupled  main  sidistructures: 

Equipment:  Tbe  substructure  under 
investigation. 

Support:  The  substructure  support¬ 

ing  the  equipment. 


Consider  a  system  composed  of  an  ¥ 
degree-of-freedom  equipment  sii) structure,  an 
m  -  t  degree-of-freedom  support  substructure 
and  airn-p  degree-of-freedom  base  substruc¬ 
ture.  The  condition  for  the  excitation  of  a  reso¬ 
nance  mode  of  the  equipment  substructure  at 
one  of  its  fixed-base  natural  frequencies  re¬ 
quires 


Base:  The  remaining  part  of  the 

total  structure  other  than 
the  equipment  and  support. 


According  to  the  above  subdivision,  equation  (6) 
can  always  be  arranged  to  have  the  partitioned 

form 

/ 


[Z’J 

(C,-) 

(0) 

f  " 

in 

(C/)T 

[Z’J 

(<V> 

4 

{m*  } 

>  -■< 

{?»}  > 

.... 

(0) 

(<V)T 

[*'•]_ 

{?>} 

V  ✓ 

.I*  \ 

(10) 


It  is  noticed  that  there  is  no  direct  coupling  be¬ 
tween  the  equipment  and  the  base  substructure 
because  of  definition. 


From  equation  (8),  the  elements  of  the  mo¬ 
bility  matrix 


m 


«  1 


—  sin 


(id 


Ml,,  Ml.j  •••  :  M,,  =  0  .  I13) 

From  equation  (8),  one  may  single  out  the  part 
containing  the  generalized  velocities  of  the  sup¬ 
port  substructure  and  apply  the  equipment  sub¬ 
structure  resonance  condition  in  equation  (13) 


"VmVM  ^¥*1  *  mS»U»2  ^¥*2  *  *  "Vln  fn  =  0 

(14) 

"Wl  *VM  4  'Vw  ff*2  4  •••  4  "W  ;  0  • 

The  existence  of  a  solution  of  this  set  of  simul¬ 
taneous  homogeneous  algebraic  equations  de¬ 
pends  on 


(1)  n  -  v  >  m-  t  There  are  infinite  number 
of  solutions  for  various 
given  forces. 


(2)  n-  v  =  «-  ?  There  exists  a  non-trivial 
solution.  It  becomes  an 
eigenvalue  problem. 


(3 )  ii  -  ¥  m  -  V 


There  is  no  solution. 
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By  controlling  he  ahakmg  farces,  one  always  css  restrict  himself  to  the  second  esse,  Le., 
n  -  *  =  *-t.  The  «ecular  equation  of  this  case  is  defined  as  the  mobility  function 


(IS) 


The  matrix  corresponding  to  this  mobility  function  in  equation  (15)  is  a  square  mobility  stdxnatrix. 

[O] ,  associated  with  the  dynamic  responses  of  the  support  substructure.  Equation  (15)  shows  that  all 
the  forces  are  applied  on  the  support  substructure,  and  we  shall  continue  to  limit  ourself  to  this  par* 
ticular  case  throughout  the  derivation.  In  practice,  the  forces  can  be  applied  any  where  except  an  the 
equipment  substructure  as  is  shown  in  (6). 

It  is  important  to  show  explicitly  that  the  mobility  function  does  contain  the  information  of  the 
fixed-base  natural  frequencies  of  the  equipment  substructure.  Equation  (7)  shows  that  the  impedance 
matrix  and  the  mobility  matrix  are  commutative  and  they  can  be  written  in  a  partitioned  form  ac¬ 
cording  to  the  substructures. 
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The  matrix  multiplication  in  equation  (16),  by  summation  convention,  may  be  written  as 


iim»k  -  i 

i  =  k 

Mm»k  =  0 

i  t  k 

Suppose  the  mobility  matrix  is  replaced  by  a  nonsingular  matrix 


(17) 


Equation  (16)  becomes 
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Taking  the  determinant  of  both  skies  of  equa¬ 
tion  (19)  and  applying  Laplace's  expansion, 
equation  (19)  becomes 

|[ZJi  •D(-„;a)  r  1 IZ*] |  •  1(2**]! 


or 


0(«}|:  «*=)  = 


IIZ*]|  *  1 12"]  I 

TiaT 


(20) 


Equation  (20)  shove  explicitly  that  the  mobility 
fimction  not  only  carries  information  of  the 
fixed -base  natural  frequencies  of  the  equipment 
substructure,  |  [z*  ]  |  =  0,  but  also  the  fixed- 
base  natural  frequencies  of  the  base  substruc¬ 
ture  |  Iz1*)  |  =  0,  and  the  natural  frequencies  of 
the  total  structure  !  [Z]  |  =  0. 


Since  our  main  interest  is  to  determine  the 
fixed-base  natural  frequencies  of  the  equipment 
substructure,  it  is  desirable  to  devise  a  func¬ 
tion  which  eliminates  the  extraneous  informa¬ 
tion  involved  in  the  mobility  functions.  Suppose 
an  additional  abating  force  is  applied  at  one 
location  on  the  equipment  substructure,  then  by 
following  the  same  procedure  of  deriving  a  m  o¬ 
bility  function,  the  corresponding  mobility 
function  may  be  written 


“  fmi»t  j»r  : 


mt,  ...  i|( 


Vi 


iiri!  •iczbr 

iiai 

(21) 


Comparing  equation  (20)  and  (21),  the  imped¬ 
ance  determinants  of  the  base  substructure  and 
the  total  structure  are  the  common  factors. 
This  suggests  that  the  extraneous  information 
can  be  excluded  by  taking  the  ratio  of  these  two 
mobility  functions.  For  this  purpose,  a  reso¬ 
nance  function  is  defined  as 


!  (Z'-)i 

i  iZr)  ' 


.  (22) 


Here,  a  double  line  designates  absolute  value. 
T*.?  absolute  values  are  chosen  to  be  used  in  the 
resonance  function  so  that  its  graphical  repre¬ 
sentation  conforms  to  the  conventional  concept 
of  "resonance  peak."  For  a  physical  syctem, 

!  [Z"]  I  is  finite  lor  a  finite  exciting  frequency 
< ;  thus  the  singularities  of  the  resonance  func¬ 
tion  4>( ;  j:  &••)  corresponding  to  [  [Zr]  |  =  0  give 
the  identity  of  the  fixed-base  natural  frequen¬ 
cies  of  the  equipment  substructure. 


R  is  important  to  point  oat  that  the  reso¬ 
nance  function  is  not  defined  when 

KZ^lsO  and  i  (Z)  |  =  0  .  (23) 

although  the  analytical  form  in  equation  (22) 
shows  that  the  resonance  function  is  independent 
of  the  impedance  determinants  ( faS*»] )  and  |  (z)  |. 
The  reason  is  that  we  arc  not  measuring  the  im- 
pedance  elements  but  the  nobility  elements  in¬ 
directly  through  force  and  response  measure¬ 
ments  according  to  equation  (11).  It  is  then 
evident  from  equation  (22)  that,  when  )  [Zb]  |  =  0 
and  |  [Z] !  =0,  the  resonance  function  becomes 
0/0  and  00/00  respectively.  Such  induced  am¬ 
biguities  can  be  elimii  aled  by  data  analysis  and 
present  no  real  problem. 


EXPERIMENT  AND  APPLICATION 

The  success  of  this  method  in  computer 
simulations  [6]  was  followed  by  laboratory  ex¬ 
periments  conducted  at  the  random  vibration 
laboratory,  NRL.  A  detailed  report  on  experi¬ 
mental  procedures  and  results  is  being  prepared 
as  an  NRL  Report. 

Physical  quantities  as  well  as  theoretically 
derived  special  functions  pertaining  to  the 
practical  application  of  this  method  are  sum¬ 
marized  here: 

Mobility  elements  (for  acceleration  response) 


% 


.  Z  -  —  COS  *5  j  . 

1  j 


Mobility  functions 


fi(rn.  .  :  !■;)  =  I  [nij  .]  I 


[Zf]  j  •  I  tzb)  | 

!  [Z]  f 


i.  j  -  1.  2.  ...  t. 

t  -  total  number  of  support  points. 


n'(nij  oi)  :  I  [rrijj]  j 
i .  j  =  1.  2.  ...  t  ♦  1. 


! [z-'Jb  | [zbj_! 

!tzj  I 


( t  «  1  )th  point  on  equipment  substructure. 
Resonance  function 
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The  mmtorablo  quantities  q,(  TJ(  vit  are  ob- 
tatoed  by  a  aeries  q(  shake  testa.  Since  the 
shake  teat  itself  is  well  known  in  structure 
dynamic  response  studies,  only  a  few  important 
aspects  which  are  essential  to  conclude  mean* 
infful  results  are  presented  in  this  paper.  R  is 
understood  that  the  natural  frequencies  of  a 
structure  are  linear  dynamic  properties  of  the 
structure.  The  corresponding  mathematical 
model  used  in  the  theoretical  analysis  is  linear 
time-invariant  and  deterministic.  Therefore, 
tht  hey  governing  rule  of  the  experimental  or 
test  measuremen.  s  it  to  confine  the  operation 
within  the  range  of  Linearity.  In  practical 
terms,  the  mdse  from  all  sources  must  be  kept 
low.  It  is  noticed  in  the  theoretical  analysis 
that  the  relative  phase  of  the  responses  with 
respect  to  the  applied  force  are  necessary  in 
the  mobility  and  resonance  function  calculation, 
even  in  an  undamped  linear  time-invariant 
case.  In  practice,  the  measured  responses  al¬ 
ways  Involve  frequency  components  other  than 
the  exciting  frequency,  in  spite  the  fact  that  the 
exciting  frequency  can  be  a  well  defined  and 
controlled  value.  The  main  sources  of  these 
undesirable  frequency  com)>c*::its  are  of  elec¬ 
trical  and  mechanical  origin.  Cop>^U,ution  due 
to  electrical  distortion  arc  after  mend  able.  The 
mechanically  induced  distortion  is  mainly  due 
to  the  nonlinear  dynamic  oehavior  of  the  total 
structure,  which  is  an  inherent  property  of  the 
structure  under  test  and  cannot  be  removed 
without  altering  the  structure  itself.  However, 
such  nonlinear  responses  are  avoidable  if  a 
specific  experimental  procedure  is  established 
so  that  the  test  is  conducted  within  the  dynamic 
range  where  the  linear  time -invariant  mathe¬ 
matical  model  is  valid.  Within  this  dynamic 
range,  the  mobility  elements  of  a  given  struc¬ 
ture  are  independent  of  space  and  time,  but 
functions  of  the  exciting  frequency  alone.  By 
utilizing  this  invariance  property  of  the  mobil¬ 
ity  elements  as  a  guide  line,  the  determination 
of  fixed-base  natural  frequencies  of  a  substruc¬ 
ture  becomes  possible. 

For  the  very  reason  described  above,  pre¬ 
paratory  work  is  needed  before  taking  useful 
data.  This  work  is  described  below. 

(1)  Force  amplitude  determination:  Either 
too  small  or  too  large  a  force  amplitude  will 
cause  increasing  noise  to  signal  ratio,  conse¬ 
quently  reducing  the  reliability  of  mobility  ele¬ 
ment  calculation.  Although  the  mechanisms  are 
different  for  these  two  cases,  the  former  is  be- 
lievr  I  due  to  harmonic  instability  ([7],  [8])  and 
the  latter  is  more  likely  due  to  the  inelastic 
property  of  the  structure,  their  effect  on  this 
particular  method  is  the  same.  To  avoid  this 
difficulty,  an  appropriate  magnitude  of  the  force 


amplitude  has  to  be  first  selected.  This  is  done 
by  varying  the  force  amplitude  applied  on  the 
structure  while  response  measurements,  taken 
at  a  given  constant  exciting  frequency  are  re¬ 
corded  by  oscillograph.  The  mobility  elements 
corresponding  to  each  force  amplitude  setting 
are  calculated  and  plotted  against  force  ampli¬ 
tudes.  A  typical  plot  is  shown  in  Figure  1. 
Within  the  range  designed  by  Bf  h,  the  plot,  the 
mobility  element  is  force  amplitude  independent 
for  a  given  exciting  frequency  *>.  Responses 
due  to  forces  within  this  dynamic  range  are  es¬ 
sentially  governed  by  the  linear  time-invariant 
analytical  model. 

(2)  Narrow  band  filter  application:  One  is 
aware  that  nonlinear  responses  of  varying  de¬ 
gree  are  always  present  in  real  structures. 

Only  structures  with  small  nonlinear  dynamic 
behavior  are  considered  here  because  domi¬ 
nantly  nonlinear  systems  certainly  cannot  be 
described  by  a  linear  analytical  model.  Direct 
measurement  of  relative  phase  angle  by  a  zero 
crossing  type  of  phase  meter  or  lissajous  type 
of  measurement  an  oscilloscope  is  very  diffi¬ 
cult  at  times.  This  difficulty  is  overcome,  for 
slightly  damped  cases,  by  using  a  narrow  band 
filter  and  comparing  the  phase  difference  be¬ 
tween  the  two  fundamental  components. 

After  the  preparatory  work  is  done,  the 
remaining  task  of  the  experiment  or  test  is 
rather  routine  and  will  not  be  discussed  here. 
The  necessary  data  is  collected  and  then  used 
to  calculate  the  value  of  the  mobility  functions 
and  the  resonance  function  corresponding  to 
each  exciting  frequency.  This  is  a  straight¬ 
forward  routine  on  any  digital  computer,  and  no 
special  program  is  needed. 

In  order  to  draw  conclusions  about  the 
fixed-base  natural  frequencies  of  the  equipment 
substructure,  the  possible  ambiguities  men¬ 
tioned  in  the  theoretical  analysis  have  to  be 
eliminated.  The  technique  for  doing  this  task 
is  illustrated  in  the  schematic  diagram  given 
in  Figure  2. 

The  mechanical  system  used  in  a  labora¬ 
tory  experiment  to  test  the  validity  and  applica¬ 
bility  of  the  method  presented  in  this  paper  is 
shown  in  Figure  3.  The  structure  is  essentially 
composed  of  three  substructures: 


Equipment:  The  equipment  substruc¬ 
ture  consists  of  a  1"  x 
2"  x  4’  steel  beam  with 
three  simple  supports  at 
the  quarter  points  along 
its  length. 
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Support:  The  support  substructure 

consists  of  all  the  com¬ 
mon  points  of  the  equip¬ 
ment  and  the  base. 

Base:  The  base  is  the  remaining 

part  of  the  total  structure 
other  than  the  equipment 
and  the  support.  The 
base  consists  of  a  metallic 


truss-like  frame  con¬ 
structed  partially  of  steel 
frame  and  partially  of 
aluminum  channels. 

The  results  obtained  from  the  semlanalytical 
method  developed  here  reveal  fixed-base  nat¬ 
ural  frequencies  of  the  lowest  two  modes  of  the 
test  beam  of  125  Hz  and  140  Hz  as  shown  in 
Figure  4.  These  results  are  compared  below 
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Fig.  3  -  Test  structure  (U) 


with  theoretically  calculated  \alues  as  well  as 
experimental  results,  shown  in  Figure  5,  from 
a  standard  resonance  test: 


Theoretical  calculation  138  Hz 


Standard  resonance  test  120  Hz 


Semianalytical  method  125  Hz 


148  Hz 

(140  Hz) 
not 

conclusive 
140  Hz 


One  observes  that  the  discrepancies  between 
the  experimental  results  are  smaller  than  those 
between  either  experimental  result  and  the  cal¬ 
culated  theoretical  value. 


DISCUSSION  AND  CONCLUSION 

There  is  a  discrepancy  of  less  than  five 
percent  between  the  results  of  the  two  experi¬ 
mental  methods.  Figures  4  and  5  show  that,  in 
this  case,  the  semianalytical  method  gives  a 
better  resolution  of  the  fixed-base  natural  fre¬ 
quencies  than  the  standard  resonance  test 
method.  The  discrepancies  between  the  ex¬ 
perimental  results  and  the  theoretical  results 
calculated  from  Bernoulli-Euler  beam  theory 


amount  to  ten  to  fifteen  percent.  An  examina¬ 
tion  of  the  possible  causes  of  the  higher  theo¬ 
retically  predicted  natural  frequencies  reveals 
that  they  are  most  likely  due  to  neglecting  vis¬ 
cous  damping.  When  viscous  damping  is  taken 
into  consideration,  the  calculated  frequency 
values  are  lowered  and  the  discrepancy  gap  is 
narrowed.  This  implies  that  the  semianalytical 
method  yields  quite  accurate  results.  There¬ 
fore  it  is  concluded  that: 

1.  The  semianalytical  method  gives  accu¬ 
rate  structural  dynamic  information. 

2.  The  semianalytical  method  provides  a 
simple  means  to  determine  fixed-base 
natural  frequencies  of  a  composite 
structure  in  situ.  Such  measurement 
cannot  be  done  by  any  existing  standard 
test  method. 

3.  The  semian?'/tical  method  overcomes 
the  induced  uncertainties  and  the  limi¬ 
tations  of  the  analytical  and  conventional 
experimental  approaches. 
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Fig.  5  -  Experimental  result  (standard  resonance  test  method)  (U) 


Appendix 

DAMPED  LINEAR  TIME -INVARIANT  SYSTEM 


Assume  the  dissipative  energy  of  a  damped  or 
linear  time-invariant  system  can  be  described 
by  the  Rayleigh  dissipation  function 

R  -  \  Lqj[R]<q}  .  (Al) 

The  elements  r  s }  of  the  damping  matrix  [r] 
are  real  and  positive.  The  governing  differen¬ 
tial  equation  of  such  adynamic  system  is 

[M](q)  *  [R]{q>  t  [K]  (<|)  -  iF}  .  (A2) 

The  general  solution  of  equation  (A2)  is 

(q)  { q  co  /  sincct  «  q  sin  cos  cot)  (Ac) 


[Z]{qsin  t)  -  [RHqcost}  if}  (A5) 

[RHqsin/}  +  [Z](qcos/}  (0)  (A6) 

by  substituting  ^  sin  *  q  cos  ./•  Here,  fz] 
is  the  impedance  matrix  as  if  the  system  is  un¬ 
damped.  Equation  (A6)  determines  the  relative 
phase  of  the  responses  with  respect  to  the  ap¬ 
plied  forces.  For  small  damping,  rjj  "  1, 
eliminating  the  response  vector  component 
(q  cos  ,•  >,  equation  (A5)  becomes 


for  a  sinusoidal  force  input  (F>  (f  sin  ret}. 
The  spacial  part  of  equation  (A2)  becomes 

-reJ  [M]  (q  cos  /}  -  re  [R]  {q  sin  i } 


*  IK]  (q  cos  /}  {7} 

'•ri'1  [M]  fq  sill  .  }  ♦  re  [RHq  cos  /} 


(A4) 


♦  [K]  {q  sin  /}  "  (0} 


iqsi.W}  -  ([I]  *  [zf'tRMzf  [R]f  [Z]*'<7} 

(A7) 

or  in  terms  of  the  mobility  matrix  of  the  cor¬ 
responding  undamped  system 


'qsin  /}  f  [i]  *  ['ll]  lr]  ■  [<]  [R] )**  [WHO  . 

(A8) 
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For  certain  real  structures,  »i  j  and  rtj  are 
normally  very  small.  Considering  a  first  ap¬ 
proximation 

(Ill  ♦  DUIM-DHlR])"'  -  tlf*  =  [I] 
equation  (A8)  can  be  written  as 


(q  »in  <t>)  =  [*]{f>  .  (A9) 

This  is  exactly  the  expression  of  equation  (8) 
in  the  main  text  for  the  corresponding  un¬ 
damped  system.  Therefore,  we  conclude  the 
applicability  of  the  method  to  slightly  damped 
linear  time-invariant  systems. 
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EQUIVALENT  SPRING-MASS  SYSTEM:  A  PHYSICAL  INTERPRETATION* 

Bet.  K.  Wad a,  Robert  Bamford,  and  John  A.  Garba 
Jet  Propulsion  Laboiatory 
Pasadena,  California 


Large  finite  element  computer  programs  and/or  comprehensive  modal 
tests  are  used  to  obtain  the  eigenvalues  and  eigenvectors  of  structures 
that  have  many  degrees  of  freedom.  The  large  quantity  of  data  often 
masks  the  physical  implications  of  the  results,  and  these  implications 
are  invaluable  for  proper  data  usage. 

This  paper  describes  a  technique  that  generates  an  equivalent  spring- 
mass  model  for  each  eigenvector  of  the  structure  when  the  generalized 
mass  and  stiffness  matrices  are  available. 

The  physical  significance  of  the  equivalent  spring-mass  system  and  its 
application  in  modal  testing,  identification  of  eigenvectors,  extraction 
of  a  lower-order  model,  comparison  of  similar  models,  selection  of 
significant  eigenvectors,  and  usage  with  limited  computer  programs  are 
discussed. 


INTRODUCTION 

Large  finite  element  structural  analyses 
computer  programs  and/or  large  modal  tests 
are  used  to  evaluate  dynamic  solution  of  struc¬ 
tures  with  many  degrees  of  freedom.  Often  the 
degrees  of  freedom  of  the  structure  are  reduced 
by  use  of  selected  eigenvalues  and  eigenvectors 
as  generalized  coordinates  for  a  dynamic 
response  solution.  The  large  quantity  of  data 
representing  the  eigenvalues  and  eigenvectors 
often  masks  the  physical  implications  of  the 
results,  and  these  implications  are  invaluable 
for  proper  data  usage. 

This  report  uses  well-known  concepts  to 
develop  a  technique  of  obtaining  an  equivalent 
spring-mass  system  for  each  eigenvector  when 
the  dynamic  characteristics  of  the  structure  are 
available  as  a  generalized  mass  matrix  and 
associated  eigenvalues.  The  technique  is 
equally  applicable  to  test  data  or  data  from 
analyses  of  continuous  structures  or  analyses 
of  discrete  structures. 

The  procedure  is  to  renormalize  each 
eigenvector  such  that  its  reaction  is  equal  to 
that  of  a  corresponding  equivalent  single-degree- 
of-freedom  (spring-mass)  system.  Incremental 
inertia  properties  must  be  added  in  the  model  to 
represent  the  rigid-body  contribution  of  the 
truncated  eigenvectors.  In  order  to  illustrate  the 
concept,  a  simple  model  of  a  cantilevered  beam 
is  described  (Figs.  1  and  2), 


simuux  * 


1Y1 

Fig.  1.  Initial  structure 


f.GllwlCIG*  •"  notH.ino* 


Fig.  2.  Cantilever  eigenvectors 
of  structure  A 


The  equivalent  single -degree-of-freedom 
system  (Fig.  3)  for  each  eigenvector  of  Struc¬ 
ture  A  (Fig.  2)  is  normalized  and  represented 
such  that  each  reaction  R,  is  properly  simulated. 
The  "rigid  mass”  in  Fig.  3  represents  the  rigid- 
body  mass  properties  of  Structure  A  contributed 
by  the  truncated  eigenvectors. 

The  procedure  to  define  equivalent  single- 
degr^e-of-freedom  systems  is  developed  for  the 
general  case  wherein  six  base  reactions  are 
represented  by  three  orthogonal  force  compo¬ 
nents  and  three  orthogonal  moment  components. 


This  paper  presents  the  results  of  one  phase  of  research  carried  out  at  the  Jet  Propulsion 
Laboratory,  California  Institute  of  Technology,  under  Contract  No.  N'AS  7-100,  sponsored  by 
the  National  Aeronautics  and  Space  Administration. 
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Fig.  3.  Structure  A  represented  as 
equivalent  spring -mas*  systems 


The  primary  objective  is  to  indicate  the 
physical  significance  of  the  equivalent  spring- 
mass  system  and  its  application  in  modal  testing, 
identification  of  eigenvectors,  extraction  of 
lower-order  model,  comparison  of  similar 
models,  selection  of  significant  eigenvectors, 
and  usage  with  limited  computer  programs. 

ANALYSIS 

The  Equilibrium  Equation* 

Thu  unrestrained  equilibrium  equation  of  a 
discrete  undamped  structure  is 

[  m  1 1  u }  +[k!ju|  s  jf}  (1) 


where 

[m]  =  mass  matrix  corresponding  to  each 
degree  of  freedom  with  mass 

[k]  =  stiffness  matrix  corresponding  to 
each  degree  of  freedom 

Juj  =  displacement  vector  representing 
each  degree  of  freedom  (includes 
translation  and  rotation) 

j f  |  =  force  vector 

The  eigenvalues  and  eigenvectors  of  the 
structure  defined  by  Eq.  (1)  after  restraints  are 
imposed  and  obtained  from  the  rolution  of 

[-w2imu]  +  [kul]|Uu}  HO}  (2) 

where  u  =  UQeIwt  and  j f }  =  0  are  substituted  into 
Eq.  (1).  Subscript  u  refers  to  the  matrices  after 
the  restrained  degrees  of  freedom  arc  elimi¬ 
nated.  The  i*h  eigenvalue  and  arbitrarily  nor¬ 
malized  eigenvectors  are  represented  as 
and  |4> ; }  . 

The  order  of  Eq.  (1)  can  be  reduced  when 
the  structural  characteristics  exhibited  by  the 
lower  eigenvalues  and  eigenvectors  are  most 
significant.  The  total  motion  of  each  degree  of 
freedom  |uj  is  represented  as  a  linear  combina¬ 
tion  of  displacement  functions 


N  •  [(♦rl-l'lM . {♦.»}]  j|Pr|J 

(|Pn|l 


(3) 


where 


[*rl 


lPr! 

iPnl 


=  number  of  retained  eigenvectors 

=  displacement  of  {u }  associated  with 
six  rigid- body  motions  at  the 
restraint  point 

=  generalized  displacements  associ¬ 
ated  with  rigid- body  motions  at  the 
restraint  point 

-  generalized  displacements  associ¬ 
ated  with  the  eigenvectors 


Substitution  of  Eq.  (3)  into  Eq.  (1)  and 
premultiplication  by[i]  *  results  in 


KJ 

[*4 

■ 

|lPrfj 

0 

0 

: 

kJ 

KJ 

kij 

0 

Kl 

M 

If} 

(4) 


where 


Mrrj 


mass  matrix,  rigi'. -body  modes 

essential  coupling 
matrices,  rigid-body 
modes  and  eigenvectors 

u-*"M  I  -  diagonal  generalized 
n  nr.l 

J  stiffness  matrix 


If} 


-  generalized  force  vector 


The  generalized  mass  and  stiffness  matrices 
are  diagonal  because  the  eigenvectors  are 
orthogonal  with  respect  to  their  mass  and  stiff¬ 
ness  matrices  [  2  j. 


Equation  (4)  may  apply  to  a  structure  with 
inertia  relief  in  some  rigid-body  degrees  of 
freedom,  in  which  case  the  related  terms  in  the 
matrices  and  Mnrj  are  zero. 

It  is  recognized  that  since  all  eigenvectors 
are  orthogonal  with  respect  to  each  other,  each 
eigenvector  can  be  represented  as  a  single- 
degree-of-freei'.om  system.  Each  single  degree 
of  freedom  corresponds  to  a  generalized  dis¬ 
placement.  A  unique  normalization  factor  for 
each  eigenvector  exists  that  satisfies  the  proper 


Reference  (1)  expands  upon  the  analyses  presented  herein. 
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Fig.  4b.  Equivalent  spring-mass 
system  of  the  physical 
system  of  Fig.  4a 


inertial  reaction  at  the  restraint  pc' at  repre¬ 
sented  by  [Mrn]  jp„}.  The  normalization  factor 
will  be  developed  from  physical  deduction. 

The  Mass  Matrix 

The  following  discussion  is  applicable  for 
any  eigenvector  i.  For  the  i*l*  eigenvector,  the 
inertial  reaction  caused  b^a  unit  acceleration  of 
the  iu>  generalized  mass  M(i,i)  at  the  restraint 
is  the  i“*  column  of  l Mrn] 

M(l,i) 

M(2,i) 

M(6,i) 

The  physical  representation  is  shown  in  Fig.  4. 
Indices  1,  2  and  3  represent  translation  al^ng 
the  overall  coordinates  defined  as  i,  j  and  k, 

^nc|  indices  4,  5  and  6  represent  rotation  about 
i,  j  and  k  axes. 

The  objective  is  to  evaluate  a  renormaliza¬ 
tion  factor  qj  that,  applied  to  the  physical 
system  ot  Fig.  4a,  results  in  a  single-degree- 
of-freedom  system  defined  by  generalized  dis¬ 
placement  Qj,  where  a  unit  acceleration  of 
M(i,i)  results  in  the  reactions  shown  in  Fig.  4b 
when  the  appropriate  orientation  and  location  of 
the  line  of  action  are  used. 

For  translation,  a  unit  acceleration  of 
M(i,i)  in  the  Pi  direction  must_result  in  reaction 
components  M(l,i),  \<2,i)and  M(3,i).  Defining 
Hi  as  the  renormalization  factor  gives 

q2M(i,i)  =  (q2M2(l.i)  +  q2M2(2.i)+q2M2<3,i)J  / 

(5) 

where  qj  is  the  unique  renormalization  factor 
for  eigenvector  i.  Note  that  the  terms  of  I  M(i,i)l 
are  multiplied  by  q,.  Solution  of  Eq.  (5'  results 
in 


a  [MZ(l.i)  M^.ifl172 

qi  mM  (6) 

The  renormalized  mass  terms  are: 

M(i,i>  =  q2  M(i,i) 

M(k,i)  =  q.  M(k,i)  where  (k-1 . 6)  (7) 

It  follows  that 

M(i.i)  =((M2(l,i)  +  M2(2,i)  +  MZ(3,i))l/2 

(8) 

Note  that  this  mass  is  directional,  unlike  a 
physical  mass. 

The  line  of  action  of  Qj  in  Fig.  4b  can  be 
located  to  result  in  inertial  moments  M(k,i), 
where  k  *  4,5,6,  corresponding  to  unit  angular 
acceleration  of  mass  M(i,i)  about  the  restraint 
point.  The  above  requirements  <jjre  satisfied 
when  the  moment  arms  about  i,  j  and  k  axes  to 
the  line  of  action  of  Qj  are 

r4.  c  M(4,  i )/( M(2,  i)2  +  M(3,i)2)  1/2 
r5.  =  M(5,i)/(M2(3,i)  +  M2(l,i>)  1/2 
r6.  =  M(6,  i)/( M2(  1 ,  i)  +  M2(2,i))  1/2 

(9) 

Each  equivalent  spring  mass  system  i  for 
eigenvector  i  contributes  to  the  rigid-body  inert- 
matrix  |Mrr|.  The  contrioutions  to  [Mrfjj  by 
the  i1*1  eigenvector  is 

[Mrr]  [°fi  M(i>‘)  uinlj  (?.m  *-2 . 6) 

(10) 
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where  uj,  =  motion  of  mass  M(i,i)  in  the  Qj 
direction  corresponding  to  rigid-body  motion 
in  the  direction  at  the  restraint  point.  From 
Eqs.  (7)  and  (9),  Eq.  (10)  reduces  to 

^MrrJ  =  £m(2,  i)  M(m,  i)/M(i,  i)J 

«.m  =  1,2 . )  (11) 


The  total  generalized  mass  matrix  for  the 
i“*  eigenvector  or  i*“  equivalent  spring-mass 
system  is 


«i(>) 


M(f,i)  M(m, i)  .. 

W,i) -  ' 


M(m,  i) 


M(i.i) 


(12) 


Residual  Mass  Matrix 


As  noted  in  Eq.  (12),  each  eigenvector 
contributes  to  the  total  rig'.d-body  mans  matrix 
(Mrr!>  Consequently,  if  the  dynamic  system 
is  represented  by  a  set  of  spring-mass  systems 
representing  a  truncated  set  of  eigenvectors, 
then  a  residual  mass  matrix  or  the  rigid -body 
contribution  of  the  truncated  eigenvectors  must 
be  accounted  for.  Residual  mass  matrix  is 
defined  as 


M-ghf 


(15) 


where  (f, m  =  1,2,..., 6). 

The  Stiffness  Matrix 

The  stiffness  matrix  is  also  renormalized 
by  q  j  and  can  be  represented  as 


when  n  =  number  of  eigenvectors  retained.  . 
Reference  (1)  shows  that  [Mres]  *  approaches 
0  as  ’  approaches  the  total  number  of  eigen¬ 
vectors  of  the  structure.  The  following  dis¬ 
cussion  uses  the  definition  of  [Mnjrg)(il  and  its 
physical  significance. 


K(t,i)  »  qjBfl.i)  *  w^M(i.i)  (13) 
Renormalized  Equilibrium  Equation 


The  renormalized  equilibrium  equation 
that  results  from  the  substitution  of  Eq.  (7)  and 
(13)  into  (4)  is 


(14) 


APPLICATION 


Definition  of  Problem 


As  the  various  applications  are  described, 
examples  are  presenter  for  clarification.  The 
data  used  for  the  exam  >le  are  obtained  from  a 
139-dynamic-degree-of -freedom  mod"!  of  a 
typical  spacecraft.  Data  for  only  the  first  four 
eigenvectors  from  a  total  of  139  are  listed. 


The  arbitrarily  normalized  generalized 
mass  data  for  four  eigenvectors  are: 
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(16) 


where  the  units  are  kg,  kg-..  kg-m^. 
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The  arbitrarily  normalized  generalized 
•  tiffneza  data  for  four  eigenvectors  are: 


f[o]  [.]' 

[»] 

M 

M  M 

- 

0.  1206E3 

LI 

0. 1158E3 

l0J 

0. 6045E2 

0. 4406E2. 

- 

(17) 


where  the  units  are  N/m. 

The  first  four  frequencies  corresponding  to 
elements  of  the  generalized  mass  and  stiffness 
matrices  are: 


Eigenvector 

Frequency,  Hz 

1 

3.  7707 

2 

3  .  ■>  ’9 

3 

*  yy  •  i 

4 

6. .  <  ‘ : 

The  above  data  were  obtained  from  a  finite 
element  model  of  a  spacecraft;  however,  the 
data  could  equally  have  been  obtained  from 
modal  test  data  or  solution  of  a  continuous 
structural  system. 

The  generalize!  mass  and  stiffness 
matrices  of  Eqs.  (16)  and  (17)  renormalized  by 
(6)  result  in 
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0.2173E3 

where  the  units  arc  kg,  kg-m,  kg-m^  (19) 
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where  the  units  are  N/ni. 


N-EW"' 

i  I 


I  he  terms  of  the  residual  mass  matrix  ran  be 
plotted  as  a  function  of  number  of  eigenvectors 
O'  > g •  5). 

Sr  vc  cal  characteristics  of  the  residual 
mass  plots  are: 


Identification  of  Eigenvectors 

For  any  structure,  the  residual  mass 
matrix  provides  physical  insi: '  t  into  the  charac¬ 
ter  of  the  eigenvectors.  From  Kq.  (15), 


(I)  For  n  0,  the  initial  value  (A)  of  'he 
curve  for  each  pku  represents  tin-  orig 
inal  rigid-body  mass  terms.  For  in¬ 
stance,  the  value  (A)  for  (I.  I) 

represents  the  mass  of  the  system  in 
t  he  i  di  root  ion. 
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>.gua:4C4 

Fig.  5.  Residual  mass  plot  vs  number  of 
eigenvectors 

l)  For  the  diagonal  terms  of  (MrejJW, 
the  plot  monotonicallv  decreases  to 
zero. 

(J)  When  the  number  of  eigenvectors  ap¬ 
proaches  the  degrees  of  freedom  of  the 
system,  the  M[(£5  (i,  j)  approaches 
zero. 

(4)  A  drop  between  eigenvectors  k  and  k  +  1 
indicates  the  magnitude  of  inertia 
reactions  for  eigenvector  k+1. 

(5)  A  local  eigenvector  is  defined  as  an 
eigenvector  with  small  reduction  in 
residual  mass.  A  response  solution 
will  be  dependent  on  such  eigenvectors 
only  if  the  loads  are  directly  related  to 
the  local  eigenvectors. 

Residual  mass  plots''  of  the  sample  prob¬ 
lems  for  selected  elements  a>-c  shown  in  Fig¬ 
ures  6. 


Fig.  6b,  Mjjj-  J?,  .’)  vs  eigenvector 

Several  features  of  Figures  (6)  may  be  of 
general  interest 

(1)  From  Figure  (6b)  and  (6d),  the  first 
eigenvector  has  a  predominate  lateral 
■  notion  in  ihe  2-direction  that  results 
in  large  inertia  shear  loads  in  the 
2-direction  and  large  inertia  moment 
about  the  1-direction. 


Fig.  6a.  M  ..Jl,  1)  vs  eigenvector  Fig.  6c.  M  (  i,  1)  v*  eig.  nvet  tor 

t"  F..J  K  r.,» 


The  te rniinolopv  is  defined  as 

1- dircctinn  j  direction  lateral  direction 

2- direction  j  direction  -  lateral  direction 

'-direction  -  ft  direction  :  longitudinal  directum 

4-  direction  -  rotation  about  i 

5-  direction  rotation  about  j 

6*  direct  ion  rotation  »ibout  ft  torsional  direction 
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Fig.  6d.  M^gg(4, 4)  vs  eigenvector 


Fig.  6f.  6)  v»  eigenvector 


(2)  From  Figure  (6c),  the  first  predomi- 
nant  longituainal  eigenvector  is  the 

1 8*h  eigenvector. 

(3)  From  Figure  (6g),  the  18*^  eigenvector 
depicts  the  largest  longitudinal. lateral 
(in  2- direction)  coupling. 


which  a  lower-order  model  is  desired.  As  an 
xample,  if  a  lateral  4-dimensional  model  rep¬ 
resenting  translation  in  the  i  axis  is  desired, 
all  the  terms  are  retained  from  the  generalised 
mass  matrix  of  Eqs.  (16)  or  (19)  except  those  of 
rows  and  columns  2.  3,  4  and  6.  The  resulting 
generalised  mass  matrix  from  Eu.  ('*))  is: 


Other  physical  interpretations  of  the  data 
are  developed  subsequently. 

Extraction  of  Lower-Older  Model 

Occasionally  a  gei.jral  3-dimensional  dy¬ 
namic  model  of  a  structure  is  available  Km 


r-  K.-M  t).  i.MIK- 


-».i  IFI  o.  h>.hf:4  .  n,  <■.  -itikH 

u.  «.  1007K*>  !(-7  ? K  4  <1.  I».’if.4 


.  r. :  IK4 


-YM 


>  -IK I 


(21) 


Fig.  6e.  Mpgg(5,  5)  vs  eigenvector 


Fig.  6g.  Mres(2,  3)  vs  eigenvector 
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where  the  unit*  are  kg,  kg-m,  and  kg*  m^.  The 
generalized  itilfoeH  matrix  i*  identical  to  Eq. 
120). 


Eigenvector,  n  Renorma'.ization  Factor,  q{ 

1  ‘'™T'  0. 0824 

2  0.  996 

3  -0.0945 

4  0. 999 


The  renormalization  factor*  calculated  by 
Eq.  (6)  for  Eq.  (21)  are: 


The  renormalized  man  and  stiffness 
matrices  for  the  2-dimcnsional  structure  cal¬ 
culated  from  Eqs.  (?)  and  (13)  are: 
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[  nnJ 
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where  the  units  are  kg,  kg-m,  and  kg-m  . 
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r.i  [Kj  M 
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Calculations  using  Eq.  (15)  for  the  residual 

where  the  units  are  N'/m.  mass  matrix  as  a  function  of  eigenvectors  are: 
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where  the  units  are  kg,  kg-m,  and  kg-m^ 


The  residual  mass  matrix  terms  are  identi 
cal  to  those  shown  on  figures  (ha)  and  (he). 
Coefficient  matrices  (22)  and  (23)  represent  the 
desired  2-dimensional  model.  Equation  (22)  is 
used  to  illustrate  its  physical  significance. 


Figure  7  illustrates  the  2-dimensional 
model.  .Several  features  of  importance  are: 

(1)  The  distance  l.j  M(9,  i)/M(  1 ,  i) 

since  a  unit  acceleration  of  M(i,i)  re¬ 
sults  in  a  shear  reaction  M(),i)  and 
moment  reaction  M(5,i).  Note  that  if 
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Fig.  7.  Two-dimensional  model  of  example  problem 


the  signs  of  M(l,i)  and  M(5,i)  are  not 
equal,  the  L;  is  negative  and  the  mass 
is  in  the  negative  {(-direction. 

(2)  The  eigenvalue  i  =  w?  -  K(i,  i)/M(i,  i). 

(3)  The  rigid-body  inertia  contribution 
(residual  mass  matrix)  of  all  truncated 
eigenvectors  greater  than  5  is  repre¬ 
sented  by  F.q.  (24d).  A  model  to  rep¬ 
resent  the  reside  il  mass  term  is 
shown  in  Fig.  7,  where  l,r  = 

Mngg(l ,  *-<5*1,1)  to  represent  the 

lateral  rotations,  'oupling  term.  The 
rotary  inertia  te.  *•)  MRES(5,  5)  is  re¬ 
duced  hy  ‘v"res(1.  1)  1-r  since  the  off¬ 
set  of  Mpjr<j(l ,  1 )  by  l,r  contributes  to 
the  totary  inertia. 

.Similar  models  ran  be  generated  if  longi¬ 
tudinal  or  torsional  models  are  required. 

Usage  with  1. united  Computer  Urograms 

Modal  synthesis,  modal  substructure,  or 
modal  combination  [};  tec  hniques  are  valuable 
in  solution  of  large  structures.  However,  spe¬ 
cial  programs  are  often  required  to  take  ad¬ 
vantage  of  the  techniques.  The  equivalent 
spring- "lass  system  representation  allows  the 
use  of  eigenvectors  as  generalized  coordinates 
in  computer  programs  capable  of  accepting 
lumped  masses  and  weightless  elements.  Since 
the  equivalent  spring-mass  system  can  be  ob¬ 
tained  from  discrete  structures,  continuous 
structures,  or  test  data,  the  origin  of  the  data 
is  immaterial. 


Fig.  8.  Structural  system  comprised 
of  two  subsystems 

is  represented  by  Fig.  8,  modal  combination 
techniques  can  be  used.  The  dynamic  model  is 
pictorially  represented  as  shown  in  big.  d. 

For  a  cantilever  beam,  the  stiffness  due 
to  a  unit  load  at  the  tip  is 

ME1). 

K(i,i)  - r-i  ,'25) 

I  1 


Thus  Elj  l,jK(i,i)/3,  which  results  in  l  he  cor¬ 
rect  eigenvalue  i  corresponding  to  the  general¬ 
ized  coordinate  Qj.  The  El  for  the  rigid  mass 
is  sufficiently  large  that  its  eigenvalue  is  sig¬ 
nificantly  higher  than  the  frequency  range  of 
int<’  rest. 

The  use  of  heams  in  this  fashion  automati¬ 
cally  transforms  the  relative  displacement 
modal  model  into  the  absolute  displacement 
form  required  for  the  finite  element  model. 
However,  it  adds  an  unnecessary  rotational 
degrees  of  freedom  (without  mass)  to  ihe  prob¬ 
lem  for  each  mode.  For  the  more  general  c  ase 
of  the  nonplanar  prohlem  or  to  eliminate  the 


For  instance,  if  a  structure  is  comprised 
of  two  subsystems  A  and  11  where  subsystem  A 
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Fig.  9.  Modal  combination  model 


unnecessary  degree  of  freedom,  the  absolute 
stiffness  matrix  to  be  added  to  the  finite  ele- 
ment  model  should  be  generated  by  the  appro¬ 
priate  tranformation  (1). 

Selection  of  Significant  Eigenvectors 

Since  one  objective  of  modal  combination 
techniques  is  to  minimize  the  number  of 
eigenvectors  or  generalized  coordinates,  a 
criterion  to  select  the  appropriate  eigenvectors 
is  desirable.  A  criterion  that  is  frequently  used 
is  to  retain  the  eigenvectors  corresponding  to 
all  eigenvalues  less  than  a  preselected  value. 

If  information  at  the  intersection  of  sub¬ 
system  A  and  subsystem  8  of  Fig.  9  is  required, 
then  the  ranking  of  the  first  four  eigenvectors 
in  order  of  significance  are  Z,  4,  1  and  3.  A 
criterion  for  significance  is  the  magnitude  of 
the  effective  mass  (see  Fig.  9)  or  the  decrease 
in  residual  mass  terms  (see  Ffgs.  6a  and  6e). 

If  eigenvectors  Z  and  4  are  retained,  then  the 
rigid  mass  must  include  the  effects  of  eigen¬ 
vectors  1  and  3. 

Other  considerations  in  the  selection  of 
eigenvectors  are: 

(1)  An  eigenvector  with  small  effective 
mass  may  result  in  large  loads  within 
the  structure  if  such  a  local  eigen¬ 
vector  is  excited. 

(2)  Eigenvectors  within  certain  bounds  of 
eigenvalues  may  be  significant  because 
of  the  anticipated  frequency  content  of 
the  forcing  function. 

(1)  The  accuracy  of  the  loads  within  a 
structure  may  be  dependent  on  the 
characteristic  of  the  eigenvector  that 
significantly  contributes  to  the  loads. 
For  instance,  if  an  eigenvector  corre¬ 
sponding  to  a  small  effective  mass 
significantly  contributes  to  high  loads, 
then  a  small  error  on  the  model,  forc¬ 
ing  function,  tolerances,  or  design 
changes  may  significantly  affect  the 
loads  in  the  structure  represented  by 
the  effective  mass. 


Comparison  of  Simitar  Models 


Occasionally  a  structural  model  dynam¬ 
ically  similar  to  another  structure  is  required. 
For  instance,  if  a  dynamic  mode,  of  subsystem 
(A)  of  Fig.  8  is  required  to  assure  good 
dynamic  simulation  at  its  interface  with  sub¬ 
system  (B),  then  a  criterion  for  "quality"  of 
the  model  is  the  match  of  the  mass  coupling 
calculated  at  the  interface  and  the  correspond¬ 
ing  eigenvalues  evaluated  with  the  interface 
restrained. 

Figures  (10a)  and  (10b)  represent  a  com¬ 
parison  of  the  residual  mass  plots  of  two 
structures.  A  measure  of  the  degree  of  simi¬ 
larity  is  the  match  of  the  residual  mass  plots 
and  eigenvalues.  The  plots  indicate  that  the 
eigenvector  with  predominate  motion  in  the  i 
direction  switched  from  the  second  eigenvector 
of  Model  1  to  the  first  eigenvector  of  Model  II. 
The  information  is  also  of  value  in  a  design 
process  where  the  loads  evaluated  from  a 
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Fig.  10b.  5)  vs  figenvfctor; 

comparison  of  two  models 

dynamic  model  result  in  design  changes,  which 
in  turn  are  reflected  in  the  dynamic  model. 

A  frequent  question  is  whether  the  design 
changes  significantly  influenced  the  design 
loads.  The  residual  mass  and  eigenvalue  com¬ 
parison  of  two  versions  of  a  structure  may  pro¬ 
vide  an  auswcr  to  the  question. 


Application  to  Modal  Tests 


Modal  tests  are  somewhat  different  from 
other  tests  because  a  measure  of  the  accuracy 
of  the  test  results  exists.  The  accuracy  of  the 
eigenvectors  can  be  evaluated  from  their 
orthogonality  with  respect  to  each  other.  A 
measure  of  the  quantity  of  eigenvectors  re¬ 
quired  is  often  neglected. 

Current  modal  test  systems  include  com¬ 
puter  terminals  at  the  test  site  that  can  com¬ 
pute  residual  mass  plots  as  the  experimental 
eigenvectors  are  measured.  The  magnitude  of 
the  residual  mass  terms  is  a  measure  of  the 
unmeasured  eigenvectors  that  contributes  to 
inertial  loading  at  the  interface.  For  instance 
if  torsional  eigenvectors  are  signifieant,  then 
a  plot  similar  to  Fig.  6f  gem-rated  during  a 
test  can  he  helpful  as  follows: 

'  1 )  If  only  five  eigenvectors  and  eigen¬ 
values  are  measured,  Fig.  6f  reveals 
that  eigenvectors  accounting  for  about 
30"!  of  the  inertial  reaction  of  the  base 
have  not  been  n  -asured. 

(2)  Eigenvectors  1,2  and  4  do  not  have 

significant  torsional  inertial  reactions 
at  the  restraint  point. 


Generalized  mass,  stiffness,  and  damping 
matrices  including  rigid-body  coupling  are 
often  calculated  and  transmitted  between 
organizations  as  data  that  characterize  the  dy¬ 
namics  of  the  structural  system.  The  data 
are  convenient  for  transfer  because  the  quan¬ 
tity  of  the  data  is  minimized,  the  computer 
and  pr  >gram  compatibility  requirements 
between  organization  are  minimized,  and  the 
data  provide  physical  insight  into  the  dynamic 
characteristics  of  the  structure. 

Techniques  to  check  the  validity  of  the 
data  arc-  valuable  in  minimizing  errors. 
Characteristics  that  can  be  checked  are 
described  as  follows: 

(1)  Residual  mass  plots  of  the  diagonal 
terms  must  monotonically  converge  to 
zero  as  the  number  of  eigenvectors 
approaches  the  total  degrees  of  free¬ 
dom  of  the  structure.  Negative  diag¬ 
onal  terms  which  can  create  problems 
are  caused  by  erroneous  data  oftrun- 
cation  errors  when  significant  numbers 
of  eig-nvectors  are  used. 

(2)  All  the  terms  of  the  residual  mass 
matrix  should  equal  zero  when  the 
number  of  eigenvectors  equal  the 
total  degrees  of  freedom  of  the 
structure. 

CONCLUSION 

The  reformulation  of  the  dynamic  descrip¬ 
tion  of  structures  as  equivalent  spring-mass 
systems  results  in  data  that  have  physical 
significance  to  the  engineer.  The  physical 
interpretation  is  valuable  in  minimizing  misuse 
of  the  information  as  well  as  in  providing  a 
means  to  verify  the  validity  of  the  data. 

The  equivalent  spring-mass  system  has 
minimized  the  analyses  effort  by  providing  a 
means  of  engineering  judgment  as  the  amount 
of  computer  data  is  reduced  to  a  series  of 
single  -  deg  ree  -of  -f  r-edom  systems. 
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LONGITUDINAL  VIBRATION  OF  COMPOSITE  BODIES 
OF  VARYING  AREA 


D.J.  Guzy*,  J.C.S.  Yangt  ,  v.H.  Walston, Jr.* 
Mechanical  Engineering  Department 

University  of  Maryland 
College  Park,  Maryland 


The  natural  frequencies  and  correspond ing  mode  shapes  for  composite, 
axisymmetric  bodies  of  varying  area  undergoing  longitudinal  vibrations 
are  determined  both  experimentally  and  theoretically.  Composite  rods, 
cones  and  conical  shells  of  Lucite,  Nylon,  Polycarbonate  and  Polyethylene 
are  investigated.  Strain  measurements  are  taken  from  strain  gages 
mounted  on  the  surface  of  the  models  which  are  excited  at  varying  fre¬ 
quencies  by  a  shaker  table.  Lumped  parameter  approximations  of  the 
continuous  bodies  are  solved  numerically  on  the  digital  computer  for  both 
fixed-free  and  free-free  boundaries  in  order  to  determine  the  natural 
frequencies,  mode  shapes  and  relative  strains.  The  method  of  character¬ 
istics  is  utilized  in  a  wave  propagation  approach  to  obtain  the  response 
of  a  point  in  the  model  to  a  random  input.  The  ranoom  input  selected 
is  white  noise.  The  natural  frequencies  are  obtained  by  performing  a 
Fast  Fourier  Transform  Analysis  on  the  response. 


LIST  OF  SYMBOLS 


INTRODUCTION 


A  cross-sectional  area 

a  Lagrangian  coordinate 

a.,  influence  coefficients 

IJ 

c  shift  rate 

E  modulus  of  elasticity 

f|  fundamental  frequency 

g  grav i tat ional  constant 

K  spring  constant 

L  length 

t  t  ime 

u  particle  velocity 

x  distance  from  base 

e  engineering  strain 

d  density 

3  engineering  stress 

'y  impact  function 
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In  recent  years  engineers  have  been  re¬ 
quired  to  design  ballis.ic  range  models  which 
are  capable  of  being  launched  at  hypersonic 
velocities  for  aerodynamic  tests  of  ballistic 
missiles  and  space  craft.  At  such  velocities 
the  designer  is  confronted  with  the  dual  prob¬ 
lem  of  using  materials  which  are  structurally 
strong  e >ough  to  withstand  the  severe  loading 
conditions  and  materials  which  minimize  the 
ablation  of  the  missile  nose  due  to  aero¬ 
dynamic  heating.  These  models  are  frequently 
used  to  study  boundary  laye,  transition  which 
could  be  influenced  by  mocial  vibration.  The 
purpose  of  this  paper  is  to  study  the  vi¬ 
bration  characteristics  of  the  model  as  it  is 
being  tested  in  the  range,  and  to  develop  an 
analytical  means  of  predicting  the  transient 
response  of  the  model  uncer  dynamic  loadings. 

The  problem  of  vibration  in  continuous 
systems  such  as  cylindrical  rods  has  been  in¬ 
vestigated  extensively  in  various  research 
papers  and  textbooks  Ql-G].  However,  vehicles 
are  generally  made  up  of  conical  shells,  sec¬ 
tions  with  abrupt  changes  in  area,  and  lam¬ 
inated  sections  of  different  materials.  There 
is  a  definite  lack  cf  experimental  and 
analytical  developments  concerning  vibration 
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and  wave  propagation  in  structures  of  varying 
area  and/or  nulti -layered  with  changing  im¬ 
pedances. 

Experimental  tests  were  performed  using  a 
shaker  table  to  excise  the  models.  Models 
were  made  from  Plexiglass  (lucite).  Nylon, 
Polycarbonate  (Lexan),  Polyethylene,  and  the 
combination  thereof.  Strain  gages  and  accel¬ 
erometers  were  mounted  on  various  positions  on 
the  model  to  determine  the  natural  frequency, 
mode  shape,  and  transient  responses  in  the 
model.  Two  theoretical  approaches,  classical 
and  wave  propagation,  were  utilized.  Natural 
modes  of  vibration  and  mode  shapes  were  deter¬ 
mined  by  first  the  classical  approach,  which 
constitutes  the  solution  to  the  boundary  value 
problem  and  in  turn  the  eigenvalue  problem. 
Numerical  solutions  were  obtained  by  using  a 
system  of  spring-masses.  In  the  wave  propa¬ 
gation  approach  the  method  of  characteristics 
wes  utilized.  A  numerical  integration  of  the 
characteristic  equations  for  the  range  model, in 
conjunction  with  appropriate  procedures  to  en¬ 
sure  that  the  conditions  on  the  external  boun¬ 
daries  as  well  as  tne  continuity  conditions  at 
the  sections  with  the  step  changes  in  area  and 
varying  impedances  a.e  satisfied,  will  yield 
the  stress,  displacement,  and  the  particle 
velocity  anywhere  in  the  model[5j.  Since  this 
method  is  applicable  for  any  type  of  loading, 
the  natural  frequencies  can  be  obtained  by 
applying  a  random  input  to  the  model  and  then 
performing  a  Fourier  analysis  on  the  response 
of  some  point  in  the  model, 

EXPERIMENTAL  INVESTIGATIONS 

A  variety  of  models  including  rods,  com¬ 
posite  rods,  composite  cones  and  composite  con¬ 
ical  shells  were  fabricated  and  tested. 

Sketches  of  these  models  are  shown  in  Fig.  I. 
Plastic  materials  were  utilized  rather  than 
metals  in  order  to  maintain  lower  natural  fre¬ 
quencies.  An  upper  limit  on  the  frequency  of 
the  forcing  function  was  imposed  by  the  shaker 
which  was  used  -  MB  Electronics  Model  PM-50. 

All  models  were  constructed  from  solid 
plastic  rods  which  were  turned  on  a  lathe  to 
their  final  dimensions,  in  the  case  of  a  com¬ 
posite  model,  the  sections  were  glued  together 
using  an  epoxy  adhesive.  Strain  gages  were 
then  mounted  on  the  surface  and  the  model  was 
glued  to  a  base  plats  which  was  bolted  to  the 
shaker  table.  As  the  input  frequency  to  the 
shaker  was  varied,  the  output  from  the  strain 
gages  was  noted,  in  this  manner  the  natural 
frequency  of  each  model  was  determined. 

Since  the  elastic  modulus  of  many  plastic 
materials  varies  due  to  manufacturing  incon¬ 
sistencies,  age  and  environment  in  addition  to 
the  effects  of  turning  on  the  later,  exper¬ 
iments  wore  performed  in  order  to  determine 
the  proper  value  of  the  modulus  for  the  materi¬ 
als  being  used.  Solid  rods  were  used  as  the 
test  specimen  since  the  fundamental  frequency 


equation  for  longitudinal  vibration  of  free- 
fixed  rods  is  well  established. 

The  fundamental  natural  frequency  of  each  rod 
was  determined  experimentally  as  was  the  density 
Using  this  information  and  Eq.  (I)  the  value  of 
the  modulus  for  each  material  was  calculated. 
These  experimentally  determined  /elues  are 
given  in  Tabie  I,  and  arc  used  in  all  subse¬ 
quent  calculations. 

TABLE  I 


Experint  n tally  Determined  Values  of  the 
Modulus  of  Elasticity  and  Density 


Material 

E  (lb/in2) 

f(ib/in3) 

Polyethylene 

2.8xl05 

0.0348 

Lucite 

3.3xl05 

0.0k 29 

Nylon 

6.0xl05 

0.0430 

Lexan 

3.9xl05 

0.0447 

A  series  of  tests  involving  composite  rods 
made  up  of  two  rods  glued  end  to  end  were  per¬ 
formed.  These  experimental  results,  given  in 
Table  2  and  Fig.  2,  are  restricted  to  the 
first  two  natural  frequencies  due  to  the  upper 
frequency  limit  of  the  shaker.  The  results  of 
the  lumped  parameter  computer  analysis  which  is 
explained  in  the  next  section  is  also  given 
there. 

The  next  series  of  tests  involved  com¬ 
posite  cones  made  up  of  a  base  and  a  tip  glued 
together.  Experiments  were  performed  with  the 
base  and  tip  of  the  same  materials  as  well  as 
different  materials.  Table  J  and  Fig.  J 
illustrate  the  results  of  these  experiments  and 
also  the  lumped  parameter  computer  results. 

This  also  gave  a  check  on  the  influence  of  the 
epoxy  bond  between  the  sections.  Based  on  the 
results,  it  was  concluded  that  the  influence 
of  the  epoxy  was  negligible. 

The  final  experiments  were  performed  using 
a  concial  shell  as  the  base  and  a  conical  solid 
of  a  different  material  as  the  tip.  These  re¬ 
sults  are  shown  in  Table  4  and  Fig.  4. 

LUMPED  PARAMETER  COMPUTER  ANALYSIS 

The  physical  models  are  approximated  by  a 
lumped  parameter  system  consisting  of  con¬ 
centrated  mass  elements  and  concentrated  spring 
elements.  Each  model  is  divided  into  equal 
length  segments  with  the  mass  treated  as  con¬ 
centrated  at  the  mid-point  of  the  segment.  The 
rods  are  divided  into  16  segments  and  the  cones 
into  24  segments.  The  mass  of  each  segment 
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varies  as  its  volume  in  the  case  of  the  cones. 
The  ness  elements  are  connected  by  spring 
elements  with  spring  constants  determined  from 
the  properties  of  the  material  according  to  the 
equation: 


where  x  is  measured  ft  on  the  base  and: 


k!  .  -  spring  constant  between  i  th  and 
(i-l)  th  positions 

x(i)  ■  distance  at  i  th  position 
x(i-i)  m  distance  at  (i-l)  th  position 


The  computer  program  utilizes  the  influence  co- 
efficients,  a^,  which  are  determined  by 


a. . 


‘J 


a. . 


J* 


i 

k7l> 


i  *  J  *  n 


(3) 


The  computer  program  which  is  used  to 
analyze  the  lumped  parameter  models  first  deter* 
mines  the  eigenvalues  by  (i)  pre-mult ipiying 
the  mass  matrix  by  the  influence  coefficients 
to  obtain  the  dynamic  matrix,  (?)  transforming 
the  dynamic  matrix  to  a  Hessenberg  .'atrix.  The 
natural  frequencies  ere  then  determined  from 
the  eigenvalues.  The  eigenvectors  and  mode 
shapes  are  then  calculated 

Natural  frequencies  obtained  by  this 
method  are  compared  to  the  experimental  results 
in  Tables  2,3,  and  6  arid  in  Figures  2,3,  and  6. 
The  first  and  second  mode  shapas  and  corres¬ 
ponding  material  frequencies,  for  additional 
Composite  cones,  both  solids  and  shells,  are 
computed  by  this  lumped  parameter  appraoch. 

These  results  are  given  in  Table  5  and  in 
Figures  5  and  6.  The  relative  vaK.es  of  strain 
for  the  first  and  second  nodes  are  also  com¬ 
puted  and  are  shown  in  Figures  7  and  8. 


Table  2 

Composite  Rods,  Experimental  vs.  Lumped  Parameter  Frequencies 
(See  Fig.  2  for  dimensions) 


Material 

F  requer 

icy  (KHz) 

Base 

Tip 

Exper imentat 

Lumped  Parameter 

1st 

2nd 

1st 

2nd 

Polyethylene 

Lucite 

1.6 

5-35 

1.6* 

5.27 

Nylon 

Lexan 

2.0 

6.0 

2.16 

5.58 

Nylon 

Poiyethy lene 

2.25 

5.6 

2.28 

5-68 

Table  3 

Composite  Cones,  Experimental  vs.  Lumped  Parameter  Frequencies 
(See  Fig.  3  for  dimensions) 


Material 

Frequency  (KHz) 

Base 

Tip 

Experimental 

Lumped  Parameter 

1st 

2nd 

1st 

2nd 

Polyethylene 

Nyloi. 

6.6  5 

10.2 

6.52 

10.17 

Polyethylene 

Luc i te 

6.5 

— — 

6.53 

9.21 

Polyethylene 

Polyethylene 

6.5 

9.2 

6.66 

9.26 

229 


Table  4 


Composite  Cone,  Shell  Base  with  Solid  Tip,  Experiaontel  vs  Luaped  Per 
Frequencies. 

(See  Fig.'*  *or  dine  ns ions) 


Material 


Polyethylene  |  Lucite 


3.15  8.1 


Table  5 

Composite  Cones,  Luaped  Parameter  Frequencies 
(Base  I  in.  dia.  x  3  in.  tong,  Tip  3  in.  long) 


Tip 

1st 

2nd 

Poly,  solid 

k.Vt 

9.25 

Lucite  solid 

kM 

9.21 

Lucite  solid 

3.60 

10.06 

Poly,  solid 

3.80 

10.22 

Poly,  solid 

i*.j8 

11.31 

Poly,  solid 

Poly,  solid 

0.1  in. 

Poly 

shel 

0.1  in. 

Poly 

shel 

0.2  in. 

Poly 

IWlUm  i,  - 


hMtla  t,  • 


(D)  (Cl 

(0) 

msm  ita>! 

Experimental  models 

Fig.  2  -  Composite  rods,  experimental  vs. 
lumped  parameter  frequencies 
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snuia/MX. 


i 


i 


\ 


i 


I 


Fig.  7  •  Composite  cones  •  first  mode  strain 
(see  Table  5  for  symbols) 


Fig.  8  -  Composite  cones  -  second  mode 
strain 

(see  Table  5  for  symbols) 


WAVE  PROPAGATION  ANALYSIS 

The  stress  wave  propagation  theory  used  in 
this  analysis  was  developed  independently  by  T. 
Von  Karmen  [(!]  and  G.  I.  Taylor  £/J  in  1 942 
and  used  by  many  investigators  in  various  forms 
since  that  time.  It  is  a  one  dimensional 
elastic-plastic  theory  used  to  determine  the 
transient  properties  of  solid  materials  under 
dynamic  loading. 

The  response  of  materials  is  governed  by 
the  equations  of  continuity  and  momentum  which 
are  given  in  the  lagrangian  coordinate  system 
as  follows: 


.  & 

w 

$u  1 

*isbl 

(5) 

dt  *  PA 

3a 

From  the  above  equations  the 

characterist  ic 

equations  may  be 

obtained; 

UhJA  ;  c 

<r 

* 

at  c 

is 

pA 

a*  (6) 

where 

2  1 

ia 

c  *  — 

ie 

(7) 

and 


d^  *  cde 


(8) 


A  numerical  integration  of  the  characteristic 
equations  in  the  range  model,  in  conjunction 
with  appropriate  procedures  to  ensure  that  the 
conditions  on  the  external  boundaries  as  well 
as  the  continuity  conditions  at  the  sections 
with  the  step  changes  in  area  and  varying  im¬ 
pedances  are  satisfied,  will  yield  the  stress, 
displacement,  and  the  particle  velocity  any¬ 
where  in  the  model  [j>3  •  Since  this  method  is 
applicable  for  any  type  of  loading  a  random  in¬ 
put  was  applied  to  the  model.  The  random  in¬ 
put  signal  selected  is  white  noise  which  has 
a  delta  function  as  its  autocorrelation 
function.  The  transient  response  at  a  point 
on  the  model  was  obtained  numerically  on  the 
IBM  7094  computer.  A  Fast  Fourier  Transform 
method  was  performed  on  the  response  to  obtain 
the  natural  frequencies  of  the  structure.  The 
advantages  of  the  Fast  Fourier  Transform  are 
two-rold.  The  number  of  actual  arithmetic 
operations  is  reduced  drastically,  causing 
increases  in  speed  of  several  orders  of 
magnitude  for  reasonable  record  lengths.  Also, 
because  of  the  fewer  operations  performed, 
truncation  and  roundoff  errors  are  reduced, 
producing  a  more  accurate  result.  The  results 
of  the  wave  propagation  analysis  are  compared 
to  the  lumped  parameter  analysis  for  free-free 
boundaries  in  Figures  9.10  and  II  for  various 
model s . 
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Fig.  9  -  Composite  cone,  natural  frequencies, 
polyethylene  base,  lucite  tip 


- ww  pn|H»>l»  *«M 

- linn  paw »W>  ««tM 


Fig.  II  -  Composite  cone,  natural  frequen¬ 
cies,  polyethylene  shell  base, 
polyethylene  tip 


DISCUSSION  OF  RESULTS 

The  natural  frequencies  for  various  com¬ 
posite  rods,  cones  and  conical  shells  obtained 
experimentally  and  by  the  lumped  parameter 
approach  compare  favorably.  The  maximum  de¬ 
viation  is  less  than  3%  for  the  composite  cones 
and  conical  shells.  The  second  natural  fre¬ 
quency  for  the  polyethy lene-luc i te  cone  was 
not  obtained  experimentally  because  of 
difficulties  in  the  experimental  set-up(Table 
3).  Subsequent  modifications  eliminated  the 
difficulties,  however  the  dzta  was  not  retaken. 


- MW  pr«|t|iU«  MtM 

—  -  -  -  Ita^ad-parawtor  a* Shed 


Fig.  10  -  Composite  cone,  natural  frequen¬ 
cies,  lucite  shell  base, 
polyethylene  tip 


Unfortunately  the  material  properties  of 
the  different  plastic  materials  do  not  vary 
greatly.  The  use  of  materials  having  a  wider 
range  of  properties  should  give  more  sig¬ 
nificant  results  for  composite  bodies.  Metals 
offer  certain  advantages  over  plastics  such  as 
a  wider  range  of  properties,  more  stable  proper¬ 
ties, and  easier  machining-part icularly  for 
conical  shells.  The  use  of  metals  is  recom¬ 
mended  if  a  higher  frequency  input  is  available. 

The  mode  shapes  and  relative  strains  are 
presented  from  the  lumped  parameter  approach 
only.  Since  strain  gages  were  employed  at  only 
two  locations  on  each  model,  comparison  was 
possible  only  at  those  points.  Therefore  these 
results  were  not  considered  significant  and  are 
not  presented. 

Comparison  of  the  two  theoretical  pre¬ 
dictions,  lumped  parameter  and  wave  propagation 
for  the  free-free  boundary  was  very  erratic  and 
poor.  Th»  fundamental  natural  frequencies  for 
the  various  composite  cones  and  conical  shells 
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compared  reasonably  Mail  but  not  the  higher 
nodes.  This  confirmed  the  fact  that  while 
elastic  wave  propagation  analysis  night  give 
good  results  for  problems  with  a  short  duration 
input  loading,  it  does  not  give  very  goo^ 
results  for  long  time  input  loading.  In 
addition,  the  wave  propagation  analysis  is  a 
one-dimensional  analysis.  For  conical  inodes 
where  the  area  varies,  it  is  dependent  on  the 
co:.<*  angle  and  the  number  of  grid  points 
used  in  representing  the  model.  For  one 
dimensional  problems  such  as  longitudinal 
vibration  of  composite  rods,  axially 
symmetric  longitudinal  vibration  of  circular 
cylinders  and  spherical  shells,  good  agree¬ 
ments  cun  be  expected.  (Natural  frequencies 
were  obtained  for  two-layer  composite  rods, 
cylindrical  and  spherical  shells  using  the  wave 
propagation  approach.  Results  compared  well 
with  the  theoretically  computed  results.  The 
results  for  these  calculations  and  comparison 
are  not  presented  in  this  paper.) 

CONCLUSIONS 

The  lumped  parameter  method  using  a  scries 
of  mass  elements  and  linear  springs  can  be  used 
to  analyze  the  longitudinal  vibration  problem 
of  composite  axisymmetric  bodies  of  varying 
area  as  verified  by  experimental  vibration 
tests  on  simple  composite  rods,  cones  and  con¬ 
ical  shells. 

The  one  dimensional  elastic  wave  prop¬ 
agation  approach  utilized  in  computing  the 
natural  frequencies  of  the  composite  models 
did  not  give  good  results,  in  order  to  obtain 
better  results  using  the  one  dimensional  wave 
propagation  analysis  for  the  changing  area 
problem  with  a  long  time  input  loading,  much 
finer  gird  points  must  be  utilized  which  re¬ 
quire  increased  running  time  and  storage  space 
on  the  computer. 

More  research  is  needed  to  determine  the 
effect  of  cone  angle,  impedance  change,  mater¬ 
ial  properties , etc.  on  the  vibration  charac¬ 
teristic. 
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SIMPLIFIED  METHOD  FOR  THE  EVALUATION  OF  STRUCTUREBORNE 
VIBRATION  TRANSMISSION  THROUGH  COMPLEX  SHIP  STRUCTURES 


M.  Chernjawaki  and  C.  Arcidiacono 
Gibbs  A  Cox.  Inc. 

New  York.  New  York 


A  simplified  method  for  analyzing  the  transmission  of  vibration  in  ship 
structures  is  presented.  In  the  first  part  of  the  paper,  the  reflection  and 
transmission  of  bending  and  longitudinal  elastic  waves  in  plates  or  beams 
forming  cross-shaped  connections  is  investigated.  The  second  part 
analyzes  the  propagation  of  bending  waves  through  an  infinitely  long  plate 
which  is  stiffened  by  structural  elements  of  arbitrary  shape.  Finally,  a 
multipath  plane  structure  is  investigated  for  bending  wave  transmission. 


INTRODUCTION 

In  the  analysis  of  ship  structures  there  is 
often  a  need  for  identifying  the  path  followed 
by  the  vibratory  energy  as  it  flows  from  a 
structural  system  to  another.  In  any 
particular  configuration,  before  specific  steps 
toward  the  effective  control  A  vibration  can  be 
taken,  it  is  necessary  to  investigate  the 
mechanism  of  structureborne  vibration  energy 
propagation  and  to  be  able  to  predict  the 
magnitude  of  its  wave  amplitudes. 

Shipboard  structures,  essentially,  consist 
of  multiple  beam -reinforced  plates  which  are 
generally  reverberant:  many  natural  fre¬ 
quencies  are  excited  and  their  loss  factors 
are  neglected.  In  the  range  of  plate  sizes 
used  in  shipbuilding,  bending  and  longitudinal 
elastic  waves  carry  most  of  the  vibratory 
energy.  The  interaction  between  these  twe 
types  of  waves  is  considered  important  and 
should  Le  taken  into  account.  This  paper  pre¬ 
sents  a  method  of  analysis  which  is  not  limited 
to  the  transmission  of  vibration  waves,  but 
may  be  also  applied  in  predicting  the  intensity 
of  elastic  stress  waves  ii>  composite  structures. 
For  example,  it  may  be  used  to  evaluate  the 
stress  levels  developed  in  a  panel  by  flexural 
waves  reflected  off  a  rivet.  These  stresses 
might  be  considerably  higher  than  the  values 
predicted  by  the  use  of  static  stress  concentra¬ 
tion  factors. 


GENERAL 

Material  related  to  structureborne  vibra¬ 
tion  can  be  found  in  the  technical  literature. 
Cremer  (1)  *  was  first  to  investigate  the 
reflection,  transmission,  and  near  field 
effects  at  beam -plate  interconnections. 

I'ngar  (2)  analyzed  an  infinite  plate  attached 
to  a  uniform  straight  beam.  Westphal  (3) 
has  studied  structureborne  noise  propagation 
in  buildings.  The  interaction  of  bending  and 
torsional  waves  in  grillages  has  been  investi¬ 
gated  in  detail  by  Heckl  (4).  The  properties 
of  miscellaneous  structural  joint  configura¬ 
tions  were  discussed  by  Nikiforov  (5)  and 
also  jointly  by  Cremer  and  Heckl  (6).  All 
these  investigations,  although  rigorous  and 
detailed,  apply  to  specific  cases  only,  and  the 
results  can  not  be  used  directly  by  practicing 
engineers. 

The  object  of  this  paper  is  to  present  and 
formulate  a  simplified  method  useful  in  pre¬ 
dicting  the  transmission  of  structureborne 
vibratory  waves  through  ship  structures.  The 
procedure  developed  is  amenable  to  solution 
by  digital  computer  programming.  Ir.  order 
to  retain  the  intrinsic  simplicity  of  the 
analysis,  the  derivation  is  limited  to  normal 
wave  incidences  at  the  structural  discon¬ 
tinuities.  Tiie  thickness  of  the  plates  and 
beams  is  assumed  to  be  sufficiently  small  to 
justify  neglecting  the  effect  of  rotatory 
inertia  and  transverse  shear. 


■>  Thesenumbers  refer  to  the  List  of  References  at  the  end  of  the  paper. 
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The  first  part  of  this  paper  evaluates  the 
reflection  and  transmission  characteristics 
of  bending  and  longitudinal  waves  at  the  inter¬ 
section  of  four  semi-infinite  plates  connected 
by  a  rigid  mass.  In  the  second  part  an 
infinitely  long  plate,  stiffened  by  structural 
members,  is  investigated  for  transmission  of 
bending  waves.  The  remainder  of  the  paper 
analyzes  a  plane  structure.  The  expressions 
for  wave  amplitudes  are  derived  at  specific 
locations  of  the  structure. 

I.  VIBRATIONS  OF  CROSS- SHAPED 
RIGID  PLATE  JOINTS 

Most  structural  joints  used  in  shipbuilding 
consist  of  cross,  "T”  or  "L"-shaped  connec¬ 
tions.  It  is  therefore  appropriate  to  investi¬ 
gate  first  the  general  case  in  which  four 
semi -infinite  plates  (or  beams)  of  different 
thicknesses  are  attached  to  a  rigid  structural 
member  as  shown  in  Fig.  1.  The  plates  may 
be  of  the  same  or  dissimilar  materials.  As 
previously  stated,  all  incident  waves  are 
assumed  to  act  normal  to  the  intersection. 

In  accordance  with  the  theory  of  structural 
dynamics,  as  applied  to  long  beams,  the 
following  fourth  order  differential  equation  is 
obtained: 

^  -  k4y  =  0 
dx 


At  any  frequency  <j  the  complex  amplitude 
cf  the  bending  wave  is: 

y(x,  <4  *  Bi  (w)e‘ikx  *  Bj  (wlei11* 

(i) 

+  C1(«)e*tat+C2  <*»*■“ 

where  the  coefficients  Bj,  Bj,  Cj  and  C2 

are  functions  of  the  boundary  conditions.  The 
first  two  terms  in  equation  (1)  correspond  to 
traveling  waves  in  the  +x  and  -x  direction, 
respectively.  The  last  two  terms  represent 
the  "near  field"  which  exists  in  the  proximity 
of  the  boundaries  of  the  plate  intersection,  or 
in  the  vicinity  of  the  noise  source.  The  time 

tactor  ejwt  is  neglected  throughout  this  paper. 

Referring  to  Fig.  2,  if  the  plate  "l"  is 
excited  by  a  harmonic  unit  force  of  angular 
frequency  u: which  acts  normal  to  the  plate 
intersection,  bending  waves  are  generated. 

The  waves  travel  to  the  intersection  where 
they  are  pai'ially  transmitted  as  bending  waves 
into  the  othe  •  plates.  In  addition,  while  pas¬ 
sing  through  the  joint,  the  bending  waves 
generate  longitudinal  waves.  Similarly,  when 
the  longitudina'  waves  propagate  through  a 
joint,  they  are  partially  transformed  into 
bending  waves. 


where: 


y  is  the  bending  wave  deflection,  k  is  defined 
as  the  wave  number,  m  represents  the  mass 
per  unit  length  of  plate.  I  is  the  area  moment 
of  inertia  of  face  x  per  unit  width  of  cross- 
section,  and  a; is  the  radial  frequency. 


Fig.  1.  Cross- section  of  a  rigid  plate  joint 


Fig.  2.  Dimensions  and  cooroinates 
of  a  rigid  joint 

Since  both  reflected  and  transmitted  bend¬ 
ing  waves  have  near  fields  and  far  fields, 
the  bending  wave  equations  for  all  four  plates 
can  be  expressed  as  follows: 
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For  plate  "l": 

-jk  x  jk  x 

*1  ‘  *  +  rI  • 


+  Cj  e 


k  x 
1*1 


(2) 


where  is  the  reflection  coefficient  and  Cj 
is  the  near  field  term. 

For  plates  "2",  "3"  and  'V: 


‘i1 


•JMi 


rt 


Cii 


-ki*i 


(2a) 


where  i  corresponds  to  the  plate  number,  t, 

and  Cj  represent  the  transmission  and  near 

field  coefficients,  respectively,  and  kj  »  ai/c^ 

is  the  bending  wave  number.  In  the  expression 
for  kj,  is  the  bending  wave  velocity  in 

plate  i  and  is  defined  as: 


-  V l-  S  Cu  V 


Cy  is  the  longitudinal  velocity  and  h.  is 

the  thickness  of  plate  i.  The  near  field  terms 
-k  x 

Cj  e  decay  very  fast  and  therefore  are  of 

minor  importance  except  in  the  vicinity  of  an 
intersection  or  near  i  vibration  source. 


The  expressions  for  longitudinal  wave 
amplitudes  in  plates  1  ,  2  ,  3  and  4 

are  given  by: 


u. 

l 


D.  1 

l 


-Jp:x. 


(3) 


inertia  Iq.  In  order  to  evaluate  the  coef¬ 
ficients  r}.  t..  Dj  and  Cj  for  the  system  Mi  own 

in  Fig.  2,  the  following  boundary  conditions 
are  used: 


}yl 

<a)  *1*^  *1  *  U4  "  0 
(b)  *4  -  u3  -  0 

v2 

(C)  y2  *TTT  *2  +  U3  *  0 


(d)  Uj  +  u,  =0 
'ly 

(C)  y3  ’  Tif"  *3  +  u4  "  0 


(f)  Ug  +  u^  =  0 

(g) 


(h) 


*>yj  >y2 

'  7^7  *  0 


^y3 


=  o 


(i) 


=  o 


U) 

dx  , 


lu„ 


“2  Vy3 

+  E2  h2  '  E3  *3  -TT 

2  «  *3 


where  i  corresponds  to  the  plate  number,  and 
Dj  ~  Djis  the  reflection  coefficient.  Dj  - 

ffly.  D^,  Dj)  are  the  transmission  coefficients 

of  the  longitudinal  waves  in  plates  2,  3  and  4 
and  characterize  '-he  transition  of  bending 
waves  to  longitudinal  waves;  Pj  is  the  longi¬ 
tudinal  wave  number  which  is  expressed  as; 


”^u4  2 

L*  ha  arr2-  -  <*>  M  u„  =  0 

4  4  cx,  o  2 

4 


'iu. 


»  ... 

(k)  S  F,  =  -  K,  h, 

hortz  !  1  >  Xj 


+  Ko  1, 


'J)  V 


•’2 


2  ‘2  x3 


'iu.. 

•3  11 3 


+  I) 


The  geometry  of  the  joint  and  the  coordi¬ 
nate  systems  of  each  plate  ere  shown  in  Fig. 
2.  The  four  plates,  whose  thicknesses  are 
not  necessarily  equal,  are  connected  tc  a 
rigid  bar  of  mass  Mq  and  mass  moment  of 
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The  substitution  of  equations  (2).  (2a)  and 
(3)  into  equation  (4)  results  in  a  set  of  linear 
equations  expressed  in  terms  of  the  12  coef¬ 
ficients  previously  mentioned.  The  equations 
may  be  solved  by  means  of  matrix  algebra. 

To  illustrate  the  method,  a  simple  conftgura- 
tion  of  practical  importance  will  be  considered. 


A  consists  of  four  plate  strips  connected  as 
shown  in  Fig.  3.  The  thickness  and  Young's 
modulus  of  each  plate  are  hj  and  Ej  respective¬ 
ly.  Provided  that  lj  *  lj  »  lj  *  *  Mc  *  1Q»0 

and  at  x.  3  0  the  same  boundary  conditions 

given  in  equation  (4)  may  be  used.  After 
substituting  the  wave  equation*  (2.  2a  and  3) 
into  the  modified  boundary  conditions,  equa¬ 
tion  (4).  a  set  of  12  simultaneous  linear 
equations  is  obtained.  The  equations  may  be 
conveniently  expressed  in  the  form: 
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where: 


ai 


EiIiki 

wr 


•ibi 


(i  *  2,  3.4) 


where  and  are  the  bending  and  longi¬ 
tudinal  wave  velocities.yi  is  the  bending  wave 
deflection,  E^  to{  j  is  the  t->t»l  bending  wave 

energy,  Sj  is  the  cross-sectional  area  of  the 
plate,  i,  Uj  is  the  longitudinal  wave  deflection, 
and  El  t{jt  j  is  the  total  longitudinal  energy. 

The  reflection  and  transmission  power  coef¬ 
ficients  of  bending  and  longitudinal  waves  are 
expressed  by  the  following  relationships: 


di 


miCL,  i 
mlcbl 


(i  =>  1.2.  3.4) 


™1CL,  1 
2mlCbl 


Using  the  same  equations,  the  propagation 
characteristics  may  also  be  determined  for 
"L"  and  "T"-  shaped  connections,  and  also 
for  contiguous  (dates  of  different  thicknesses. 


(i  3  2.  3.4) 


Fig.  3.  Coordinate  systems  of  a 
simplified  joint 


After  inverting  the  matrix  and  solving  for 
the  coefficients  the  mechanical  power  coef¬ 
ficients  are  calculated.  Since  the  bending 
wave  power  flow  is: 


Pbi  ’  2CbiSiKb.tot.i 


where  R^j  is  the  bending  wave  and  is 

the  longitudinal  wave  power  reflection  coef¬ 
ficient.  respectively.  Tbi  and  T,j  are  the 

bending  and  longitudinal  wave  power  transmis¬ 
sion  coefficients  in  plates  2.  3  and  4. 

The  following  expression  satisfies  the 
conservation  of  energy  law  and  is  useful  in 
verifying  the  accuracy  of  the  results  obtained: 

(tw  *  T,.i)  ■  • 

Since  there  is  transformation  of  bending 
waves  to  longitudinal  waves,  there  must  also 
be  transformation  in  the  opposite  direction. 

The  derivation  of  reflection  and  transmission 
properties  for  the  normal  incident  longitudinal 
waves  is  similar  to  that  for  the  incident 
bending  waves  and  will  not  be  presented  in 
this  paper. 

II.  STIFFENED  INFINITELY  LONG  PLATE 

In  this  section  the  infinitely  long  plate 
shown  in  Fig.  4.  is  investigated.  The  plate 
is  stiffened  by  structural  members.  The 
distances  separating  the  stiffeners  are  not 
necessarily  equal  and  each  is  assumed  to  be 
larger  than  the  bending  wave  length.  This 
assumption  permits  us  to  neglect  the  near 
field  effects  except  in  the  vicinity  of  the 
members. 


the  longitudinal  wave  power  is  given  by: 


P,  .  *  C.  .  S.  E,  .  . 

I.i  Li  l  Li.  tot 


=  CLmi 


2  2 
ui 


The  connection  between  any  two  sections 
will  be  referred  to  as  a  discontinuity.  In 
particular  the  connection  between  sections 
i  -  1  and  i  will  be  the  i**1  discontinuity.  The 
reflection  and  transmission  coefficients  of 
each  individual  discontinuity  are  determined 
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i-2  1-1  i  !♦! 


Fig.  4.  Stiffened  infinite  plate  strip 


Fig.  5.  Sectu>n-i  of  stiffened  infinite  plate 


by  the  method  discussed  in  the  previous  sec¬ 
tion.  Although  the  procedure  used  here  holds 
for  both  bending  and  longitudinal  waves  acting 
together,  it  is  assumed  that  the  coupling 
between  these  two  types  of  waves  is  weak  and 
the  analysis  is  therefore  restricted  to  the 
propagation  of  bending  waves  alone.  However, 
the  effect  of  the  longitudinal  waves  could,  if 
desired,  be  taken  into  account  without  major 
difficulties. 


At  first  the  analysis  considers  a  system 
that  has  only  two  discontinuities  N.  _j  and 

which  are  separated  by  a  distance  L.  (see 

Fig.  5).  Selecting  a  point  "A"  at  a  distance 
1^  j  to  the  left  of  the  discontinuity  N.  as  the 

origin,  and  assuming  that  the  bending  wave  is 
normally  incident  to  the  discontinuity,  the 
amplitude  of  the  partially  transmitted  wave 
at  point  ”b"  is: 


1  i-l,i 


yi  *  yi-l  Vl.i  ri,  i+1 


-ik(li-i*  V‘«  ,i) 


etc. 


where  r.  is  the  reflection  coefficient  in 
section  i  approaching  discontinuity  i+1. 


The  bending  wave  originating  in  the  i+1 
section  at  point  "C"  which  is  at  a  distance 
l.+j  to  the  right  of  discontinuity  N^+j  is 

partially  transmitted  into  the  i4*1  section. 

The  amplitude  at  point  "B"  therefore  becomes: 


^  yi+l4i+l,ie 


-Jk 


(4i+l  +  4R.  i) 


The  amplitude  of  this  wave  at  point  "B" 
after  it  is  reflected  at  the  discontinuity  N. 
becomes: 


+  _  _- 

yi  yi+l  4i+l,  i  * i,  i-1 


+  L.  + 1. 
l  I. 


etc. 


where  by  definition  t.  ,  .  is  the  transmission 

coefficient  of  the  bending  wave  in  section  i-1 
propagated  into  the  i1^  section.  After  this 
wave  is  partially  reflected  at  discontinuity 
N.  +  j  the  wave  amplitude  at  point  "B"  becomes; 


It  is  assumed  that  standing  waves  are 
generated  in  each  section  of  the  structure. 
Accordingly  the  amplitude  in  each  section  is 
a  function  of  waves  traveling  in  both  the 
positive  and  negative  direction. 
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Fig.  7.  Directions  of  reflection  and 
transmission  coefficients 
at  section  i,  j 


Fig.  8.  Section  (i.  j)  cf  plane  structure 


The  lengths  1A,  lg . 1^  are  shown  in 

Fig.  8.  The  relationship  between  waves  may 
be  derived  by  utilizing  the  approach  of  Sec¬ 
tion  II.  The  expression  for 
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which  is  a  measure  of  the  change  in  the  in¬ 
coming  bending  waves  due  to  multiple 
reflections  in  section  (i,j).  Similarly,  the 
wave  amplitude  y.  may  be  expressed  by 
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The  wave  represented  by  y.  will  be 

retarded  as  the  summation  of  those  waves  in 
section  i  that  move  In  a  positive  direction, 
therefore: 

•  .  t,  . 


ft  a  jviVi.i 
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where: 
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i.t-1  i.i+l 


2JKL, 
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L‘f, 


is  the  measure  of  the  change  in  the  incoming 
waves  due  to  multiple  reflections  at  the  dis¬ 
continuities.  Similarly,  the  summation  of 
bending  waves  that  travel  in  the  negative  direc¬ 
tion  is  represented  by: 


^i  |yi-l  li-l,  i  ri.  i+1  ' 


M+l  i+1.  i 


Thus  in  a  system  consisting  of  in  sections, 
there  are  2m  algebraic  equations,  which  can 
be  expressed  in  matrix  form.  If  (lending 
waves  are  excited  in  one  of  the  sections,  the 
matrix  can  be  solved  for  the  wave  amplitudes 
in  a'l  sections  (i  =  1,2,.  ,n>.  Consequently, 
the  attenuation  between  any  two  sections  may 
be  easily  obtained.  For  example,  the  attenu¬ 
ation  from  one  section  i  to  another  section 
i+i  is  expressed  in  decibels  by: 


Tt. 


20  log 


h_ 

yi+i 


In  actual  structures,  longitudinal  waves 
usually  are  present  together  with  bending 
waves.  As  they  are  transmitted  through  the 
discontinuities,  the  longitudinal  waves  are 
transformed  into  bending  waves,  thus  reduc¬ 
ing  appreciably  the  attenuating  effect  of  the 
stiffeners. 


m.  PLANE  STRUCTURES 

Thia  section  considers  a  complex  plane 
structure  consisting  of  plates  (or  beams) 
intersecting  at  right  angles  as  shown  in 
Fig.  5.  The  system  is  generally  free  to 
vibrate  in  the  bending  and  longitudinal  modes. 
Although  involved,  the  configuration  can  be 
analysed  in  detail  without  major  difficulties. 

In  this  particular  investigation,  hrnrever,  in 
order  to  keep  the  derivation  simple,  it  is 
assumed  that  the  coupling  between  bending  and 
longitudinal  waves  is  small.  As  berore.  it  is 
also  assumed  that  the  distance  between 
adjacent  intersections  is  larger  than  the  bend¬ 
ing  wave  length.  The  derivation  is  similar  to 
that  cf  the  svstetn  described  in  Section  IL 
The  reflection  and  transmission  coefficients 
are  calculated  by  the  method  given  in  Section! 
for  semi-infinite  systems. 
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Fig.  6.  Plane  structure 


By  definition  Tj  .  and  r^  j  are  the  reflec¬ 
tion  coefficients  in  section  (i.  j)  approaching 
N.  and  ,\.  +  j  discontinuities, respectively.  The 

directions  of  the  transmission  coefficients 
t.  .  .  t.  ,  .  t  ,,  .  etc.  are  defined  in 

i-l.t.. I  i-l.  J  i+l.  J 

Fig.  7.  The  subscripts  define  the  direction 
of  wave  propagation. 


We  first  consider  section  i.j  which  lias  two 
intersecting  plates  separated  by  a  distance 
I..  ^  (refer  to  Fig.  8)  The  wave  numbers  on 

horizontal  and  vertical  plates  are  taken  to  be 
k^  and  k^.  The  standing  wa  e  amplitude 


y.  ^  and  y .  '  is  the  result  nl  the  summation  of  the 

bending  waves  originated  at  points  A,  !i,  0,  K 

and  F,  and  transmitted  over  the  discontinu¬ 
ities  N.  (  and  \j4 r 
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For  a  plane  structure  having  m  sections  2m 
equations  are  derived.  They  can  be  solved 
for  traveling  wave  amplitudes  by  means  of 
matrix  algebra.  The  attenuation  between 
two  sections  is  evaluated  in  the  same  manner 
as  in  Section  II. 


CONCLUSIONS 


This  paper  has  presented  a  method  suitable 
for  investigating  the  behavior  of  vibratory 
waves  propagating  through  structural  systems. 
On  the  basis  of  the  procedure  set  forth,  most 
of  the  intrinsic  characteristics  of  the  struc¬ 
tures  can  be  taken  into  account.  Although  the 
method  developed  applies  primarily  to  vibra¬ 
tion  transmission  through  shipboard  structural 
systems,  the  procedure  is  also  useful  in  the 
study  of  structure  borne  noise  propagation  in 
all  types  of  structures. 


General  expressions  were  obtained  for 
infinitely  long  plates,  stiffened  by  members 
of  arbitrary  shapes,  and  for  plane  structures. 
In  order  to  reduce  the  complexity  of  the  deri  - 
vation,  only  the  effect  of  bending  waves  was 
considered.  However,  in  practical  problems 
involving  complex  structures  with  a  number  of 
discontinuties,  it  is  recommended  hat  the 
interaction  between  bending  and  longitudinal 
elastic  waves  be  taken  into  account.  The 
procedure  presented  is  sufficiently  broad  to 
permit  this  treatment. 


The  analytical  derivations  of  the  trans¬ 
mission  and  reflection  properties,  expressed 
in  matrix  form,  are  particularly  useful  in 
cases  requiring  the  prediction  of  the  filtering 
action  in  complex  multipath  systems.  The 
matrices  can  be  most  conveniently  solved  by 
means  of  digital  computers. 

Time  limitations  and  other  overriding 
considerations  limit  the  scope  of  any  endeavor. 
This  paper  is  no  exception.  The  authors  hope 
that  in  the  future  they  will  be  sole  to  expand 
the  method  presented  and  discuss  its  applica¬ 
tion  to  practical  problems. 
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